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CHAPTER  1 
INTRODUCTION 


Quantum  chemists  have  neglected  time-dependent  processes  for  a  very  long  time.  For 
many,  the  main  concern  of  quantum  chemistry  is  the  solution  of  the  time-independent 
Schrodinger  equation  of  a  given  system  and  the  subsequent  evaluation  of  its  stationary 
properties.  A  great  deal  of  thought,  efforts,  and  resources  have  been  conjured  to 
accurately  solve  that  time-independent  problem.  The  calculation  of  energy  eigenvalues, 
potential  energy  surfaces,  time-independent  wave  functions  and  densities,  dipole  moments 
and  other  stationary  properties  has  been  and  still  is  the  routine  task  of  a  quantum 
chemist.  However,  there  is  no  need  for  too  much  speculation  in  order  to  discover  that 
chemistry  is  highly  concerned  with  time-dependent  phenomena.  Is  a  chemical  reaction 
the  transformation  of  some  reagents  into  some  products  in  time?  Is  chemical  kinetics 
concerned  in  the  time  variation  of  the  reagents'  concentrations?  Is  it  not  important  to 
predict  into  what  species  a  given  mixture  of  substances  will  evolve,  and  how  fast?  It  is 
well  known  that  the  most  satisfactory  answer  to  such  questions  can  only  be  given  by  the 
time-dependent  Schrodinger  equation.  Nonetheless,  the  systematic  employment  of  this 
fundamental  equation  has  been  far  scantier  than  that  of  its  time-independent  counterpart. 
The  main  reason  for  this  restricted  use  is  that  the  computational  problems  posed  by  the 
time-dependent  Schrodinger  equation  are  much  more  difficult  than  those  posed  by  the 
time-independent  one.  In  fact,  time-independent  approaches  to  treat  dynamic  processes 
do  exist  even  though  the  high  detail  of  information  given  by  a  time-dependent  treatment 
is  lost  in  it.  Only  after  the  advent  of  the  modern  computers  in  the  1970s,  the  solution  of 
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2 

the  time-dependent  Schrodinger  have  become  feasible  in  systems  of  chemical  concern. 
Since  then  the  interest  in  studying  dynamical  processes  time-dependently  has  steadily 
increased  and  disseminated  amid  quantum  chemists. 

The  Electron  Nuclear  Dynamics  (END)  theory,  formulated  by  Yngve  Ohrn  and  Erik 
Deumens  by  mid  1980s  [1],  is  attuned  to  this  Zeitgeist  of  time-dependent  quantum  chem- 
istry. This  novel  theory  provides  an  approximate  but  still  accurate  solution  to  the  time- 
dependent  Schrodinger  equation  by  means  of  the  time-dependent  variational  principle 
(TDVP).  The  most  remarkable  feature  of  this  method  is  the  simultaneous  calculation  of 
both  the  nuclear  and  the  electronic  dynamics  without  employing  any  predetermined  poten- 
tial energy  surface  (PES).  This  very  general  theory  admits  a  progression  of  realizations  in 
increasing  order  of  complexity  and  accuracy.  At  the  pedestal  of  this  hierarchy  is  the  END 
realization  in  which  the  nuclei  are  treated  classically  and  the  electrons  are  described  by  a 
single-determinant  wave  function.  This  model  will  be  called  the  Quasi-Classical-Single- 
Determinant  (QCSD)  END  theory  throughout  this  thesis  for  reasons  better  explained  in 
chapter  3.  This  is  the  "minimal"  END  version  capable  of  describing  many  time-dependent 
phenomena  accurately.  This  QCSD  END  version  has  been  coded  into  the  Endyne  pro- 
gram package  [2]  which  has  been  systematically  applied  to  many  reaction  systems. 

It  might  be  fascinating  to  develop  and  apply  the  more  advanced  realizations  of 
the  END  theory.  However,  the  QCSD  END  version  can  still  describe  a  great  deal  of 
chemistry  and  physics  and  has  obvious  computational  advantages  with  respect  to  its  more 
sophisticated  relatives.  Bearing  in  mind  these  ideas,  the  present  thesis  work  originally 
started  as  a  further  application  of  the  QCSD  END  theory  to  more  complex  systems  not 
explored  before.  A  series  of  accurate  beam  experiments  on  gas  phase  scattering  processes 
were  judged  appropriate  for  an  END  study.  The  description  of  these  reactive  systems 
and  the  theoretical  reproduction  of  their  measured  properties  were  the  original  goals  of 
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this  work.  Nonetheless,  it  became  clear  from  the  very  beginning  that  these  applications 
would  not  be  fully  achieved  unless  further  theoretical  and  computational  developments 
were  undertaken.  In  that  sense,  this  thesis  also  aims  to  answer  the  following  questions: 
what  is  the  relationship  between  the  classical  dynamics  in  the  QCSD  END  theory  and  the 
real  quantum  dynamics?  Is  it  possible  to  recover  some  nuclear  quantum  effects  obviously 
manifest  in  the  experiments.  What  is  the  relationship  between  the  QCSD  END  theory 
and  the  traditional  semiclassical  methods?  What  is  the  role  played  by  the  Coherent. 
State  Theory  in  the  classical  description  of  the  nuclei?  How  does  the  formulation  of 
some  scattering  properties,  such  as  cross  sections,  appears  in  the  END  theory?  What 
computational  tools  must  be  developed  to  calculate  those  properties? 

This  dissertation  is  organized  in  the  following  way.  In  chapter  2,  the  type  of  scattering 
processes  to  be  studied  will  be  carefully  defined  and  the  current  methods  to  describe 
them  will  be  reviewed  in  detail.  Both  the  time-independent  and  time-dependent  quantum 
methods  will  be  discussed.  The  traditional  semiclassical  methods  will  be  also  explained 
because  of  their  relationship,  by  either  coincidence  or  contrast,  with  the  END  theory. 
In  chapter  3,  the  QCSD  END  theory  will  be  introduced  as  a  time-dependent  scattering 
method.  Unlike  some  previous  presentation  of  the  same  subject,  a  special  emphasis  will 
be  given  to  the  classical  limiting  process  involved  in  this  formulation.  In  chapter  4,  a 
review  of  the  coherent  state  theory  will  be  presented  as  well.  The  relationship  between  the 
CS  theory  and  the  END  theory,  specially  in  its  quasi-classical  aspects  will  be  discussed. 
Furthermore,  a  novel  rotational  coherent  state  for  scattering  processes  will  be  proposed. 
In  chapter  5,  a  review  of  the  quantum,  semiclassical  and  classical  methods  to  calculate 
cross  sections  and  other  scattering  properties  will  be  discussed.  In  chapter  6,  the  explicit 
derivation  of  the  END  scattering  properties  will  be  presented.  Finally,  in  chapter  7, 
numerical  applications  of  the  mentioned  theoretical  developments  will  be  presented. 


CHAPTER  2 

AN  OVERVIEW  OF  THE  SCATTERING  THEORY  METHODS 

Experiments  and  Theory  for  Scattering  Processes 
Scattering  Beam  Experiments 

In  the  most  basic  approach,  a  scattering  beam  experiment  can  be  described  as  the 
collision  between  a  primary  beam  of  particles  A  with  a  secondary  (slower)  beam  of 
particles  B  to  produce  the  final  species  C  and  D. 

A(!J)  +  B(:D  -*  C(!J)  +  D(n)  W 

A  and  B  are  called  the  incoming  projectile  and  the  initial  target,  respectively.  One  of  the 
new  particles,  say  C,  will  abandon  the  collision  chamber  to  be  detected  and  analyzed, 
and  it  is  therefore  called  the  outgoing  projectile.  The  remaining  particle  D  is  called  the 
final  target.  In  some  cases,  B  is  stationary  (or  almost  stationary)  with  respect  to  A.  A, 
B,  C,  and  D  can  be  atoms,  molecules,  ions,  or  clusters.  The  level  of  difficulty  to  prepare 
beams  and  targets  with  these  species  varies  considerably  (e.g.  it  is  easier  to  prepare 
charged  atomic  projectile  beams  and  neutral  targets).  The  scattering  process  is  said  to  be 
reactive  if  the  species  C  and  D  are  different  from  A  and  B  (i.e.  a  chemical  reaction)  and 
non  reactive  otherwise  (i.e.  a  pure  scattering  process).  In  the  former  case,  A  and  B  are 
called  the  reactants,  and  C  and  D  the  products.  The  formation  of  a  third  or  even  more 
final  products  will  not  modify  our  discussion  since  most  of  the  beam  experiments  detect 
only  one  final  projectile  from  which  the  states  of  the  others  final  products  are  inferred. 
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As  previously  presented,  a  scattering  experiment  is  an  inextricable,  dynamical,  many- 
body  phenomenon  whose  experimental  interpretation  is  difficult  and  whose  theoretical 
description  is  nearly  impossible.  Only  if  a  precise  control  on  the  experimental  variables 
is  introduced,  then  the  measurements  become  meaningful  and  the  theoretical  studies 
feasible.  This  control  aims  to  obtain  information  about  the  above  microscopical  process  as 
accurately  as  possible  disregarding  any  effect  of  the  macroscopical  setting.  The  theoretical 
studies  of  these  measurements  can  therefore  focus  on  that  elementary,  few-body  process. 
In  general,  a  good  scattering  beam  experiment  satisfies  the  following  requirements  [3-5]  : 

1.  The  projectiles  are  prepared  in  beams  of  perfectly  parallel  and  non-interactive  parti- 
cles, all  with  the  same  initial  momentum.  The  beam  intensity  1$  (number  of  projectile 
particles  per  unit  time  and  per  unit  area)  is  constant  on  a  beam  sectional  area.  The 
initial  collisional  energy  ranges  from  about  1  eV  to  1  keV  in  experiments  of  interest 
for  chemistry  and  molecular  physics.  The  energy  selected  and  the  dimensions  of  the 
experimental  setup  should  allow  a  nearly  classical  description  of  translational  motion 
of  the  projectile  as  non-spreading  wave  packets  (See  Ref.  [3],  chapter  3). 

2.  In  the  case  of  stationary  targets,  these  particles  are  in  thermal  equilibrium  at  hun- 
dredths of  Kelvin;  therefore,  they  can  be  considered  at  rest  with  respect  to  the  fast 
projectiles.  By  controlling  the  pressure,  the  target  particles  become  non  interactive 
as  well. 

3.  Also  by  controlling  the  pressure,  the  possibility  of  multiple  scattering  (a  projectiles 
sequentially  colliding  many  targets  before  going  to  detection)  or  many-body  scattering 
(one  projectile  simultaneously  colliding  with  two  or  more  targets)  are  totally  ruled 
out.  In  the  reactive  scattering,  possible  secondary  reactions  are  not  allowed  to  occur 
by  selecting  appropriate  conditions. 

4.  Because  of  the  previous  requirements,  the  full  experiment  is  an  ensemble  of  inde- 
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pendent,  noninteractive  elementary  scattering  processes.  The  detection  procedure 
averages  a  measured  property  over  the  ensemble  members. 

5.  The  beam  is  prepared  to  be  very  narrow  (ideally,  of  microscopic  width)  and  the 
detector  is  placed  very  far  away  from  the  collision  chamber  (ideally,  at  infinity). 
Therefore,  it  is  possible  to  discern,  up  to  some  tolerance,  the  nonscattered  projectiles 
form  the  scattered  ones.  The  remoteness  of  the  detector  also  guaranties  that  particles 
originally  scattered  in  parallel  direction  will  encounter  each  other  on  the  detection 
device  at  final  time  (a  Fraunhofer  condition  for  scattering). 

6.  A  continuous  inflow  of  projectiles  and  a  continuous  outflow  of  scattered  particle  are 
created;  therefore,  the  signal  on  the  detector  in  a  given  direction  is  constant  during 
the  experiment  (a  stationary  detection). 

All  the  experiments  theoretically  simulated  or  referred  to  in  this  work  will  comply  with 
these  specifications. 

Observables  in  Scattering  Beam  Processes:  Cross  Sections 

In  a  beam  experiment,  two  important  quantities  are  usually  measured:  the  differential 
cross  section  (DCS)  -^(0,^),  and  the  integral  cross  section  (ICS)  <7,_>/.  Both  have 
dimensions  of  area  as  their  names  suggest.  The  DCS  is  defined  as  [6] 

■"»«-/('■*>  (2) 

dil   v    y>      I0dtt{8,ip)  K  ' 

i.e.  the  number  of  final  projectile  particles  per  unit  time  dN^f  and  per  initial  projectile 
intensity  I0  being  scattered  into  the  solid  angle  dfl(8,tp)  =  sin9ddd<p.  The  labels  "i" 
and  "f  refer  to  a  particular  initial  and  final  state  of  the  target  and  the  projectile  before 
and  after  the  collision.  The  angles  9  and  <j>  are  the  polar  and  the  azimuthal  scattering 
angles  in  the  laboratory  frame  (Lab  a  nonrotating  space-fixed  frame)  The  z-axis  of  that 
frame,  which  defines  the  angle  6,  is  usually  taken  parallel  to  the  initial  direction  of  the 


incoming  projectile  and  positive  in  its  momentum  direction.  The  angle  <j>  usually  occurs 
in  theoretical  treatments  but  it  is  not  manifest  in  the  measurements.  In  some  theoretical 
contexts,  these  two  angles  are  defined  in  the  center-of-mass  frame  (CM,  a  nonrotating 
frame  travelling  with  the  CM  of  the  scattering  system)  giving  rise  to  the  erroneous  term 
CM  DCS.  However,  it  must  be  borne  in  mind  that  the  actual  experimentally  determined 
value  is  the  Lab  DCS.  The  relationship  between  these  two  properties  in  different  frames 
will  be  discussed  in  chapter  5. 
The  ICS  is  defined  as  [6] 


i.e.  the  total  number  of  particles  per  unit  time  and  per  initial  projectile  intensity  integrated 
over  all  the  directions.  Obviously,  an  ICS  is  not  a  function  of  the  scattering  angles  and 
it  is  a  less  detailed  property  than  a  DCS. 

In  the  measurement  of  a  DCS,  a  small  (ideally,  point-like)  detector  is  placed  very 
far  away  (ideally,  at  infinity)  from  the  collision  chamber  forming  an  angle  B  with  the 
projectile  beam.  The  detector  count  during  a  given  time  is  proportional  to  the  differential 
cross  sections  at  that  scattering  angle.  By  varying  the  position  0  of  the  detector,  the 
different  values  of  the  DCS  -^^(0)  are  obtained.  However,  a  variation  in  the  angle  (f> 
does  not  cause  a  change  in  the  detection,  as  previously  mentioned.  This  is  a  consequence 
of  the  axial  symmetry  of  the  incoming  beam  and  of  the  random  nature  of  the  collision. 
In  the  measurement  of  an  ICS,  the  detector  covers  a  big  area  so  that  it  can  capture  all 
the  scattered  particles  without  detecting  the  nonscattered  ones  (for  instance,  a  cylindrical 
metallic  mesh  around  the  beam  leaving  the  collision  chamber). 

For  a  given  scattering  process,  there  exist  other  properties  of  interest  which  can  be 
more,  equally,  or  less,  detailed  than  the  defined  cross  sections.  Among  the  more  detailed 


(3) 


8 

properties  is  the  transition  scattering  (or  reaction)  probability,  which  is  a  theoretical 
quantity  not  accessible  to  any  experiment.  Among  the  less  detailed  properties  is  the 
kinetic  rate  constant  which  relates  to  the  ICSs  0";-+/  according  to  [6] 


oc 

k(T)  =  (fctW(T))  =  ( I va^f(v)P(v;T)v2dv) 


(4) 
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where  k;^f(T)  is  the  state-to-state  kinetic  rate  constant,  v  the  relative  velocity  of  the 
scattering  partners  and  P(v:  T)  an  statistical  distribution  of  the  relative  velocities  at 
temperature  T  (usually,  a  Maxwell-Boltzmann  distribution);  the  brackets  denote  an 
averaging  over  the  initial  states  on  the  said  distribution.  This  rate  constant  is  usually 
measured  in  bulk  experiments.  The  given  definition  of  rate  constants  is  clearly  connected 
to  the  ICS  definition.  However,  an  algorithm  directly  implemented  from  this  definition 
could  be  extremely  demanding.  For  a  more  practical  definition  in  the  END  context  see 
Ref.  7. 

Finally,  among  the  equally  detailed  properties  is  the  projectile  average  energy  loss  [8] 

b 

EA^(^)  (5) 

b' 

where  AEn^h  is  the  target  energy  difference  corresponding  to  the  target  transition  from 
state  a  to  b.  The  weights  Pn^h  are  defined  as 


a1 

From  the  DCS  definition,  it  is  easy  to  see  that  these  weights  are 
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i.e.  the  ratio  of  the  number  of  scattered  projectile  by  exciting  the  targets  from  state  a 
to  b  at  a  given  time  to  the  total  number  of  scattered  projectiles  at  the  same  time.  This 
property  is  an  average  of  projectile  kinetic  energy  transferred  to  the  target  during  the 
scattering  process. 

The  present  END  work  will  be  devoted  to  the  theoretical  description  and  numerical 
determination  of  all  these  experimental  properties  with  the  exception  of  the  rate  constants. 

The  Theory  for  Scattering  Processes 

It  is  noteworthy  that  the  previous  definitions  of  the  scattering  properties  have  been 
done  in  terms  of  experimental  observables,  i.e.  in  complete  absence  of  any  theoretical 
description  of  the  scattering  process  itself.  It  is  the  mission  of  a  theory  to  accurately 
describe  the  dynamics  and  calculate  the  observables  of  a  given  scattering  process.  At 
present,  only  a  full  quantum  mechanical  treatment  one  can  provide  that  exact  description. 
Therefore,  this  review  chapter  will  amply  exemplify  full  quantum  methods  for  scattering 
systems.  However,  it  should  be  borne  in  mind  that  almost  all  the  quantum  methods 
henceforth  presented  are  approximate.  Any  realistic  scattering  process  constitutes  a 
theoretical  problem  so  complicated  that  it  can  only  be  solved  if  some  approximations 
are  introduced  into  the  formalism.  However,  the  resulting  approximate  quantum  methods 
are  still  so  cumbersome  that  real  departures  from  the  exact  quantum  theory  are  usually 
employed.  This  is  the  case  of  the  semiclassical  (SC)  theory.  This  theory  can  be 
loosely  defined  as  the  ti  — >  0  limit  of  the  exact  quantum  theory  obtained  by  using  some 
mathematical  techniques.  If  properly  used  in  the  above  limit,  the  SC  theory  is  nothing  but 
the  exact  quantum  theory  in  a  more  tractable  form  without  any  loss  of  accuracy.  However, 
the  real  benefit  of  the  SC  is  to  use  it  in  situations  somewhat  far  from  the  original  h  — ►  0 
limit.  In  those  cases,  it  is  still  possible  to  obtain  quite  acceptable  results  by  using  a  less 
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intricate  procedure.  Other  interesting  facet  of  the  SC  theory,  although  more  theoretical, 
is  that  its  resulting  expressions  are  almost  those  of  the  classical  mechanics  theory  plus 
some  additional  terms  such  as  oscillatory  phases.  These  terms  are  real  vestiges  of  the 
original  quantum  theory  which  still  account  for  important  quantum  effects.  These  terms 
are  totally  absent  in  a  pure  classical  treatment  of  the  problem.  In  other  words,  the 
quantum  theory  does  not  totally  go  to  the  classical  theory  when  h  — >  0:  some  quantum 
effects  still  survive.  In  that  respect,  the  SC  theory  is  "halfway"  (semi  =  half)  between 
the  quantum  and  the  classical  theories.  If  the  cited  terms  are  discarded  in  the  SC  theory 
then  the  full  classical  theory  will  rise. 

The  relationship  between  quantum  and  classical  theory  is  a  fascinating  subject 
still  under  intense  investigation  [9].  In  fact,  the  quantum  theory  depends  upon  the 
classical  one  since  the  former  can  be  constructed  in  the  Schrodinger  picture  by  promoting 
some  classical  variables  (position  and  momentum)  to  the  rank  of  operators.  Even  the 
Feyman  path  formulation  of  the  quantum  mechanics  invokes  the  classical  Lagrangian. 
Nonetheless,  the  kind  of  relationship  considered  here  is  under  what  circumstances  the 
quantum  results  coincide  with  their  classical  counterparts.  This  problem  has  been 
traditionally  addressed  by  means  of  the  SC  theory  even  though  other  option  exists.  This 
is  the  case  of  the  henceforth  called  the  quasi-classical  theory1.  In  that  approach,  the 
aim  is  to  construct  quantum  states  whose  position  and  momentum  averages  evolve  in 
time  exactly  the  same  way  as  their  classical  analogues  do.  This  type  of  construction 
is  far  from  trivial  to  accomplish  as  the  developments  of  this  thesis  will  convincingly 
show.  Intimately  related  to  the  quasi-classical  theory,  although  exceeding  its  aims,  is  the 
coherent  state  theory  [11],  the  definition  of  which  is  postponed  to  a  later  chapter.  The 

1.  The  quasi-classical  theory  definition  adopted  throughout  this  thesis  work  must  not  be  confused 
with  that  of  other  authors  as,  for  instance,  in  Ref.  10.  In  that  case,  the  term  quasi-classical  theory 
denotes  some  simplified  version  of  the  previously  mentioned  SC  theory. 
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present  version  of  the  END  theory  is  strongly  related  to  both  the  quasi-classical  and  the 
coherent  state  theory  as  will  be  seen  during  this  thesis  work. 

All  the  traditional  methods  thus  far  developed  to  study  scattering  processes  have 
been  formulated  within  the  framework  of  either  the  quantum  or  SC  or  classical  theory. 
Quantum  and  SC  methods  will  be  explicitly  presented  in  the  next  sections.  Nonetheless, 
the  classical  methods  will  be  indirectly  presented  as  a  simplification  of  the  SC  approach. 
Special  emphasis  will  be  given  to  those  treatments  exhibiting  some  analogies  with  the 
END  theory.  Methods  theoretically  less  related  to  the  END  theory  but  to  be  used  for 
numerical  comparison  will  be  discussed  as  well.  In  this  chapter,  only  the  way  in  which 
these  methods  describe  the  full  dynamics  will  be  considered.  The  connection  of  each 
type  of  dynamics  with  the  scattering  observables  will  be  carefully  discussed  in  chapter  5. 

Quantum  Mechanical  Scattering  Theory 
Formal  Scattering  Theory 

A  scattering  process  is  a  real  time-dependent  phenomenon  which  can  only  be 
described  in  full  detail  by  the  time-dependent  scattering  theory.  This  implies  the  solution 
of  the  time-dependent  Schrodinger  equation  of  the  whole  system 

H9{t)  =  rh°^L  (8) 

when  the  Schrodinger  picture  is  adopted.  At  initial  time,  both  the  projectile  and  the 
target  are  described  by  the  wave  function  <f?(t  =  -oo).  In  the  usual  case  of  a  state-to- 
state  scattering  problem,  the  initial  wave  function  is  a  stationary  eigenfunction  of  the 
whole  Hamiltonian  with  a  trivial  time  dependency  through  a  phase.  However,  it  is  usual 
in  some  type  of  simulations  not  to  employ  a  single  state  but  some  linear  combination 
of  states  forming  a  wave  packet.  In  either  case,  at  a  remote  final  time,  the  evolved 
wave  function  V(t  =  oo)  can  be  decomposed  into  a  linear  combination  of  the  stationary 


12 

eigenfunction  of  the  products.  Then,  the  coefficients  of  that  combination  ought  to  have 
a  trivial  time-dependency  through  their  phases  again.  At  any  time  of  the  evolution 
— oo  <  t  <  oo,  all  the  properties  of  the  scattering  system,  including  final  time  properties 
such  as  cross  sections,  can  be  calculated  from  the  wave  function  ^(t).  The  probability 
of  the  system  to  yield  by  reaction  some  type  of  products  at  final  time  can  be  obtained 
by  projecting  the  final  wave  function  against  the  product  states.  As  shown,  the  scattering 
problem  also  demands  the  previous  solution  of  the  time-independent  eigenvalue  problem 
of  both  reactants  and  products.  For  a  time-independent  Hamiltonian,  the  totally  formal 
solution  of  this  problem  for  an  evolution  between  the  times  t\  and  ti  t%  >  t\  is 

#2)  =  £/(<2-«i)#i) 

l-iHfo-h)-}  (9) 
xp   h         ^  ^ 

where  the  central  unitary  operator  Ufa  -t\)  is  called  the  time-evolution  operator  or 
propagator. 

The  formal  scattering  theory  was  developed  since  the  origin  of  the  quantum  mechanics 
until  the  1950s  (see  Ref.  3,  chapters  3-5,  and  12,  chapters  5-6).  The  main  concern  of  that 
discipline  is  to  rigorously  define  a  scattering  process  in  mathematical  terms,  to  attempt 
a  formal,  exact  solution  of  the  time-dependent  and  the  time-independent  Schrodinger 
equations,  and  to  define  the  formal  tools  to  treat  a  scattering  process  (e.g.  the  wave  and 
the  S-operators,  the  S-  and  the  T-  matrices,  etc.).  The  analysis  of  the  scattering  problem 
given  in  the  previous  paragraphs  and  the  careful  definition  of  scattering  processes  at 
the  beginning  of  this  chapter  are  in  the  spirit  of  the  formal  theory.  The  purely  formal 
solutions  are  usually  obtained  from  an  integral  equation  reformulation  of  the  original 
Schrodinger  equation  in  both  the  time-dependent  and  the  time-independent  cases.  These 
developments  are  of  high  theoretical  value  but  of  little  practical  consequences  since  no 
definite  algorithm  to  solve  the  scattering  problem  can  be  devised  in  this  way.  Therefore, 
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a  systematic  presentation  of  the  formal  scattering  theory  will  not  be  attempted  here. 
Instead,  the  main  concepts  of  the  formal  theory  will  be  revealed  during  the  presentation 
of  the  practical  methods.  A  case  of  note  is  that  of  the  S-matrix  which  will  be  introduced 
in  the  following  sections  and  will  be  fully  developed  in  the  next  chapters  in  the  context 
of  the  END  theory. 
Time-Independent  Scattering  Theory 

Time-Independent  vs.  Time  Dependent  Schemes 

The  most  detailed  description  of  a  given  scattering  process  or  a  chemical  reaction 
can  only  be  achieved  by  the  time-dependent  formulation  of  the  problem.  However,  the 
solution  of  a  realistic  scattering  problem  is  far  more  difficult  to  find  in  the  time-dependent 
scheme  than  in  the  time-independent  one.  The  difficulties  posed  by  the  time-dependent 
methods  had  favored  the  adoption  of  the  time-independent  approach  until  the  1970s.  The 
justification  of  how  essentially  time-dependent  phenomena  such  as  scattering  processes 
and  chemical  reactions  can  be  treated  time-independently  is  rigorously  explained  in  the 
more  advanced  literature  on  the  subject  [3,  12].  Here,  it  can  be  loosely  stated  that  the 
eigenfunctions  i/>n  of  the  time-independent  Schrbdinger  equation  for  a  scattering  problem 

Hi)n  =  Enipn  (10) 

contain  in  the  asymptotic  region  an  incoming  component  describing  the  reactants  and 
different  outgoing  components  describing  the  products.  Most  of  the  relevant  properties 
of  the  scattering  process  can  be  calculated  from  those  outgoing  components.  However, 
all  the  intermediate  details  of  a  scattering  processes  or  a  chemical  reaction  can  not  be 
obtained  in  this  way.  This  approach  is  an  extension  of  the  most  traditional  methods  to 
calculate  bound  states  in  isolated  molecules  to  the  case  of  several  colliding  molecules 
involving  some  unbound  translational  states.  This  connection  to  the  methods  in  electronic 
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structure  theory  has  also  favored  the  bias  to  the  time-independent  schemes.  Because  of  its 
historical  precedence,  the  time-independent  methods  will  be  presented  first.  Furthermore, 
the  time-independent  approach  directly  refers  to  the  stationary  description  of  reactants 
and  products,  a  problem  which  must  be  necessarily  addressed  before  attempting  a  time- 
dependent  solution.  It  is  also  important  to  remember  that  some  of  the  techniques  further 
developed  within  END  theory  have  their  remote  origins  in  the  time-independent  theory. 

Adiabatic  and  diabatic  representations 

In  the  time-independent  approach,  a  solution  of  the  time-independent  Schrodinger 
equation  for  the  whole  system  is  attempted 

#(x,X)V>„(x,X)  =  E„^n(x,X)  (11) 

where  X  and  x  are  the  nuclear  and  the  electronic  coordinates,  respectively,  and  t/'»  (x.  X) 
are  the  total  wave  function  of  the  system  with  total  energy  eigenvalue  En.  In  the 
asymptotic  regions,  these  wave  functions  describe  the  incoming  reactants  and  the  different 
outgoing  products  into  which  the  system  can  be  divided.  Exact  solutions  of  such  a 
complex  problem  only  exist  for  very  simple  systems.  Therefore,  some  expansion  of  the 
0„(x,  X)  functions  in  a  suitable  basis  set  is  necessarily  introduced.  The  type  of  basis 
set  selected  constitutes  a  representation,  and  two  of  them,  named  adiabatic  and  diabatic, 
respectively,  are  the  most  widely  used  (for  other  possibilities  see  citations  in  Ref.  13, 
chapter  6).  The  representation  problem  has  a  very  long  story  [14]  and  has  been  reviewed 
many  times  from  different  standpoints.  A  recent  review  by  Yarkony  [15]  mostly  adopts 
a  nondynamical,  electronic  structure  point  of  view,  whereas  the  reviews  by  Baer  [16, 
17]  and  the  work  by  Child  [13,  18]  strongly  emphasizes  the  dynamical  aspects.  These 
diverse  views  on  the  same  subject  will  be  unified  in  the  discussion  below. 
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In  the  adiabatic  representation,  the  total  Hamiltonian  is  partitioned  into  two  terms 

H{x,X)  =  Tn  +  Hel{x;X)  (12) 
where  the  first  one  is  the  total  nuclear  kinetic  energy 

Nucl 

r»  =  -E^?  (13) 

and  the  second  one  is  the  electronic  Hamiltonian  //e/(x:X)  which  includes  the  nuclear 
repulsion  and  depends  parametrically  on  the  nuclear  coordinates  X.  This  electronic 
Hamiltonian  can  be  further  divided  into  [15] 

Hel(x;  X)  =  Ha  (x:  X)  +  HDP(x:  X)  (14) 

where  Hn(x:  X)  is  the  traditional  nonrelativistic  electronic  Hamiltonian  and  Hbp{*'-  X)  is 
the  relativistic  correction  within  the  Breit-Pauli  approximation  (it  is  usually  approximated 
to  the  spin-orbit  interaction  term,  Hso(x:  X),  only).  Thus,  the  total  wave  function 
V>/i(x,  X)  can  be  expanded  as 

^(x,X)  =  ^^(X)^(x,X)  (15) 

i 

The  basis  function  ^f(x,X)  are  the  eigenfunctions  of  the  nonrelativistic  Hamiltonian 

flb(x;X)^f(x;X)  =  £?(X)#(x;X)  (16) 

and  are  termed  the  adiabatic  (Born-Oppenheimer)  electronic  states.  Their  energy  eigen- 
values E"  (X)  also  depend  parametrically  on  X  and  are  termed  the  adiabatic  potential 
energy  surfaces  (PES).  The  energy  matrix  Ea(X) 

E?(X)  =  (i>?(x,X)\H0\1>?(x,X))x  (17) 

is  diagonal  in  this  basis  set,  with  eigenvalues  Ef  (X).  The  expansion  coefficients  Fjl(X) 
are  the  adiabatic  nuclear  wave  functions.  The  preceding  expansion  is  exact  provided 
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that  the  infinite  basis  set  of  functions  ^f(x,X)  is  used  in  full.  If  the  above  electronic 
eigenvalue  problem  has  been  solved  a  priori  then  the  nuclear  wave  functions  can  be 
successively  obtained  by  inserting  the  previous  expansion  into  the  total  Hamiltonian,  and 
by  projecting  the  resulting  equation  into  the  electronic  states  tjjf  (x,  X).  Thus,  an  intricate 
system  of  coupled  differential  equations  for  the  functions  F/l(X)  is  obtained  (cf.  Ref. 
15,  its  notation  has  been  changed  to  facilitate  the  comparison  with  other  references) 
[T„  +  Bf(X)-fffi(X)-£„]Ff(X)  = 


J?I  L 


Nucl 

(18) 


H?j(X)  +  H^"(X)  +  ]T  (W-fk  (X)  •  Vk)  F»(X) 


where  the  so-called  coupling  terms  f£(X)  =    /j£(X),/j? (X), /£(X)1,  ffg.(X)  and 


H*P -"(X)  are 


/&(X)  =  (V^(x:X)|^-^(x:X))x  (19) 
=  E  ^W(x:  X)|5jSgs^(r;R)>,  (20) 


and 


<P-"(X)  =  ^-^(V'r(x:X)|^|Vf(x:X))x  (21) 

Notice  that  the  integrals  above  are  evaluated  in  the  electronic  variables  only.  The  coupling 
terms  #?-(X)  and  M{X)  are  of  "potential  energy"  type  whereas  the  remaining 
fk(X)  •  Vk  are  of  (nuclear)  "kinetic  energy"  type.  Due  to  this  latter  type  of  coupling 
terms,  the  adiabatic  representation  is  thought  of  as  a  kinetic  energy  coupling  scheme. 

The  complete  solution  of  the  previous  problem  has  then  two  stages:  1)  solve  the 
electronic  eigenvalue  problem  for  the  V'f(x.X)  and  then  2)  solve  the  coupled  system 
of  equations  for  F/l(X).  The  second  stage  of  this  problem  will  be  discussed  first 
whereas  the  first  one  is  postponed  to  the  next  section.  It  is  assumed  in  what  follows 
that  at  least  some  relevant  adiabatic  states  are  known  with  some  level  of  accuracy. 
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The  set  of  equations  for  the  nuclear  functions  couples  a  given  function  F"(X)  with 
all  the  others  F"(X)  belonging  to  other  adiabatic  states.    From  a  dynamical  point 
of  view,  these  coupling  terms  induce  nonadiabatic  transitions  between  different  states. 
The  solution  of  these  coupled  equations  is  extremely  difficult  even  when  a  truncated 
basis  set  is  employed.  Therefore,  it  is  important  to  know  under  what  conditions  it  is 
possible  to  introduce  uncouplings.  It  can  be  shown  [15]  that  if  the  energy  difference 
AEij(X)  =  AE?j(X)  +  AE?jP(X)  +  AHU(X),  with  A££(X)  =  E?(X)  -  Ej(X), 
AE?r(X)  =  E?P(X)  -  Efp(X)  and  Atf?(X)  =  ffS(X)  -  ff?  (X)  is  large  at  some 
values  of  X  then  the  coupling  between  the  states  i  and  j  may  be  neglected  [15].  If 
the  right  hand  side  of  the  coupling  equations,  which  have  the  nondiagonal  terms,  is 
neglected  then  the  problem  becomes  uncoupled.  This  is  the  adiabatic  approximation.  In 
that  case,  the  term  Ha(X)  (the  adiabatic  correction)  makes  a  usually  small  refinement 
to  the  adiabatic  energy  Ef(X).  If  this  term  is  also  neglected,  the  famous  (or  infamous) 
Born-Oppenheimer  approximation  is  obtained.  Molecular  nuclear  functions  within  the 
Born-Oppenheimer  approximation  are  very  well-known  in  electronic  structure  theory  and 
spectroscopy  [19].  In  fact,  the  adiabatic  representation  and  its  approximations  are  the  only 
representations  in  use  for  nonscattering  problems.  As  implied  before,  the  adiabatic  and 
the  Born-Oppenheimer  approximations  are  valid  in  all  regions  of  the  nuclear  coordinates 
X  where  the  A£,;(X)  are  not  small.  In  practice,  the  leading  term  in  that  difference  is 
the  adiabatic  energy  difference  A£?(X).  Thus,  these  approximations  break  where  at  the 
least  two  adiabatic  energy  surfaces  actually  or  nearly  intersect.  Extensive  studies  have 
been  devoted  to  the  different  types  of  surface  intersections  or  near-intersections  (conical 
allowed,  conical  actual,  or  avoided  crossings  [15])  and  to  some  effects  associated  with 
them  (as  the  change  of  sign  of  the  geometric  phase  around  conical  intersections).  Those 
topics  will  not  be  discussed  here. 
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In  the  diabaic  representation,  a  different  expansion  is  proposed  for  the  same  total 
wave  function 

lMx,X)  =  £GT(X)tf(x)  (22) 

where  the  diabatic  states  ij>f{x)  do  not  depend  on  the  nuclear  coordinates  X.  More 
precisely,  the  diabatic  states  are  the  eigenfunctions  of  the  above  electronic  Hamiltonian 
Ha(x:  X)  with  the  nuclear  translational  separation  of  the  collision  partners  at  the  asymp- 
totic limit  of  Xtrans  — ►  co  and  with  the  remaining  nuclear  internal  coordinates  fixed  at 
the  equilibrium  values  Xjnt  =  Xeq  [18] 

ffa(x;  X)-^(x)  =  Efvf(x);  Xtrans  ->  oo,  Xint  =  Xeq  (23) 

The  diabatic  energies  Ef  are  therefore  independent  of  the  coordinates  X.  From  the 
definition,  it  immediately  holds  that 

lim     r;'!x:  X)  =  # (x);  Xint  =  Xeq  (24) 

At  an  arbitrary  position  X,  there  exists  a  unitary  matrix  A{X)  so  that 

if(x)=A(X)if(x:X)  (25) 

This  matrix  is  unique  [16,  17]  and  it  can  be  constructed  by  solving  a  vectorial  equation 
[16,  17].  Simple  examples  of  that  equation  and  its  matrix  solution  can  be  found  in  the 
literature  for  the  model  cases  of  two  [16-18]  and  of  three  [16,  17]  PES.  The  energy 
matrix  Erf(X) 

Ej(X)  =  (Vf(x)|tf«(X)|^(x))x  (26) 

is  not  diagonal,  except  in  the  asymptotic  region,  but  it  can  be  diagonalized  to  its 
adiabatic  counterpart  according  to  Ea(X)  =  A^{X)E(I(X)A(X).  The  diabatic  nuclear 
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wave  functions  G-l(X)  can  be  obtained  by  repeating  the  same  procedure  as  that  to  find 
their  adiabatic  counterparts  F-l(X)  [18] 

Tnud  +  H&{X)  +  E„]g?(X)  =  -      H?j(X)G?{X)  (27) 

where  the  diabatic  coupling  terms  are 

H}j(X)  =  (i>f(x)\Ha\tf(x))  (28) 

Noticeable  in  these  equations  is  the  absence  of  the  gradient  couplings  terms  f^fX)  • 
present  in  the  adiabatic  case.  All  the  coupling  terms  Hf-(X)  are  of  "potential  energy" 
type.  Therefore,  the  diabatic  representation  is  thought  of  as  a  potential  energy  scheme. 
In  fact,  the  change  of  basis  set  has  "transferred"  the  adiabatic  gradient  coupling  terms 
into  the  "energy  potential"  diabatic  terms.  The  real  possibility  to  obtain  exact  diabatic 
states  or  only  approximate  ones  (quasi-diabatic)  has  been  debated  in  the  literature  [15] 
but  this  subtle  aspect  of  this  matter  will  not  be  addressed  here. 

The  selection  of  one  or  the  other  representation  depends  on  different  theoretical  and 
computational  factors  [16-18]  .  There  is  no  simple  answer  to  this  question  and  they 
are  too  case-dependent  to  allow  a  generalization.  The  adiabatic  representation  has  the 
advantage  of  keeping  a  direct  relationship  to  the  electronic  structure  PESs.  The  diabatic 
representation  blurs  that  connection  but  omits  the  bothersome  gradient  coupling  terms. 
Numerically,  the  adiabatic  representation  runs  into  serious  problems  when  two  adiabatic 
states  becomes  closer  in  value  (avoided  crossings)  or  directly  cross.  There,  the  coupling 
terms  f£ (X)  usually  develop  a  near  singularity.  In  those  cases,  the  diabatic  representation 
is  preferred  unless  those  coupling  terms  are  really  smooth  functions.  This  problem  can 
occur  even  in  the  case  of  simple  unidimensional  dynamics  models  with  only  two  PESs. 
Additional  complications  can  happen  in  the  tridimensional  case.  For  instance,  it  has  been 
found  [17]  that  the  coupling  terms  f£ (X)  may  diverge  in  the  asymptotic  region  as  well. 
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This  again  favors  the  diabatic  representation.  Further  discussion  on  this  subject  along 
with  specific  examples  can  be  seen  in  the  cited  literature. 

Potential  energy  surface  calculation 

The  calculation  of  the  adiabatic  PESs  totally  belongs  to  the  field  of  the  electronic 
structure  theory.  Massive  efforts  have  been  devoted  to  this  problem  since  the  advent  of 
the  quantum  chemistry  in  the  1930s  up  to  now.  The  main  goal  of  these  undertakings 
was  and  is  to  construct  very  accurate  PESs,  i.e.  surfaces  with  exact  numerical  values 
("energetics"),  correct  spin  description,  and  right  asymptotic  behavior  toward  reagents 
and  products.  In  the  ab  initio  approach  to  this  problem,  the  calculation  of  the  PESs 
is  accomplished  in  a  rigorous  way  starting  from  the  time-independent  Schrodinger 
equation.  These  calculations  usually  begin  with  either  a  noncorrelated  single-reference 
self-consisted  field  (SCF)  or  a  partially  correlated  multi-reference  self-consistent  field 
(MCSCF)  wave  function  according  to  the  spin  symmetry  and  asymptotic  considerations. 
From  these  reference  states,  increasing  levels  of  correlation  can  be  achieved  by  performing 
variational  (configuration  of  interactions,  CI)  or  perturbational  (many-body  perturbation 
theory,  MBPT,  or  coupled-cluster  theory,  CC)  techniques  on  them.  The  multi-reference 
CI  approach  is  the  preferred  one  since  it  is  the  one  to  better  satisfy  the  above  requisites 
of  a  good  PES  [15]  .  Obviously,  the  PESs  calculation  by  these  means  is  not  an  easy  task 
to  perform,  especially  for  excited  states. 

In  view  of  the  theoretical  and  numerical  difficulties  found  during  the  ab  initio  PES 
calculations,  less  rigorous  but  still  accurate  methods  are  in  some  instances  employed. 
An  example  is  the  case  of  the  semiempirical  methods.  Some  of  them  are  the  more 
familiar  Hartree-Fock  based  semiempirical  methods,  relying  on  the  complete  neglect 
of  differential  overlap  (CNDO),  intermediate  neglect  of  differential  overlap  (INDO),  or 
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neglect  of  diatomic  differential  overlap  (NDDO)  approximations  inter  alia  [20],  whose 
use  for  dynamical  problems  are  rather  recently  being  explored  [21,  7].  Among  the 
nonHartree-Fock  based  semiempirical  methods,  the  diatomic-in-molecule  (DIM)  method 
[22,  23]  has  been  extensively  used  for  dynamical  purposes.  More  recently,  density 
functional  theory  (DFT)  [24]  PESs  have  been  employed  for  that  type  of  problems.  Finally, 
and  as  the  most  drastic  approximation,  the  PES  determination  can  be  totally  abandoned 
and  some  model  potentials  can  be  introduced.  These  potentials  are  relatively  simple 
functions  bearing  some  parameters.  These  parameters  can  be  numerically  determined  by 
fitting  them  using  scattering  experimental  data.  Some  of  these  model  potentials  will  be 
briefly  discussed  in  chapter  5. 

The  calculation  of  a  PES  by  any  of  the  mentioned  methods,  except  for  the  model 
potentials,  renders  a  collection  of  energy  values  on  a  grid  of  points.  To  solve  dynamical 
problems,  the  PES  must  be  adequately  known  at  any  point  required  by  the  dynamical 
equations.  Therefore,  the  PES  on  the  grid  must  either  be  fitted  to  a  function  or 
interpolated.  The  fitting  and/or  interpolation  procedures  to  finally  construct  a  PES  for 
dynamical  use  are  cumbersome  and  vexatious.  Many  techniques  have  been  employed 
but  still  the  Holy  Grail  of  a  universal,  cost  effective,  master  procedure,  adequate  for  any 
region  of  the  potential  has  not  been  found. 

In  spite  of  the  mentioned  difficulties,  the  use  of  PES  standpoint  is  commonplace  in 
dynamics  theory.  The  topological  features  of  the  PESs  (surface  crossings,  energy  minima, 
transitions  state  saddle  points,  minimum  energy  paths,  etc.)  allow  very  pictorial  expla- 
nations of  some  dynamical  effects.  It  is  perhaps  because  of  this  tangible  representation 
of  the  dynamics  that  the  PESs  are  so  popularly  acclaimed. 
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Exact  time-independent  method:  The  close-coupling  Formalism 


After  some  set  of  PESs  is  made  available,  the  time-independent  solution  of  a 
scattering  problem  can  be  undertaken.  This  involves  the  solution  of  the  above  set  of 
nuclear  coupled  equations  in  a  selected  representation.   The  first  step  in  solving  this 
problem  is  to  transform  the  Hamiltonian  to  the  CM  frame  to  eliminate  the  trivial  CM 
dynamics.  In  this  way,  three  degrees  of  freedom  are  eliminated  by  appealing  to  three 
constants  of  the  motion:  the  three  components  of  the  CM  linear  momentum.  After  this 
transformation  is  effected,  the  exact  way  to  solve  the  remaining  problem  consists  in 
expanding  each  nuclear  wave  function  in  terms  of  the  angular  momentum  eigenfunctions 
of  the  whole  system.  This  is  the  partial  wave  expansion.  The  expansion  coefficients  are 
functions  of  radial  coordinates  only  and  are  termed  the  radial  components.  By  setting 
these  new  expansions  into  the  previous  set  of  equations,  an  equivalent,  new  set  of  coupled 
equations  for  the  radial  component  only  is  obtained.  This  resulting  set  is  the  one  to  be 
solved.  In  this  process,  two  angular  degrees  of  freedom  have  been  eliminated.  This  is 
not  a  surprise  since  by  expanding  in  terms  of  the  angular  momentum  eigenfunctions  of 
the  whole  system,  the  constants  of  motion  associated  with  the  total  angular  momentum 
and  one  of  its  components  are  eliminated.  However,  the  use  of  these  angular  functions 
introduces  the  intricate  problem  of  the  angular  momentum  couplings.  This  way  to  solve 
the  time-independent  scattering  problem  is  called  the  close-coupling  or  coupled-channel 
(CC)  formalism. 

The  CC  formalism  will  be  first  exemplified  for  systems  not  undergoing  reactive 
processes  (i.e.  rearrangements  or  combinations).  The  case  of  an  atom-atom  collision 
(where  atom  means  both  a  neutral  atom  and  an  atomic  ion)  will  be  examined  first. 
The  diabatic  representation  is  more  concise  and  will  be  used  in  the  example.  The  formal 
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extension  to  the  adiabatic  representation  is  straightforward.  In  the  CM  frame,  the  diabatic 
equations  for  an  atom-atom  collision  can  be  now  written  [13]  (cf.  the  previous  section) 


Gf(X)  =  -]T;#g(X)G?(X)  (29) 


2(i 

where  only  one  nuclear  coordinate  X  describes  the  separation  between  the  two  atoms. 
The  incoming  projectile  is  supposed  to  be  initially  travelling  in  the  z  direction  here  and 
in  all  the  subsequent  theoretical  discussion  in  this  work.  Each  of  the  nuclear  diabatic 
functions  G'"(X)  is  termed  a  channel  since  each  one  "leads"  the  reactants  to  different 
types  of  products.  In  the  asymptotic  region  X  — ►  oo,  the  nuclear  wave  function  must 
satisfy  the  following  scattering  boundary  conditions 

lim  GJ (X)  =  Sije^2  +  fij(0)—  (30) 
where  the  wave  vectors  kj  have  the  fixed  value 

kj  =        h2  (3D 

with  Ej  the  electronic  energy  for  the  channel  j.  The  wave  vectors  contain  the  outgoing 
nuclear  kinetic  energy  per  channel.  The  first  component  of  the  above  asymptotic  functions 
is  an  incoming  plane  wave  travelling  in  the  z  direction.  It  describes  the  relative  motion  of 
the  reactants  in  the  incoming  situation.  The  Kronecker  delta  makes  only  one  channel,  the 
"entrance"  channel  i,  to  be  the  incoming  component  in  accordance  with  the  experimental 
initial  conditions.  The  second  component  describes  the  outgoing  scattered  products  by  a 
spherical  wave  modified  by  the  angular  function  /fj(0)  termed  the  scattering  amplitude. 
There  is  also  an  outgoing  component  in  the  entrance  channel  to  describe  the  elastic 
scattering.  All  the  other  outgoing  components  in  the  "exit"  channels  correspond  to 
inelastic  scatterings.  Notice  that  because  of  the  spherical  symmetry  of  the  interaction 
potential,  the  azimuthal  angle  <f>  plays  no  role  in  the  atom-atom  scattering  problem.  The 
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scattering  process  distorts  the  cylindrically  symmetric  incoming  plane  wave  into  outgoing 
spherical  waves  with  an  angularly  modified  amplitude. 

It  remains  now  to  integrate  the  set  of  coupled  equations  to  fully  solve  the  dynamical 
problem  at  hand.  The  CC  formalism  applied  to  the  atom-atom  problem  implies  the 
expansion  of  each  nuclear  function  in  terms  of  the  angular  momentum  eigenfunctions  of 
the  whole  system.  In  this  case,  the  total  angular  momentum  is  due  solely  to  the  relative 
orbital  motion  of  one  reactant  with  respect  to  the  other.  The  bothersome  problem  of 
the  coupling  of  this  angular  momentum  to  other  "internal"  ones  is  not  present  in  this 
simple  situation.  Furthermore,  the  interaction  potential  is  spherical  so  that  the  orbital 
(total)  angular  momentum  is  conserved.  The  incoming  plane  wave  has  a  zero  angular 
component  in  the  z  direction  which  will  be  conserved  during  the  scattering  process. 
Therefore,  it  suffices  for  the  atom-atom  collision  to  make  the  expansions  in  terms  of  the 
zero  Lz  eigenfunctions  Y,°{8,(f))  [25] 

'21  +  1"  ' 


y,°(M)  = 

Therefore,  the  wave  expansions  are  [13] 


47T 


P/(cos0)  (32) 


OC 

G](X)  =  -Y,M]l(r)P,[cosO]  (33) 


r 
1=0 


where  the  At  are  the  fixed  part  of  the  coefficients  and  the  ipji(r)  are  the  radial  components. 
The  i  factor  has  been  introduced  to  cancel  out  the  first  derivative  terms  in  r  during  further 
manipulations.  By  setting  these  expansions  into  the  nuclear  diabatic  equations,  the  CC 
set  of  equations  is  obtained  [13] 


d2        2  1(1+1) 
12 +*» 


i'u(r)  =^2Hji(r)ipij(r)  (34) 


dr'2       '  r2 

It  can  be  demonstrated  that  for  rapidly  decreasing  atom-atom  potential  satisfying 
\m^rU{r)  =  0  [26,  13]  the  previous  scattering  boundary  conditions  applied  to  radial 
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component  render 


r  ^ 

lim  ,4)jl(r)  ~  $ij  sm  kjr  ~      +  ^(0 


2\kjJ  " 


(35) 


where  6(1)  is  a  real  phase  related  strongly  dependent  on  potential  energy  function  and 
T-j  are  the  elements  of  the  transition  matrix  (T-matrix)  [13].  The  special  case  posed 
by  the  Coulomb  potential,  which  does  not  satisfy  the  above  decreasing  condition,  is 
not  more  difficult  to  be  solved  and  can  be  seen  in  Ref.  26.  It  is  not  difficult  to 
see  that  each  element  of  the  T-matrix  is  related  to  the  probability  to  find  the  system 
exiting  through  the  channel  j  after  entering  through  the  channel  i.  The  solution  of  the 
previous  set  of  equations  under  the  mentioned  asymptotic  conditions  will  determine  the 
radial  components  ijjji(r)  and  therefore  the  total  nuclear  wave  function.  From  the  radial 
components  in  the  asymptotic  region,  the  values  of  Tj-  can  be  determined.  In  turn,  the 
determination  of  the  A]  coefficients  is  simple  and  analytical.  The  first  step  to  find  them  is 
to  introduce  a  wave  expansion  for  the  incoming  plane  wave.  This  expansion  is  analytical 
having  the  radial  components  in  term  of  spherical  Bessel  functions  [27].  By  setting  both 
wave  expansions  into  the  entrance  channel  function  in  the  asymptotic  region 

lira  G?(X)  =  e'*" +  /«(«)—  (36) 
x — r 

it  can  be  easily  determined  that 

il 

Ai  =  (21  +  1)—  (37) 

fcf 

(where  the  i  in  i1  is  the  imaginary  unit  not  the  entrance  label  i.  By  repeating  the  same 
procedure  in  other  channels,  it  can  be  concluded  that 


OC 

/«(*)  =  —r—J  E  W  +  l)7o^(cos0) 


i[kikj? , 


■^lE(^  +  l)(^-^)P/(cos^) 
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In  the  second  line,  the  scattering  or  S-matrix  has  been  defined  by  T\-  =  Sjj  —  tijj.  In  the 
case  of  elastic  scattering,  i  =  j,  the  amplitude  has  two  contributions:  one  coming  from 
the  sum  in  Siif  which  represents  a  scattered  (distorted)  wave,  and  other  form  the  sum  in 
6u  =  1,  which  represents  the  nonscattered  (formerly  incoming)  plane  wave.  Since  the 
latter  contribution  is  only  strong  near  0  =  0,  it  is  customary  to  simply  write 

fij(0)  =  E  (2/  +  O4^(cos0);  0  ±  0  (39) 

for  the  practically  accessible  values  of  the  scattered  wave  at  0  /  0.  This  is  the 
expression  to  be  used  henceforth  in  this  thesis  work.  After  the  scattering  amplitudes 
have  been  determined,  the  scattering  properties  can  be  calculated  form  the  asymptotic 
wave  functions. 

The  type  of  scattering  hitherto  presented  contains  as  a  special  case  the  simplest  type 
of  atom-atom  scattering  processes:  the  elastic  scattering.  That  situation  occurs  in  noble 
gas  systems  at  relatively  low  collision  energies.  There,  the  scattering  process  will  undergo 
neither  electronic  excitations  nor  charge  transfer.  Therefore,  the  process  can  be  perfectly 
described  by  only  one  PES.  The  elastic  atom-atom  scattering  is  discussed  in  full  detail 
in  Ref.  13,  chapter  3  through  5.  The  formation  of  a  bound  state  by  part  of  the  colliding 
atoms  (combination)  constitute  a  departure  from  the  relatively  simple  description  shown 
thus  far.  This  complication  will  be  addressed  in  the  following  paragraphs  in  the  broader 
context  of  atom-molecule  scattering  processes.  Other  complications  not  discussed  here 
are  the  formation  of  quasi-bound  states  (resonances)  and  the  problems  posed  by  identical 
particles  {e.g.  He  +He  scattering).  These  situations  are  treated  in  some  detail  in  Ref.  13. 

The  scattering  processes  involving  more  than  two  atoms  are  far  more  difficult  to 
treat  by  the  CC  formalism.  The  case  of  an  atom  (or  atomic  ion)  colliding  with  a 
diatomic  molecule  (or  molecular  ion)  has  been  extensively  studied  [13,  28]  and  will 
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be  discussed  in  some  detail  below.  Present  efforts  in  the  time-independent  scattering 
theory  are  focused  on  four-atom  systems  (e.g.  two  colliding  diatomic  molecules  [29, 
30]).  The  simplest  case  to  study  is  when  electron  excitations  or  electron  transfers  do 
not  occur.  In  most  of  these  cases,  only  one  PES  is  actually  employed  [13,  28],  i.e.  the 
Born-Oppenheimer  approximation  is  adopted.  The  Hamiltonian  is  transformed  into  the 
CM  frame,  and  relative,  internal  coordinates  are  then  used.  However,  different  types 
of  internal  coordinates  have  been  prescribed  for  the  three-atom  system.  A  simple  type 
of  internal  coordinate  are  the  Jacobi  coordinates:  r,  the  separation  between  the  two 
atoms  in  the  diatomic  molecule,  and  R,  the  separation  between  CM  of  the  diatomic 
molecule  (target)  and  the  atom  (projectile).  In  principle,  there  exist  three  different  ways 
or  arrangements  in  which  these  coordinates  can  be  defined  according  to  what  atoms  form 
the  diatomic  molecule.  In  the  case  of  a  non  reactive  scattering,  the  selection  is  unique 
since  the  initial  diatomic  target  and  the  projectile  retain  their  identities  throughout  the 
processes.  If  the  scattering  system  does  undergo  rearrangements,  three,  or  at  the  least  two, 
different  selections  of  the  Jacobi  coordinates  ought  to  be  considered.  One  arrangement 
describes  both  the  entrance  channel  and  the  non  reactive  exit  channel,  whereas  the 
others  arrangements  describe  the  reactive  exit  channels.  This  swapping  of  coordinates  in 
different  asymptotic  regions  is  obviously  motivated  by  the  ease  of  convergency  at  each 
channel.  However,  it  introduces  the  complication  of  smoothly  turning  from  one  type 
of  Jacobi  coordinates  to  another  in  the  intermediate  regions.  Other  types  of  coordinates 
not  presenting  this  difficulty  have  been  proposed.  The  most  conspicuous  of  them  are 
the  natural  [13]  and  the  hyperspherical  [31,  32]  coordinates.  They  will  not  be  discussed 
here.  Using  the  adiabatic  representation  with  only  one  PES,  the  Schrodinger  equation 
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for  the  arrangement  A  is  now  [28] 


tvr; 


-51 

2  nb 


+V(R'x,r'x,7x) 


$x(R'x.tx)=E*x{Rx,t>x)  (40) 


where  R'A  and  r'x  are  the  Jacobi  coordinates  in  that  arrangement,  7A  is  the  orientation 
angle  between  the  two  previous  vectors 


jx  =  cos  1 


(41) 


and  //.^  and  //.A  are  the  translational  and  the  vibrational  reduced  masses 

R     (m\  +  mx  +  m£) 


(42) 


(43) 


with  indices  1  and  2  denoting  the  atoms  in  the  diatomic  and  3  the  projectile.  This  equation 


can  be  set  in  a  more  symmetric  form  if  the  transformations 

1/4 


Ra  = 


llx 
I'n 


rA  = 


I'r 


llX 

J'r 


1/4 


(44) 


(45) 


are  introduced 


$A(RA,rA)  =  £<I>A(RA,rA) 


(46) 


Note  that  the  transformation  does  not  change  the  orientation  angle  jx..  Since  the  total 
Hamiltonian  does  commute  with  the  total  (nuclear)  orbital  angular  momentum  operator 
J  and  with  one  of  its  components,  say  J2,  the  total  nuclear  wave  function  can  be 
chosen  as  an  eigenfunction  of  the  previous  operators  with  eigenvalues  J  (J  +  l)h2:  J  = 
0,  1,  2,  ,3,  ...  and  Mh:  M  =  -J,  -J  +  1,  ...  J  —  1,  J,  respectively.  Therefore,  (cf. 
Ref.    13,  chapter  VI) 


^(RA.rA)=Vdu(RA-rA) 


(47) 
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The  total  angular  momentum  J  is  given  by  the  sum 

J=T+J  (48) 

where  /  is  the  orbital  angular  momentum  produced  by  the  rotation  of  the  projectile  around 
the  CM  the  diatomic,  and  j  is  the  internal  angular  momentum  produced  by  the  rotation 
of  the  diatomic  around  its  own  CM.  The  eigenfunctions  ^>jM(RA,rA)  may  be  expressed 
in  terms  of  the  eigenfunctions  of  both  /  and  j  through  the  Clebsch-Gordan  coefficient 
coupling  scheme.  This  route  is  explicitly  attempted  in  Ref.  [13]  and  will  not  be 
presented  here.  The  CC  formalism  is  introduced  when  the  eigenfunctions  0ju(RA,rA) 
are  expanded  in  terms  of  the  spherical  harmonics  YjxM{0\-<t>\) 

<J>XjAI(Rx,rx,0x,<h)=  (j^)YJ^x-MF}JxM(Rx,rx)  (49) 

jx>\M\  VtArA/ 

where  FfjxM(Rx,  rA)  are  the  radial  component  of  the  expansion.  In  some  cases,  the 
subsequent  equations  can  be  further  simplified  if  a  transformation  from  the  previous 
space-fixed  frame  to  a  rotating  body-fixed  frame  is  effected.  The  body-fixed  frame  is 
oriented  with  its  z  axis  along  the  RA  vector  and  with  its  y  axis  normal  to  it  (helicity 
representation).  The  new  eigenfunctions  V;jqa  ( R\  •  rA  •  7a  •  X\ )  in  the  rotating  frame  are 
related  to  the  old  one  by 

0iu(R-A.rA)  =^  J~^2?inA(^A^A,0)^nA(flA,rA,7A,XA)  (50) 
fit 

where  the  DjI<h  are  the  Wigner  rotation  matrix  elements,  M  and  il\  the  azimuthal 
quantum  numbers  into  the  space-fixed  and  body-fixed  z  axes,  respectively,  and  <f>x  0\  and 
X\  are  three  Euler  angles.  The  inverse  relationships  can  be  obtained  from  the  previous 
ones  by  appealing  to  the  properties  of  the  Wigner  rotation  matrices.  The  body-fixed 
function  can  also  be  factored  out  into  angular  and  radial  parts  as 

^jnA(*A,rA,7A,XA)=    Yl    (^)Yrxii'x(^Xx)F}nnA^rx)  (51) 

i*>|n»|  v  A  A/ 


30 

If  the  space-fixed  wave  functions  are  set  into  the  space-fixed  Hamiltonian,  an  inextricable 
CC  set  of  equations  for  the  space-fixed  radial  part  is  obtained 

M  **x  1?  %  \  Jixhi  x'  x) 

9,.    (52) 

=  ^E^IVi^A>^iili(«A,rA) 

where  the  quantum  numbers  l\  and  j\  are  related,  within  the  above  coordinate  trans- 
formation, to  the  orbital  and  the  internal  angular  momenta.  The  matrix  coupling  terms 
Oa'aI^  \f\l'\)  involve  integrals  over  the  adiabatic  potential  V(R\,  r\,  7a)  and  are  explic- 
itly shown  in  Ref.  28.  Note  that  the  above  equations  are  for  a  fixed  value  of  J  and  M. 
By  applying  the  scattering  boundary  conditions  to  the  above  radial  components,  the  S- 
matrix  5J,  ..  ,  .f  in  the  helicity  representation  can  be  obtained.  There,  the  labels  denote 
a  scattering  process  from  the  initial  state  with  a  diatomic  molecule  in  the  arrangement 
a  with  vibrational  and  rotational  quantum  numbers  v'n  and  j'a  to  the  final  state  with  a 
diatomic  in  the  arrangement  A  with  vibrational  and  rotational  quantum  numbers  v(  and 
jy  There  are  no  labels  for  the  final  scattered  projectile  because  it  is  in  a  unbounded 
state  with  no  quantum  numbers. 

The  derivation  of  a  set  of  coupled  equations  for  a  three-atom  system  exhibiting  either 
electron  excitation  or  charge  transfer  involves  the  combination  of  the  techniques  shown 
in  the  treatment  of  the  elastic  collision  of  the  atom-atom  scattering  with  the  present 
adiabatic  treatment  of  the  three-atom  system.  The  final  equations  are  very  complicated, 
as  the  reader  may  suspect,  and  will  not  be  presented  here.  However,  some  simplified 
equations  for  charge  transfer  processes  will  be  shown  in  the  next  section. 

Approximate  time-independent  methods:  The  infinite  order  sudden  approximation 


The  full  solution  of  the  time-independent  scattering  problem  demands  the  integration 
of  the  previous  set  of  CC  equations  if  this  approach  is  adopted.    Although  the  size 
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of  the  wave  expansion  is  limited  to  the  energetically  accessible  channels,  rather  long 
expansions  are  needed  in  most  of  the  applications.  The  CC  approach  is  exact  if  the  full 
wave  expansion  for  a  given  problem  is  employed.  In  most  of  the  cases,  this  is  "exact" 
only  within  the  Born-Oppenheimer  approximation  since  only  one  PES  is  being  employed. 
If  this  is  still  too  demanding,  successively  shorter  truncations  of  the  basis  set  can  be  tried 
until  some  convergence  is  achieved.   In  general,  the  heavier  the  particles,  the  higher 
the  energy,  the  more  degrees  of  freedom,  and  the  stronger  the  couplings  between  them, 
the  larger  the  basis  set  must  be.  It  has  been  determined  [28]  that  the  use  of  N  basis 
functions  would  require  a  computing  time  scale  of  iV3.  This  scaling  factor  usually  makes 
the  CC  procedure  difficult  to  apply  to  realistic  systems.  Therefore,  different  approximate 
treatments  of  the  CC  formalism  have  been  proposed  (see  Ref.  13,  33  and  28,  citations 
therein,  and  additional  references  below).    Many  of  these  approximations  consist  of 
imposing  restrictions  to  some  degrees  of  freedom  or,  equivalently  speaking,  freezing 
them.  In  this  way,  partial  or  total  uncoupling  of  the  CC  equations  is  introduced.  One 
approximation  is  the  /  label  j2  conserving  centrifugal  sudden  (CS)  approximation  where 
the  orbital  angular  momentum  operator  P  is  replaced  by  an  effective  fixed  eigenvalue 
1(1+  l)/?2  whereas  the  diatomic  angular  momentum  J2  is  treated  exactly.  It  turns  out 
that  the  component  of  jz  becomes  conserved  in  this  approximation.  A  complementary 
approximation  to  the  CS  scheme  is  the  l2  conserving  energy  sudden  (ES)  approximation 
where  now  the  diatomic  angular  momentum  is  replaced  by  an  effective  fixed  eigenvalue 
j(j  +  1)^  •  A  more  drastic  but  more  workable  approximation  is  the  infinite  order  sudden 
approximation  (IOSA)  where  both  the  CS  and  the  ES  schemes  are  simultaneously  applied. 
This  approximation  was  originally  formulated  for  non  reactive  scattering  processes  but 
was  later  generalized  to  reactive  processes  (RIOSA).  The  resulting  equations  are  totally 
uncoupled  as  far  as  the  angular  variables  are  concerned  (i.e.  the  sudden  uncoupling  is 
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extended  to  all  orders  up  to  infinite).  These  equations  are  of  pseudo-collinear  type  which, 
in  the  non  reactive  case,  are  solved  for  both  R  and  r  at  different  fixed  ("frozen")  values 
of  the  orientation  angle  7.  In  the  reactive  or  charge  transfer  case,  two  or  three  angles,  one 
for  the  initial  arrangement  and  the  others  for  the  reactive  rearrangements,  are  held  fixed. 
The  (R)IOSA  equations  can  be  easily  sketched  from  the  previous  CC  equations.  By 
setting  the  aforementioned  effective  eigenvalues  into  the  CC  equations,  the  set  becomes 

(53) 

=  ^E^^i^ii;^)FJ},;/(i2A,rA) 

By  performing  a  special  transformation  to  the  body-fixed  frame 

^W^a-7a)  =  £  (lOjCl\\J&\) 

'U    _  (54) 

xYjnx(lx,())Fjl!j)(Rx,rx) 

the  (R)IOSA  equations  are  obtained 

'  &     2fiE        +        jQ  +  l) 

dR\  +  dr\  +  R\  r{ 

=  ^[V(Rx,rx,lx)-E]F^xrix(Rx,rxnx) 

where  ^qa(^a^a-7a)  are  the  (R)IOSA  nuclear  functions.  The  effective  value  of  I 
can  be  assigned  to  either  the  initial  value  /o  of  the  orbital  angular  momentum,  or  to  its 
final  value  I'  or  some  average  between  them  lav  (the  first  option  is  the  most  common). 
The  same  scheme  can  be  applied  to  the  effective  value  ].  The  use  of  these  effective 
values  not  only  uncouples  the  CC  equations  but  also  simplifies  further  manipulations 
of  the  wave  function  involving  space-fixed  to  body-fixed  frame  transformation  and  the 
coupling  of  the  two  mentioned  angular  momenta.  The  classical  analogues  of  the  three 
cited  approximations  are  discussed  in  Ref.  34  and  28. 


Jl_  d2  2(iE  l{l  +  l)  + 
DR\  +  Dr\  +  R\     ~  r\ 


(55) 
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The  extension  of  the  IOSA  scheme  to  charge  transfer  processes  has  been  more 
recently  formulated  by  Baer  and  coworkers  [35,  36].  This  formulation  involves  two 
diabatic  PESs  generated  from  two  adiabatic  DIM  PES's.  The  IOSA  equations  to  be 
solved  are  now  [35,  36] 


where  *i(i?,r,7)  and  ^2{R.r,-f)  are  the  IOSA  nuclear  functions  for  the  transfer  and 
the  non-transfer  channels  (PESs),  and  Wn,  WV2  and  W22  are  the  elements  of  the  DIM 
diabatic  energy  matrix.  Note  that  the  term  in  j  has  been  omitted.  In  the  case  of  charge 
transfer  processes,  the  IOSA  equations  are  not  totally  uncoupled  since  the  interaction 
between  the  two  diabatic  (or  adiabatic)  states  must  obviously  be  present.  The  (R)IOSA 
method  has  been  extensively  applied  to  study  different  scattering  systems.  Bowman 
and  Schinke  [37]  have  used  it  to  study  the  rotationally  resolved  scatterings  of  systems 
like  He  +  Na2,  He  +  Na2.  Jellinek  and  Kouri  [28]  have  applied  the  RIOSA 
approach  to  the  reactive  scattering  of  H  +  H2  -»•  H2  +  H,  H  +  D2  -»  D2  +  H, 
F  +  H2  -»  HF  +  H  and  F  +  D2  -»  DF  +  F  inter  alia.  Baer  and  collaborators 
[35,  36]  have  employed  their  IOSA  extension  to  electron  transfer  processes  to  study  the 
reactions  Ar+  +  H2  -*  Ar  +  H+  and  H+  +  H2  -  H  +  H+.  The  latter  study  will 
be  compared  with  the  END  theory  in  a  later  chapter. 

The  numerical  methods  to  integrate  the  CC  equations  and  their  many  approximations 
are  discussed  by  Secrest  [38]. 


(56) 


x^i(R.r.j)  +  Wv2^!2(R,r,j)  =  0 


and 


(57) 


x$2(R,r,j)  +  Wn^i(R,  r,7)  =  0 
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Time-Dependent  Scattering  Theory 


Although  the  original  formulation  of  Quantum  Mechanics  in  the  late  1920s  was 
time-dependent  (e.g.   the  original  Schrodinger  equation  was  the  time-dependent  one). 
The  systematic  study  of  realistic  scattering  problems  in  a  time-dependent  fashion  has 
really  begun  only  in  the  1970s.  Since  then,  the  interest  in  time-dependent  treatments 
have  steadily  increased.    The  neglect  of  the  time-dependent  approach  had  different 
causes.  One  of  them  was  the  initial  interest  to  validate  the  quantum  mechanics  theory 
by  calculating  atomic  and  molecular  stationary  properties  to  be  compared  with  accurate 
spectroscopic  measurements.   Another  reason,  typical  in  quantum  chemistry,  was  the 
interest  in  some  stationary  properties  (such  as  ionization  potentials,  electron  affinities, 
heats  of  formation,  electronic  densities,  etc.)  to  understand  the  basic  chemical  features  of 
an  isolated  molecule.  However,  the  most  important  cause  for  this  delay  was  the  strenuous 
difficulties  found  in  integrating  the  time-dependent  Schrodinger  equation.  The  problems 
posed  by  this  equation  are  far  more  demanding  than  those  posed  by  its  time-independent 
relative.  Furthermore,  many  problems  encountered  in  time-independent  calculations  are 
still  present  in  the  temporal  scheme.    The  possibility  of  undertaking  time-dependent 
studies  on  realistic  systems  became  possible  only  with  the  advent  of  modern  computers 
in  the  1970s.  Unlike  their  time-independent  counterparts,  the  quantum  time-dependent 
methods  are  not  so  developed  and  established.   Therefore,  a  definite  presentation  on 
the  subject  is  more  difficult  to  trace.  Two  concise  and  complete  reviews  on  the  whole 
area  have  been  written  by  Kroger  [39]  and  Deumens  et  al.  [1].  Additional  information 
about  some  specific  developments  can  be  seen  in  the  book  edited  by  Broeckhove  and 
Lathouwers  [40]  and  in  the  review  papers  of  the  Faraday  Transactions  of  the  Royal 
Chemical  Society  93. 
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Two  main  philosophies  exist  to  solve  time-dependent  molecular  processes.  In  the 
first  one,  the  time  dependency  is  reserved  only  to  the  nuclear  degrees  of  freedom.  In 
the  second  one,  the  time  dependency  is  given  to  all  the  degrees  of  freedom,  nuclear  and 
electronic.  The  first  approach  is  a  time-dependent  nuclear  dynamics  on  one  or  more 
predetermined  PES.  In  this  way,  the  electronic  degrees  of  freedom  have  been  previously 
treated  time-independently  in  the  PES  calculation.  In  the  second  approach,  the  PES 
approach  is  abandoned  and  the  simultaneous  time  evolution  of  electrons  and  nuclei  is 
performed.  However,  this  simultaneous  dynamics  is  so  demanding  that  all  the  nonPES 
methods  so  far  use  classical,  SC,  or  quasi-classical  descriptions  for  the  nuclear  degrees 
of  freedom.  The  explicit  way  to  perform  this  nonquantum  nuclear  description  will  be 
carefully  analyzed  in  the  next  section  on  the  SC  theory  and  in  later  chapters  of  this  thesis. 

The  most  important  time-dependent  methods  will  be  presented  below.  They  are 
mainly  classified  according  to  whether  they  employ  PESs  or  not. 

Exact  time-dependent  dynamics  on  PESs:  Wake-packet  propagation 

In  the  so-called  "exact"  methods,  the  numerical  integration  of  the  nuclear  time- 
dependent  Schrodinger  equation  is  directly  performed.  The  methods  are  not  actually 
exact  since  conceptual  and  numerical  approximations  are  in  them.  However,  these 
approximations  can  be  easily  kept  below  some  tolerance  levels  at  will.  The  wave  function 
in  these  simulations  is  not  usually  prepared  in  a  plane  wave  but  as  a  wave  packet.  This 
function  can  either  be  discretized  on  a  grid  of  points  in  both  position  and  time  or  be 
expanded  in  a  convenient  basis  set.  For  instance,  a  discretized  one-dimensional  wave 
function  is  expressed  as  [39] 


iff  =  i>(x  =  jc,t  =  n<5) 


(58) 
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where  e  and  8  are  the  position  and  the  time  steps,  and  j  and  n  are  two  integers.  The 
position  grid  is  of  course  infinite  and  on  its  boundaries  imaginary  absorbing  potentials  are 
placed  on  the  boundaries  to  avoid  the  non  physical  reflection  of  the  wave  packet  on  them. 
The  methods  using  only  one  PES  are  obviously  more  established  and  are  presented  first. 

Some  exact  methods  can  be  classified  according  to  the  integration  algorithm  to  be 
used.  In  the  forward  Euler  algorithm  [39],  the  discretizations  in  position  and  time  up 
to  second  order  imply 

H*J  =  ~  (?)  W+i  -       +  -  W  (59) 

and 

i>r>  =  «P  =  (l  -  *f)H  +  «(*2)  (60) 

By  setting  these  expressions  in  the  time-dependent  Schrodinger  equation,  it  is  obtained 
that 

=  ^  +  (|)  W+i  -  2^  +  i>U  ~  s2Vji,»)  (61) 

This  is  an  explicit  (no  matrix  inversion)  scheme  with  a  second-order  local  error.  The 
function  at  time  step  n  +  1  is  calculated  from  the  function  at  time  step  n  at  three  different 
positions.  The  algorithm  is  unfortunately  unstable  and  does  not  preserve  unitarity.  An 
alternative  option  is  the  Euler  backward  algorithm  [39]  where  one  writes 

^=exp(^)^  (62) 

This  leads  to  a  stable  integration  but  still  without  unitarity  conservation.  A  stable 
algorithm  conserving  also  unitarity  is  the  Crank-Nicholson  algorithm  [39]  where  the 
Caley  transform  of  the  propagator  is  introduced 

/   iSH \      /      i8H\f      iSH\-1       ,  9X 
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leading  to  the  scheme 

*Ttl  +  (7A  -  (2Vi  -  2)  +  ^3  =  "V'i+l  +  (»"*  +  <?Vi  +  2)  1#  -  .  (64) 
which  is  implicit,  i.e.  matrix  inversion  is  required.  However,  the  most  useful  algorithm 
is  one  originally  devised  by  Harmuth  for  one-dimensional  problems  and  further  extended 
to  higher  dimensions  [39,  41]  and  renamed  as  second-order  differencing  method  (SOD). 
It  consists  in  a  first  order  expansion  in  At  of  the  time  evolution  in  a  symmetric  way 
under  /  — >  —  t 


(65) 


•0n+1  =  - (j^2AtHijjn  +  i>n~x  . 

The  algorithm  is  stable  and  conserves  unitarity.  Because  it  is  explicit,  the  algorithm  is 
also  faster  than  the  Crank-Nichlson  one.  For  these  reasons  the  SOD  method  has  been 
used  in  a  large  variety  of  problems,  including  eigenspectra  calculations  [42],  nonadiabatic 
coupled  systems  [43],  photodetachment  spectra  [44]  and  for  systems  with  time-dependent 
Hamiltonians  [45]. 

In  other  exact  methods,  the  emphasis  is  given  on  some  approximation  of  the  time 
evolution  operator.  The  most  celebrated  of  these  approaches  is  the  split  operator  (SO) 
method  originally  proposed  by  Feit  and  Fleck  [46].  Given  two  operators  A  and  B,  one 
always  has  that 

.      — ,  fAt    \  (At    \         r  on 

(66) 


exp  [At{A  +  B)}  =  exp  ( J  exp  (AB)  exp  (^a  \  +  O  \(Atf 


Then,  by  substituting  A  with  the  free  Hamiltonian  H0  =  -(^V2)  and  B  what  the 
potential  V,  it  is  obtained  that 


■i()(t  +  At)  =  exp 


2hJ 


AtHn 


exp 


AV 


exp 


4>(t).  (67) 


The  actual  implementation  of  this  approximate  operator  requires  a  series  of  discrete 
Fourier  transforms  from  position  to  momentum  space  and  vice  versa  to  make  the  above 
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operators  plainly  multiplicative  (momentum  space  in  the  case  of  Hq  and  position  space 
in  the  case  of  V).  Fast  Fourier  transform  codes  are  therefore  used.  The  authors  have 
applied  its  method  to  compute  spectra  and  wave  functions  in  classically  chaotic  systems 
[46,  47].  Other  approach  is  the  Tchebychev  expansion  (TE)  method  proposed  by  Tal-Ezer 
and  Kosloff  [48].  There,  an  expansion  in  complex  Tchebychev  polynomials  [49]  in  the 
interval  of  the  time-evolution  operator  is  introduced. 

N 

=  exp  {-i At H0 )  =       fln Tn M  (68) 

where  w  =  a(-iAtH)  +  b  with  a  h  being  a  scale  factor  and  a  shift,  respectively.  The 
algorithm  has  been  applied  by  its  authors  to  scattering  problems  from  a  surface  in  two 
dimension  [48],  and  by  Zhang  et  al.  to  the  colinear  exchange  reaction  H  +  H2  [50].  A 
method  similar  in  spirit  to  the  Tchebychev  expansion  is  the  short-time  iterative  Lanczos 
(SIL)  method  developed  by  Park  and  Light  [51].  This  is  based  on  replacing  the  full  time 
evolution  by  an  approximate  one  in  a  low-dimensional  subspace  (Krylov  space)  generated 
by  the  Lanczos  method  (a  very  brief  outline  of  the  method  can  be  seen  in  Ref.  [39]). 
The  method  has  been  applied  to  the  evolution  of  wake  packets  in  the  Henon-Heiles 
potential  [51]. 

Extensions  of  these  methods  to  dynamics  on  multiple  surfaces  are  known.  For 
instance  the  wave-packet  propagation  on  two  coupled  surfaces  by  Manthe  [52-54]  and 
Koppel  [55]. 

Approximate  time-dependent  dynamics  on  PESs:  Time-dependent 
self  consistent  field  (TDSCF)  methods 

In  these  methods,  the  exact  time  evolution  of  the  system  is  replaced  with  a  model 
evolution  which  is  easier  to  perform.  One  of  these  approaches  is  the  Time-Dependent 
Self  Consistent  Field  (TDSCF)  method  proposed  by  Bisseling  et  al.  [56].  The  nuclei 
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are  represented  by  Hartree  products  of  wave  packets  on  a  grid.  Each  nucleus  is  then 
moving  in  the  average  field  of  the  other.  Later  developments  of  this  method  [57]  allows 
different  exit  channels  and  include  some  correlation  into  the  nuclear  motion  by  using  a 
multi-reference  scheme  of  Hartree  products.  These  methods  have  been  applied  to  some 
model  systems  as  the  vibrational  predissociation  dynamics  of  the  colinear  l2(v)He  cluster 
[56],  the  photodissociation  of  the  XeHI  cluster  [58],  and  the  hydrogen  transfer  in  the 
ClHCl~  system,  all  giving  promising  results. 

A  multi-configuration  time-dependent  Hartree  method  on  coupled  surfaces  have  also 
been  implemented  by  Man  the  and  collaborators  [59]. 

Car-Parrinello  Method 

The  Car-Parrinello  (CP)  method  for  dynamics  has  received  a  great  deal  of  attention 
during  the  present  decade.  Because  of  its  connection  to  some  dynamical  algorithms 
employed  in  liquid  simulations,  and  of  its  a  la  mode  use  of  DFT  [24],  the  CP  method 
has  acquired  a  widespread  popularity.  More  for  its  connections  to  the  END  theory  than 
for  its  intrinsic  value,  the  CP  method  is  discussed  in  some  detail  below. 

The  original  CP  method  [60]  was  an  approximate,  fast,  and  accurate  algorithm  to 
solve  some  minimization  problems  which  imply  the  solution  of  eigenvalue  problems. 
The  method  might  in  principle  be  applied  to  different  eigenvalue  determinations  (DFT, 
HF,  CI)  but  it  has  been  used  almost  exclusively  in  a  DFT  context.  In  the  Kohn  Sham 
(KS)  version  of  the  DFT  [24],  the  electronic  density  n(r)  of  a  close-shell  system  of  N 
electrons  in  the  BO  approximation  is 


N 


(69) 
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where  the  one-particle  molecular  orthonormal  orbitals  V;/(r)  are  to  be  determined.  The 

total  energy  E  of  the  system  is  given  by  the  KS  functional 

E[{i,i},{RI},{av}]  = 


E/  f/:i'-'-V(r) 


f  ft2  N 

V2"V 

Mr)  +  U[n(r),{Rr},{a„}]  {70) 


where  {Ri}  are  the  position  of  the  nuclei  ("ions")  and  {a,.}  are  all  the  possible  external 
constraints  imposed  on  the  system,  such  as  the  volume  il.  The  functional  U  contains  the 
internuclear  Coulomb  repulsion  and  the  effective  electronic  potential  energy.  The  latter 
includes  the  external  nuclear,  Hartree,  and  exchange-and-correlation  (Exc)  contributions. 
This  functional  is  an  upper  bound  to  the  exact  ground  electronic  energy  which  is  supposed 
to  be  obtained  by  minimization.  In  the  KS  formulation,  the  minimization  is  achieved  by 
variation  of  the  orbitals  under  the  orthonormal ity  constraint.  This  leads  to  the  self- 
consistent  KS  equation 

'^v2  +  ^)}*«  =  e*W  (7I) 

This  problem  can  be  solved  in  the  conventional  way  by  matrix  diagonalization.  This 
approach  of  the  traditional  DFT  problem  is  difficult  to  apply  to  large  systems.  However, 
Carr  and  Parrinello  realized  that  the  search  of  that  minimum  value  can  be  more  easily 
done  by  introducing  a  parameter  t  so  that  now  i/v  =  i'i(t),  Ri  =  Ri(t)  and  av  =  av(t). 
This  parameter  acts  as  "fictitious  time"  and  through  it  the  minimization  search  becomes  a 
pseudo  dynamics  in  the  configuration  space  of  the  generalized  "coordinates"  i/>,,  /?/  and 
av.  To  obtain  the  correct  dynamical  equation,  Carr  and  Parrinello  employed  Lagrangian 
mechanics  and  constructed  a  Lagrangian  [61]  for  the  aforementioned  generalized  coor- 
dinates 

1  =  E  h'  I  ^H*  +  E  \Mik2i  +  E  \v**£  -      {*/>.  {«•>]  (72) 

i    &  I  - 


41 

subject  to  the  "holonomic  constraints"  [61]  of  orthonormality 

I  ri3r  VV(r,t)-0j(r,t)  =  <Sy  (73) 

n 

There,  Mj  are  the  real  masses  of  the  nuclei,  and  //.  and  //,,.  are  "fictitious"  masses  of 
arbitrary  values.  Obviously,  these  masses  are  introduced  to  obtain  a  complete  dynamical 
picture  of  the  problem.  From  this  Lagrangian,  it  is  possible  to  obtain  the  Euler-Lagrange 
equation  of  motion  by  following  the  usual  techniques  of  calculus  of  variations  [61] 

M(r.  t)  =  -J^^  +  E  W*(r,  0  (74) 

M[ilr  =  -S7RlE  (75) 

BE 

Hvotv  =  -  n —  (76) 

where  the  A,j  are  the  Lagrangian  multipliers  used  to  satisfy  the  above  constraints.  In 
the  terminology  of  molecular  dynamics  (MD)  [62],  this  is  a  set  of  Lagrangian  equations 
of  the  first  kind  where  the  forces  imposed  by  the  constraints  appear  explicitly.  In  this 
formulation,  the  nuclear  dynamics  is  rather  real  but  the  electronic  and  the  additional 
parameters  dynamics  are  obviously  fictitious  devices.  It  is  also  possible  to  define  a 
classical  kinetic  energy  K  as 

K  =  E  \n  I d^  Af  +  E       +  E  kf^i  •  (77) 

so  that  the  temperature  of  the  system  can  be  defined  as 

K  ~  iRT  (78) 

It  is  easy  to  see  that  when  the  system  achieves  its  dynamical  equilibrium  with  fa  =  0, 
Ri  =  0  and  a,.  =  0  then  the  first  dynamical  equation  is  identical  within  a  unitary  trans- 
formation to  the  previous  KS  eigenvalue  equation.  The  eigenvalues  of  the  Lagrangian 
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multipliers  matrix  (A?J  )  are  the  KS  orbital  energies  et-.  To  achieve  this  equilibrium  con- 
dition and  then  to  solve  the  KS  minimization  problem,  Car  and  Parrinello  proposed  a 
"dynamical  simulated  annealing"  by  borrowing  some  MD  techniques.  The  system  is 
given  at  initial  time  a  certain  amount  of  total  kinetic  energy.  Then  the  system  is  allowed 
to  evolve  in  time  to  explore  the  generalized  configuration  space.  The  constrained  dy- 
namics is  simulated  using  MD  algorithms  usual  in  the  field  of  liquid  simulations  [63]. 
After  some  time  of  evolution  has  elapsed,  the  temperature  of  the  system  is  lowered  by 
reducing  the  kinetic  energy  velocities  ("dynamical  simulated  annealing").  By  succes- 
sively repeating  this  procedure  of  evolution  and  cooling,  the  system  is  supposed  to  get 
trapped  in  an  absolute  minimum  of  the  energy  functional.  In  this  way,  the  optimization  of 
the  degrees  of  freedom  (electronic,  nuclear,  and  of  the  external  constraints)  is  achieved 
simultaneously  ("in  parallel"). 

The  original  application  of  the  CP  method  [60]  was  to  the  optimization  of  a  Si 
structure.  Only  the  valence  electron  were  explicitly  treated  with  the  effect  of  the  core 
electron  described  by  pseudo-potentials.  The  KS  orbitals  were  expanded  in  plane  waves 
and  the  local  density  approximation  (LDA)  was  employed  to  approximate  the  exchange 
and  correlation  functional.  The  constrained  dynamics  was  simulated  by  the  SHAKE 
algorithm  [62,  64]  which  uses  the  Verlet  integration  algorithm  in  its  original  version. 
Arbitrary  values  of  //  =  1  a.u.  and  fj,n  =  10"5  a.u.  were  selected.  After  only  200  steps 
of  0. 1  a.u.  of  time  each,  the  values  of  the  e;  converged  within  some  tolerance.  The 
results  were  in  good  agreement  with  those  obtained  by  conventional  methods.  Since 
this  initial  success,  the  CP  method  has  been  extensively  used  in  solid  state  physics  for 
optimization  purposes.  A  review  by  Payne  et  al.  [65]  explained  in  detail  the  use  of 
the  CP  method  in  that  field. 

In  spite  of  the  original  goal  of  the  CP  method,  it  has  been  very  tempting  for  many, 
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including  its  authors,  to  employ  it  in  real  dynamical  studies.  In  that  case,  the  annealing 
procedure  is  of  course  omitted  ("constant  temperature").  In  fact,  the  original  CP  paper 
presented  a  dynamical  simulation  of  an  optical  phonon  mode  of  the  same  Si  crystal. 
The  calculation  predicted  a  good  value  for  the  frequency  mode.  However,  the  physical 
interpretation  of  the  fictitious  kinetic  energy  becomes  even  more  problematic  in  the  case 
of  dynamical  simulations.  The  use  of  the  CP  method  for  dynamical  purposes  has  been 
reviewed  by  Remler  and  Madden  [66]  although  all  their  examples  are  again  for  solid 
state  physics.  Different  MD  algorithm  have  been  numerically  tested  for  stability  in  that 
review.  The  leapfrog  version  of  the  Verlet  algorithm  has  been  found  to  be  the  most  stable 
for  the  cases  studied.  The  authors  ascribes  the  success  of  the  CP  method  to  the  fact  that 
the  usually  small  electronic  kinetic  energy  smoothly  follows  the  motion  of  the  nuclei. 
Therefore,  the  electronic  state  immediately  adjusts  to  the  ground  state  of  the  changing 
nuclear  configuration.  The  electronic  state  stays  very  close  to  the  BO  surface  all  the  time 
("adiabaticity").  The  use  of  the  Hellmann-Feymann  theorem  to  calculate  the  gradients 
in  this  method  is  therefore  justified. 

Time-dependent  Hartree-Fock 


There  is  a  large  class  of  methods  that  are  variants  of  TDHF  for  the  dynamics  of 
electrons  and  that  employ  a  SC  or  classical  description  for  the  atomic  nuclei.  Examples 
are  the  work  of  Kulander  and  collaborators  [67-69],  Micha,  Feng  and  Runge  [70-72], 
of  Field  [21],  and  of  Mikkelsen  and  Ratner  [73].  All  these  methods  consider  an  explicit 
dynamical  description  of  the  electronic  state.  Sometimes  the  full  ab  initio  Hamiltonian 
is  considered  (Runge  and  Micha),  sometimes  a  model  Hamiltonian  is  set  up  to  drive  the 
dynamics  (Field,  AMI  semiempirical  Hamiltonian;  Mikkelsen  and  Ratner).  The  coupling 
between  the  electrons  and  the  nuclei  in  these  models  is  through  the  (average)  potential 


44 

energy  surface.  The  nuclei  feel  the  surface  and  the  electrons  feel  the  nuclei  only  through 
their  instantaneous  positions  in  the  Fock  operator.  As  a  result,  electron  momenta  are  not 
treated  correctly,  a  deficiency  which  shows  up  mainly  in  higher,  non-chemical,  energy 
regimes.  To  remedy  this  problem,  electron  translation  factors  (ETFs)  are  sometimes 
introduced  [74-77]. 

Apparently,  the  work  of  Kulander  and  coworkers  [67-69]  is  the  first  TDHF  method 
ever  prescribed  for  a  molecular  processes.  This  method  describes  the  electronic  orbitals 
numerically  on  a  grid  fixed  in  space  and  propagate  them  together  with  the  classical 
nuclear  positions  as  a  coupled  system  of  difference  equations.  Their  study  is  restricted 
to  collinear  reactions  in  triatomic  systems  like  H+  +  H2,  for  which  the  equation  for  the 

(doubly  occupied)  orbital  $  becomes 

0 

i—${r,t)  =  h$(r,t). 
h  =  ~V2  +  Ve(r,t)  +  Vne(r,t), 

I  J   \r  —  r  | 

3 

vne(f,t)  =  j2 


\r-Zj(t)ez\ 


The  equations  used  by  Runge  and  Micha  [72,  71]  introduce  an  elegant  solution  to 
the  problem  of  largely  differing  time  scales  in  the  coupled  system  of  equations.  They 
start  from  the  TDHF  equation  for  the  density  matrix  T 

it  =  FT  -  TF.  (80) 

where  F  is  the  Fock  matrix.  The  nuclei  are  treated  classically  and  alternatively  follow 
prescribed  trajectories,  straight  lines  or  Coulomb  trajectories,  or  they  follow  trajectories 
computed  from 

mkk  =  V&  E(R,  T),  (81) 
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where  the  average  potential  E(R,T)  is  the  expectation  value  of  the  molecular  Hamiltonian, 
including  the  nuclear  repulsion  terms  and  the  electronic  energy  of  the  state  described  by 
the  density  matrix  Y.  To  avoid  having  to  integrate  the  fast  electronic  motion  in  eq.  80, 
Micha  and  Runge  linearize  the  equation  during  time  steps  At,  long  compared  to  the 
electronic  time  scale,  but  short  for  the  nuclei,  with  the  assumption  that  the  effect  of 
the  nuclei  is  a  small  perturbation  on  the  evolution  of  the  density  matrix.  They  write 
T(t)  =  r°(t)  +  T1^),  where  the  reference  density  T°  is  propagated  assuming  that  the 
Fock  matrix  remains  the  same  as  at  time  to 

it°  =  F(t0)r0-r°F(t0)  (82) 

with  F(/0)  =  F(R(t0)S0{to)).  The  correction  F1  then  gives  the  effect  of  the  motion  of 
the  nuclei,  linear  in  the  change  of  the  Fock  matrix,  on  the  density 

it 1  =  F(^0)r1  -  r1F(/0)  +  AF  T°  -  r°AF  (83) 

where  AF  =  F(R(t),  T°(t))  -  F(t0).  These  equations  are  integrated  from  t0  to  t0  + 
At  by  diagonalizing  F(/q)  and  writing  T°  and  T1  as  a  superposition  of  the  eigenmodes. 
An  efficient  algorithm  is  used  to  increase  or  decrease  At  during  the  evolution  as  needed. 
Runge  and  Micha  write  their  equations  in  the  traveling  atomic  orbital  basis  which  is 
important  for  the  quality  of  their  results  [72,  71].  A  more  recent  treatment  [78]  using 
Liouville  operators  generalizes  these  equations  to  all  orders  in  AF. 

Time-dependent  density  functional 

Recently  Theilhaber  [79]  has  implemented  the  rigorous  time  evolution  used  in  the 
TDHF  in  the  field  of  Density  Functional  Theory  for  extended  systems  as  an  alternative  to 
the  CP  method.  In  this  method,  the  electronic  system  is  described  by  using  KS  orbitals 
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and  to  obtain  the  dynamical  equations 

0  1 

,2  e  (84) 

M^Rk(t)  =  Fk(t), 

where  Fk(t)  is  the  total  force  on  the  fc-ion  and  where,  with  double  occupancy,  the  density 
is  given  again  by 

A-,/2 

n(fJ,)  =  2Y/H'(r,t)\2.  (85) 
i=l 

More  details  can  be  found  in  Theilhaber's  paper  [79].  The  author  points  out  that  the 
TDDF  approach  has  a  physical  kinetic  energy  as  opposed  to  the  fictitious  kinetic  energy 
of  the  CP  method  [60].  Furthermore,  because  of  the  rigorous  relation  to  the  Schrodinger 
equation  for  the  full  system,  the  TDDF  equations  conserve  total  momentum  and  total 
energy. 

Time-dependent  close  coupling  methods. 

The  time-dependent  close-coupling  (TDCC)  method  has  nothing  to  do  with  a  pre- 
viously reviewed  time-independent  method.  Reviews  of  the  semiclassical  and  quantum 
version  of  the  TDCC  approach  have  been  prepared  by  Delos  [75],  Kimura  and  Lane  [80] 
and  Fritsch  and  Lin  [76].  It  is  a  method  to  describe  charge  transfer  processes  in  slow 
[75]  and,  recently,  also  fast  [77]  atomic  collisions.  One  considers  a  target  system  origi- 
nally at  rest  at  the  origin  and  a  projectile  atom  approaching  the  target  with  given  impact 
parameters  and  velocity.  The  method  concentrates  on  describing  one  active  electron, 
the  others  being  frozen  in  core  orbitals  or  treated  by  pseudo  potentials.  Some  systems 
with  two  active  electrons  have  been  studied  [76].  The  semiclassical  form  of  the  method 
is  briefly  discussed  below.  Delos  [75]  gives  a  detailed  discussion  of  the  fully  quantum 
mechanical  form  of  the  CC  method. 
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The  method  has  three  ingredients:  (i)  a  choice  of  nuclear  trajectory,  usually  a 
prescribed  trajectory,  often  a  straight  line  or  Coulomb  trajectory,  (ii)  a  choice  of  basis  set 
for  the  electronic  wave  function,  and  (iii)  the  solution  of  coupled  differential  equations 
in  time  for  the  coefficients  of  the  electronic  wave  function.  The  choice  of  basis  set  in 
the  CC  method  has  a  rich  history  reviewed  in  detail  by  Fritsch  and  Lin  [76].  The  present 
consensus  is  to  use  molecular  orbitals  tf>\  depending  on  all  nuclear  coordinates  R  with 
electron  translation  factors  (ETFs)  of  the  form  [80] 

Fi(R,  r)  =  exp  [i(mv  ■  ffi(R,  r)  -  ?nv2t/2)  fh]  (86) 

with  a  switching  function  /,  which  has  the  asymptotic  values  ±1  for  the  limit  where  the 
two  atoms  are  far  apart.  The  space  independent  kinetic  energy  term  can  be  left  off  and 
incorporated  in  the  wave  function  expansion  coefficients. 

The  total  molecular  wave  function  is  then  written  as 

$(R,  f)  =  £  Xi( R)1>i(R,  *0 Fi(R,  r) .  (87) 
t 

In  the  semiclassical  approximation  this  becomes 

«W0  =  ^<t)i>i[R{t)AHR{t)Ae*v{f)  (88) 

i 

where 

t  t 
f=-i  j  Ei[R(t')]dt'-±  I v2dt'.  (89) 

Substituting  (88)  in  the  time-dependent  Schrodinger  equation,  projecting  on  the  electronic 
basis,  and  expanding  to  first  order  in  v  give  the  coupled  equations 
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with 

Sji  =  foFjfaFi) 

*  (91) 

Aji  =  {1>jFj\[hd,iffi(R,r)]\lHFl) 

hji  =  (i'j\hc}\4>i). 

The  total  Hamiltonian  is  defined  as  H(R,  f)  —  T  +  he\  with  T  the  appropriate  nuclear 
kinetic  energy  operator.  P  are  the  nonadiabatic  coupling  terms. 

Note  that  the  ETFs  are  used  to  derive  the  terms  A,  but  are  neglected  in  the  evaluation 
of  P  and  h.  This  is  because  the  term  A  is  essential  to  obtain  the  correct  asymptotic 
behavior  of  the  equations,  whereas  the  low  velocity  makes  the  ETF  almost  equal  to  unity 
in  the  volume  over  which  the  matrix  elements  P  and  h  are  evaluated.  It  is  then  a  good 
approximation  to  omit  the  ETF  in  that  integration.  See  Riera  [77]  and  Fritsch  and  Lin 
[76]  for  a  detailed  discussion. 

The  Perturbed  Stationary  State  (PSS)  method  [26]  was  the  first  formulation  (without 
ETFs)  of  the  close-coupled  equations  for  electronic  dynamics  in  atomic  collisions. 
Modern  applications  of  the  PSS  method  do  include  proper  treatment  of  the  velocity 
[77].  The  original  PSS  equations  only  have  the  non  adiabatic  coupling  term  P  of  eq. 
(91)  and  rely  on  the  completeness  of  the  basis  to  accurately  represent  the  other  terms. 
The  correct  inclusion  of  ETFs  [75]  essentially  brings  out  all  terms  linear  in  the  nuclear 
velocities  and  is  therefore  less  sensitive  to  the  basis  used. 

Semiclassical  Scattering  Theory 
The  Semiclassical  Theory  in  General 

The  SC  theory  or,  if  the  reader  prefers,  approximation  is  as  old  as  the  quantum  theory 
itself.  Its  primordial  formulation,  in  the  rig  of  the  Jeffrey,  Wentzel,  Kramers  and  Brillouin 
(JWKB)  approximation,  dates  back  to  1925.  Since  this  early  origin,  the  SC  theory  has 
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been  continuously  evolving  in  form  and  expanding  in  scope,  adopting  more  complex  and 
accurate  versions.  Today,  this  theory  has  grown  to  a  vast  body  of  knowledge,  covering 
the  same  kinds  of  systems  and  application  as  its  quantum  counterpart. 

From  the  very  beginning,  the  SC  theory  was  supposed  to  undertake  these  two  related 
tasks: 

1.  To  show  how  quantum  mechanics  in  principle  goes  to  classical  mechanics  in  cases 
where  the  energy  and/or  the  masses  of  the  system  are  high  with  respect  to  some  value. 

2.  To  generate  an  approximate  procedure,  easier  to  implement  than  the  exact  quantum 
one,  to  describe  a  system  in  the  aforesaid  regimen. 

The  kind  of  solutions  given  by  the  SC  theory  to  these  questions  are  not  so  "ideal"  as  they 
may  have  been  expected.  In  first  place,  and  as  it  was  previously  mentioned,  quantum 
mechanics  does  not  totally  go  to  classical  mechanics  in  the  above  limit.  Vestiges  of  the 
exact  quantum  theory  still  remain  there  even  though  they  may  not  be  experimentally 
observable  in  some  situations.  In  second  place,  the  SC  theory  does  provide  high 
energy/high  mass  procedures  which  in  many  respects  are  less  cumbersome  than  the 
original  quantum  ones.  However,  when  these  SC  procedures  are  pushed  beyond  some 
level  of  detail  they  can  become  as  difficult  as  or  even  more  difficult  than  the  original 
quantum  solution.  In  that  way,  the  original  benefit  of  the  SC  approach  is  definitively  lost 
and  it  may  be  advisable  to  go  back  to  a  quantum  formulation  of  the  problem  at  hand. 
Examples  of  the  relationship  between  quantum  and  classical  mechanics  through  the  SC 
limit,  and  the  difficulties  of  the  SC  techniques  will  be  shown  not  only  in  this  sections 
but  throughout  this  thesis  work. 

The  mentioned  limit  of  high  energies  and/or  masses  is  the  seed  of  the  SC  formalism 
from  the  exact  quantum  mechanical  expressions.  To  simplify  and  unify  further  manipu- 


50 

lations,  this  physical  limit  is  always  replaced  by  the  totally  formal  but  equivalent  limit  of 


h  ->  0  (92) 

This  physical  limit,  h  is  obviously  a  constant,  is  the  hallmark  of  the  SC  theory  although 
its  use  is  not  restricted  to  its  realms  only.  As  will  be  shortly  seen  in  detail,  it  happens  that 
in  some  quantum  expressions  there  appear  functions  F(E)  of  the  energy  E  in  fractions 
such  as  —j— .  These  functions  take  a  very  high  value  with  respect  to  k  when  E  — >  oo. 
Therefore,  it  is  formally  equivalent  to  keep  the  value  of  E  fixed  and  applied  the  purely 
formal  limit  of  Ti  -»  0  in  the  SC  manipulations.  The  same  is  true  with  respect  to  a  high 
mass  limit  since  it  implies  a  high  value  of  E.  Therefore,  the  SC  theory  can  be  very 
broadly  defined  as  the  asymptotic  limit  of  the  exact  quantum  mechanics  in  the  limit  of 
h  — >  0  when  some  appropriate  mathematical  techniques  are  used  to  take  care  of  it.  These 
techniques  involve  the  expansion  or  the  above  functions  F(E)  in  powers  of  h  and  the 
evaluation  of  some  integrals  by  the  stationary  phase  approximation  [81].  The  present 
definition  will  become  more  precise  with  the  definite  examples  reviewed  below. 

It  is  important  to  discern  form  the  very  beginning  to  what  degrees  of  freedom  the  SC 
Theory  can  be  meaningfully  applied.  Because  of  its  high  mass  regime,  the  SC  theory  is 
scarcely  useful  for  describing  the  electronic  motion.  Perhaps,  it  might  be  applied  to  highly 
excited  electronic  states  near  the  continuum.  But  any  attempt  to  describe  the  electronic 
motion  of  the  ground  state  and  of  most  of  excited  states  in  a  molecule  is  bound  to  be 
inaccurate.  The  only  exception  to  this  behavior  is  the  simple  case  of  the  hydrogen  atom, 
where  the  SC  theory  predicts  the  same  energy  eigenvalues  as  the  quantum  theory  does.  In 
this  respect,  the  reader  may  remember  the  failure  of  the  Bohr's  atomic  model,  a  forerunner 
of  the  modern  SC  theory,  when  applied  to  many-electron  systems.  Therefore,  the  use  of 
the  SC  theory  in  molecular  and  scattering  problems  is  restricted  to  the  nuclear  degrees  of 
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freedom.  The  SC  theory  is  not  independent  of  the  exact  quantum  theory  since  a  quantum 
description  of  the  electronic  motion  is  always  necessary.  In  the  traditional  SC  models, 
that  electronic  description  comes  in  the  form  of  a  few  predetermined  PES.  Thus,  the 
most  established  SC  methods  show  the  same  type  of  dependence  to  the  PES  calculation 
as  many  quantum  methods  do.  However,  the  SC  theory  applied  to  the  nuclear  motion 
has  shown  a  great  deal  of  success  because  its  results  are  very  close  to  the  quantum  ones. 

A  review  of  the  overwhelmingly  vast  SC  theory  follows.  This  presentation  is  specially 
focused  on  scattering  problems  and  on  those  aspects  of  the  SC  which  have  some  relevance 
to  the  END  theory.  A  relatively  recent  review  of  the  whole  area  is  the  book  by  Child 
[82].  However,  this  review  will  not  be  primarily  employed  during  the  next  exposition. 
The  Jeffreys-Wentzel-Kramers-Brioullin  (JWKB)  Approximation. 

This  was  one  of  the  earliest  manifestations  of  the  SC  theory.  It  can  be  applied  to 
one-dimensional  problems  or  to  N  dimensional  problems  separable  in  N  one  dimensional 
problems.  It  is  a  time-independent  version  of  the  SC  theory  which  can  be  applied  to 
both  bound  and  unbound  states.  Given  the  unidimensional  time-independent  Schrodinger 
equation 

r  r,2  J* 

if>(x)  =  Ei'(x)  (93) 


h2  d2 


it  can  be  conveniently  recast  in  the  following  way 

or/2 


r/.x2 

where  the  momentum  function  p(x)  is 


+  j/(x) 


ip{x)  =  0  (94) 


p(x)  =  {2m[E-V{x)]}*  (95) 
If  the  potential  is  zero,  an  exact  and  independent  solution  of  this  equation  is  a  plane  wave 

i>(x)  =  exp  :  v(x)  =  0  (96) 


52 


with  momentum  eigenvalue  S  =p  —  (2mE)  2 .  However,  if  the  potential  is  non  zero  in  at 
least  some  regions  then  it  is  possible  to  rewrite  an  exact  and  independent  solution  tp(x)  as 


'ip(x)  =  A(x)  exp 


± 


iS(x) 


(97) 


where  the  complex  functions  A(x)  and  S(x)  are  to  be  determined.  The  former  relates 
to  the  boundary  conditions  of  the  problem  and  the  latter  measures  the  departure  of  this 
system  from  the  free  motion.  So  far,  this  is  only  a  reformulation  of  the  original  quantum 
problem.  In  the  JWKB  approximation,  a  expansion  in  powers  of  h  is  postulated  to  S(x) 


S{x)  =  S0(x)  +  Si(x)ti  +  S-2h2+  ... 


(98) 


where  the  coefficients  Sj(x)  are  to  be  determined.  If  the  SC  limit  of  h  — >  0  is  applied  then 
the  high  order  terms  can  be  discarded.  By  setting  the  wave  function  with  this  expansion 
into  the  recast  equation,  it  is  easy  to  prove  that  first  two  terms  are  [13,  82] 


X 


(99) 


xa 


and 


S^x)  = -ln\p(x)] 


(100) 


where  x0  is  an  arbitrary  point.  The  first  term  is  a  restricted  action  according  to  the 
terminology  given  by  Goldstein  [61].  It  can  be  proven  that  the  shortest  expansion  giving 
a  meaningful  wave  function  which  satisfies  flux  conservation  is  that  retaining  the  two 
first  terms  [13,  82].  This  is  exactly  the  case  of  the  JWKB  approximation.  The  function 
S(x)  also  satisfies  the  classical  Hamilton-Jacobi  equation  of  motion  [61] 

>t2 


1 

2m 


dS(x) 
dx 


+  V(x)  =  0;  n  -»  0 


(101) 
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making  in  this  way  the  connection  with  classical  mechanics2.  The  JWKB  approximation 
is  valid  whenever  the  condition  [13,  61,  82] 


d\(x) 


d.x 


>  1 


(102) 


where  the  generalized  wave  length  function  is  X(x)  =  Obviously  this  approximation 
breaks  down  at  and  near  the  turning  points  of  analogous  classical  problem.  The 
incorporation  of  higher  terms  in  the  SC  expansion  has  been  investigated  in  detail  by 
Froman  and  Froman  [83].  However,  this  improvement  of  JWKB  theory  is  extremely 
cumbersome  and  of  few  practical  consequences  in  the  scattering  theory. 

In  the  case  of  a  simple  potential  with  only  two  turning  points  a  and  ft  (a  <  ft),  the 
x  axis  can  be  divided  into  a  classically  allowed  (CA)  region  or  interval  [a,b],  where 
E  >  V(x);  x  E  [a,b],  and  into  two  classically  forbidden  (CF)  regions  or  intervals 
(—oo, a)  and  (ft,  oo)  where  E  <  V(x):  x  e  (— oo.n.)  n  (ft,  oo)  .  In  those  regions,  the 
general  JWKB  wave  functions  in  term  of  two  JWKB  independent  solutions  of  the  above 
equation  are 


*I>ca{x) 


p(x) 


{A'  exp 


+B'  exp 


X 

j  dx'  p  (.x') 


X 

-  j  dx  p  (.t') 


•'•o 


(103) 


and 


iI>cf(x)  = 


|P(*)IJ 


{X  exp 


+Y  exp 


X 

\  j,y  |P(s')| 


.1 

IJdx'  \p(x')\ 


Xq 


(104) 


2.  The  JWKB  function  S(x)  turns  out  to  be  the  Hamilton-Jacobi  characteristic  function  which 
is  denoted  as  W(q,  P)  in  Ref.  61. 
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Note  that  the  term  Si  (a;)  has  been  taken  out  of  the  exponent  giving  rise  to  the  pre- 
exponential  denominators  having  p(x),  which  blow  up  at  and  near  the  turning  points. 
The  linear  combination  coefficients  A',  B',  X  and  Y  are  to  be  determined.  As  is  usual  in 
quantum  mechanical  problems,  these  coefficients  can  be  determined  by  appealing  to  the 
continuity  of  the  wave  function  through  the  points  connecting  the  three  regions.  However, 
these  connecting  points  are  here  the  turning  points  where  the  approximate  wave  functions 
are  not  longer  valid.  This  special  complication  is  the  SC  connection  problem  [13,  82],  a 
far  from  trivial  problem.  The  simplest  (approximate)  solution  to  this  problem  is  to  find 
the  exact  quantum  expression  for  the  wave  function  near  the  turning  points  by  making 


a  linear  expansion  of  the  potential  from  them,  V(x)  fa  V(a)  + 


dx 


(x  —  a)  and 


V(x)  «  V(b)  + 


dx 


J.r=fc 


(x  —  b).  The  connection  is  made  through  these  functions  near 


the  critical  points.  The  most  basic  level  of  this  approach,  the  previous  CA  solutions  far 
from  the  turning  points  become 

1 


1>ca(x)  V  A 


p(x) 


sm 


iPca(x)  x»  B 


p(x)\ 


Sill 


I  dx'  p  (x)  +  ^ 

a 

b 

fdx>P(x>)+l 


(105) 


(106) 


Note  that  the  connection  procedure  has  added  a  f  term  to  the  CA  function  phase.  The 
necessary  condition  that  the  CA  function  i/jca(x)  must  be  single-valued  in  its  own  interval 
imposes  a  severe  constraint  on  the  phases  which  implies  that 


j>  dxp(x)  =  \  n  +  i\ 


dxp(x)  =  [n  +  -  )h:  n  =  0,  1,  2... 

when  the  integral  is  evaluated  over  one  complete  period  of  oscillation  between  the  two 
turning  points.  This  expression  indirectly  imposes  an  energy  quantization  condition 
through  the  relationship  between  p(x)  and  the  total  energy  E.  To  obtain  the  expression 
of  the  quantized  energy  it  is  necessary  to  evaluate  the  previous  integral  for  the  specific 
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potential  V(x)  at  hand.  Examples  of  quantized  energy  for  different  potentials  can  be 
found  in  Ref.  82.  The  agreement  between  the  JWKB  energies  and  the  exact  quantum 
values  are  remarkably  good,  including  for  the  lowest  levels.  Surprisingly  enough,  the 
JWKB  quantized  energies  for  the  harmonic  and  the  Morse  potentials  are  exact.  The 
explicit  solution  of  the  quantum  "patches"  near  the  turning  points  and  then  the  further 
determination  of  the  coefficients  A  and  B,  and  the  coefficients  in  the  CF  wave  function 
are  rather  cumbersome  [82].  The  same  procedure  can  be  applied  to  inverted  potentials 
or  barriers.  In  that  situation,  the  interest  is  to  obtain  the  transition  coefficients  of  the 
tunneling  process  through  the  barrier.  Typical  examples  are  the  JWKB  transmission 
coefficient  for  the  inverted  harmonic,  and  the  Eckart  potentials  [82].  The  JWKB  procedure 
can  also  be  applied  to  scattering  problems.  The  simplest  case  is  the  scattering  from  a 
totally  repulsive  potential  which  determines  one  turning  point.  In  that  case,  the  interest 
is  not  to  quantize  the  total  energy,  which  is  a  continuum  for  an  unbound  state,  but  to  find 
a  SC  expression  to  the  scattering  phase  shifts  6(1)  introduced  in  a  previous  section.  A 
more  complicated  case  is  the  scattering  from  a  potential  with  both  a  short-range  repulsive 
and  a  long-range  attractive  parts.  In  that  situation,  the  effective  potential  including 
the  centrifugal  term  exhibits  a  finite  well  which  determines  three  turning  points  for  the 
low  energy  processes.  The  JWKB  approximation  has  been  successfully  applied  in  that 
situation  to  find  the  eigenfunctions  of  the  quasi-bound  states  in  the  well  and  expressions 
for  corresponding  resonance  peaks  and  life  times  in  scattering  measurements  [13]. 

The  application  of  the  JWKB  procedure  to  cases  of  potentials  with  multiples  minima 
and  barriers  is  very  cumbersome  because  of  the  increasing  complication  of  the  connection 
problem.  A  review  of  the  methods  to  solve  this  problem  can  be  seen  in  Ref.  13,  appendix 
C;  Ref.  82,  chapter  3,  and  in  the  extensive  bibliography  cited  in  both.  The  application 
of  these  techniques  to  realistic  systems  seems  to  be  impractical.  A  detailed  relationship 
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between  the  JKWB  approximation  and  the  Hamilton-Jacobi  theory  in  classical  mechanics 
can  be  found  in  Ref.  61,  chapter  10. 
The  Bohr-Sommerfeld  Quantization  Rule 

Maslov  [84]  derived  a  general  procedure  to  obtain  the  JWKB  quantization  rules, 
avoiding  the  explicit  treatment  of  the  connection  problem.  Using  some  topological 
properties  of  the  phase  space,  this  author  determined  that  the  action  of  the  above  SC 
wave  function  must  necessarily  satisfy  the  condition 

j>  dx  p(x)  =  (n  +  6v)h  (108) 

regardless  of  the  nature  of  the  potential  being  considered.  In  that  expression,  Sv  is  the 
so-called  Maslov  index.  From  pure  topological  considerations,  Maslov  found  that  this 
index  has  a  value  of  \  if  the  motion  is  of  a  libration  type  [61]  (vibrational  and  orbital 
motion),  or  a  value  of  0  if  the  motion  is  of  rotation  type  [61]  (plane  rotational  motion  ). 
The  index  can  be  set  in  the  more  revealing  form  of 

r  m 

Sv  =  —  (109) 

where  m  is  the  number  of  turning  points  in  the  potential  generating  the  motion:  two  in 
a  libration  and  zero  in  a  rotation.3 

This  reshaped  quantization  rule  can  be  directly  applied  to  the  one-dimensional  systems 
examined  in  the  JWKB  approximation.  However,  the  full  power  of  Maslov' s  approach 
comes  when  it  is  applied  to  the  bound  motion  of  multidimensional  separable  systems. 
This  application  is  strongly  associated  with  the  classical  mechanics  formalism  of  action- 
angle  variables  [61].  Given  a  classical  Hamiltonian 

^(P-<l)  =  ~P2  +  V(q)  =  E  (110) 
3.  These  statements  are  somewhat  simplified.  See  Ref.  84  for  a  more  rigorous  presentation. 
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with  N  pairs  of  conjugated  momenta  p  and  positions  q,  the  classical  mechanics  solution 
of  the  system  dynamics  implies  the  integration  of  2N  Hamilton  equations  [61] 

P=  ^  (HI) 

Oq 

and 

<1  =      1  (112) 

op 

The  solution  of  these  equations  is  a  challenge  problem  for  some  systems.  In  the  action- 
angle  formalism,  there  exists  in  principle  a  canonical  transformation  [61]  to  a  new  set 
of  conjugated  momenta  and  positions  /  ("actions")  and  a  ('angles")  so  that  the  new 
Hamiltonian  H  has  no  explicit  dependence  on  the  generalized  positions  a 

H(I)  =  H(p,q)  =  E  (113) 

Therefore,  the  transformed  Hamilton  equations  are  simply 

(.14) 

and 

a  =  — — — -  =  lo(I)  =  Constant  (115) 
01 

Now,  the  /  are  constants  of  the  motion  and  the  a  have  simple  linear  solutions  of  the 
type  a(t)  =  w(I)(t  -  t0)  +  a(to).  Although  the  new  solutions  are  disarmingly  trivial, 
the  procedure  to  obtain  the  adequate  conjugate  variables  through  the  generating  functions 
method  [61]  can  be  very  convoluted.  In  the  case  of  bound  systems  with  periodic  degrees 
of  freedom,  the  constants  uj{I)  turn  out  to  be  the  frequencies  associated  with  the  periodic 
motions,  i.  e.  either  librations  or  rotations.  Also,  each  of  the  generalized  momenta 
turns  out  to  be  an  action  in  the  restricted  sense4, 

I  = f  dx  p(x)  ,  (116) 

4.  Unlike  other  actions  shown  in  a  previous  section  this  has  a  factor  of  ^.  Different  authors 
use  slightly  different  definitions  of  this  action. 
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where  the  integration  is  over  one  period  of  motion.  Therefore,  the  conjugated  positions 
a  can  be  interpreted  as  angles  describing  the  periodic  motions.  In  that  transformed 
Hamiltonian,  the  previous  quantization  rule  can  be  imposed  to  each  action  /  as  I  = 
(??.  +  6v)h.  This  is  the  Bohr-Sommerfeld  (BS)  quantization  rule  in  terms  of  the  Maslov 
index  theory.  This  rule  has  its  remote  origin  in  the  so-called  old  quantum  mechanics 
developed  in  the  late  1920's.  Since  the  energy  E  depends  on  the  actions  I,  as  shown 
above,  this  condition  indirectly  impose  a  quantization  on  it  as  well.  In  the  case  of  a 
unidimensional  harmonic  oscillator,  it  is  well-known  that  the  action-angle  Hamiltonian 
is  simply  [61] 


Examples  of  the  BS  rule  applied  to  the  unidimensional  Morse  oscillator,  the  bidimensional 
harmonic  oscillator,  the  (tridimensional)  angular  momentum  problem  and  the  hydrogen 
atom  can  be  found  in  the  literature  [61,  82].  Remarkably,  the  BS  quantization  rule 
applied  to  the  hydrogen  atom  renders  the  exact  quantum  results  for  the  total  energy,  the 
total  momentum  and  the  azimuthal  rotation.  The  action-angle  treatment  can  in  principle 
be  applied  to  a  diatomic  molecule  [85].  However,  the  resulting  expressions  are  very 
cumbersome  and  some  approximations  must  be  introduced  to  make  them  of  practical 
use[86].  The  triatomic  molecule  is  no  longer  a  separable  system.  The  BS  rule  can  be 
used  there  if  the  problem  is  assumed  to  be  approximately  separable. 
The  Einstein-Broullin-Keller  (EBK)  Quantization  Rule 


H{I)  =ujI 


(117) 


which  by  applying  the  BS  rules  gives  the  exact  quantum  energy 


(118) 


The  BS  quantization  rule  can  be  generalized  to  the  case  of  non  separable  dynamics 
in  the  case  of  regular,  non  chaotic  motion.   For  a  bound  motion  with  N  degrees  of 
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freedom,  it  is  necessary  to  find  in  phase  space  N  topologically  distinct  closed  contours 
C  satisfying  the  condition 


where  the  conjugated  momenta  and  positions  are  now  seen  as  anN  dimensional  vector. 
This  is  the  Einstein-Brioullin-Keller  (EBK)  quantization  rule.  The  determination  of  such 
contours  can  be  done  by  direct  inspection  of  the  system  evolution  in  terms  of  invariant 
tori,  Poincare  surface  sections,  and  Lissajous  figures.  The  first  application  of  this  direct 
approach  was  done  by  Noid  and  Marcus  for  the  Hennon-Heiles  model  potential  [87].  An 
indirect  and  more  workable  procedure  for  the  EBK  rule  was  proposed  by  Percival  and 
Pomphrey  and  was  further  implemented  by  Eaker  and  Schatz  [88],  inter  alia.  The  method 
exploits  the  properties  of  a  quasi-periodical  motion  using  discrete  Fourier  transforms. 
The  algorithm  has  been  used  by  Schatz  [10]  to  quantize  the  initial  states  of  triatomic 
molecule  involved  in  scattering  processes.  Detailed  examples  of  that  quantization  in 
triatomic  systems  can  be  seen  also  in  Ref.  82.  There  is  no  known  quantization  rule  for 
the  irregular,  chaotic  motion  [84,  82]. 

Miller-Marcus  Semiclassical  S-matrix 

The  previously  presented  SC  efforts  (JWKB,  BS,  or  EBK)  have  been  primarily 
focused  on  the  quantization  of  bound  motions.  In  scattering  problems,  these  techniques 
find  an  application  in  the  quantization  of  the  initial  reactant  state  before  the  collision  and 
in  the  determination  of  the  final  product  states.  In  this  application,  the  interest  is  in  the 
quantization  of  the  energy  and  other  variables  and  not  in  the  determination  of  the  SC 
wave  function.  This  function  is  never  explicitly  constructed.  However,  it  is  necessary  to 
supply  this  SC  initial  and  final  state  description  with  a  SC  propagation  scheme  to  effect  the 
transition  from  initial  to  final  time.  This  SC  propagation  scheme  has  been  independently 


(119) 
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developed  by  Miller  [85]  and  Marcus  [89]  since  the  1970s.  The  former  author  has  used 
an  explicit  time-dependent  approach  to  the  problem  in  terms  of  the  Feyman  path  integral 
formulation  of  quantum  mechanics  [90].  The  latter  author  has  instead  formulated  a  more 
direct  extension  of  the  JWKB  and  BS  approaches  to  the  scattering  problem.  The  efforts 
by  these  two  scientists  and  collaborators  is  usually  termed  the  Miller-Marcus  S-matrix 
theory.  A  review  of  the  Marcus'  version  of  this  theory  will  not  be  presented  here  but 
it  can  be  found  in  Ref.  13  and  82.  Miller's  version  will  be  presented  in  some  detail 
because  of  its  occasional  contacts  with  the  END  Theory. 

In  the  Miller's  version  of  the  SC  S-matrix[85,  86,  91],  the  SC  limit  of  the  quantum 


propagator  in  "position-position"  representation  <  <72|exp 
starting  point  of  the  whole  theory [90] 


->H(h-h) 


\qi)  is  used  as  an 


hm  <  q-y  exp 

B.-0 


■iH(t2-h] 


\qi)  ~  exp 


i<t>{q<l,q\) 


(120) 


where  the  initial  and  final  Cartesian  coordinates  qi  =  92(^2)  and  qi  =  ?i(^i)  are  taken  at 
the  final  and  initial  times  ti  and  t\.  The  function  4>{qi^l\)  is  the  classical  action  along 
the  classical  path  between  the  said  initial  and  final  points 

<^2,<?i)  =  j  dt  L[q(t),q(t)]  (121) 

Here  L[q(t),  q(t)]  is  the  classical  Lagrangian  of  the  system.  The  previous  SC  limit  of  the 
propagator  in  "position-position"  representation  is  then  generalized  to  the  "momentum- 
momentum",  "position-momentum"  and  "momentum-position"  representations  by  using 
the  Dirac  unitary  transformation  between  sets  of  conjugate  positions  and  momenta.  The 
transformation  relationships  may  be  expressed  in  terms  of  action-angle  variables.  A  def- 
inite relationship  between  the  four  representations  and  the  different  types  of  generating 
functions  for  canonical  transformations  [61]  is  be  obtained.  The  dynamical  picture  is 
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introduced  by  realizing  that  an  evolution  in  time  can  be  seen  as  an  active  canonical  trans- 
formation [61].  Thus,  a  general  SC  propagator  in  any  of  the  mentioned  representations 
can  be  formulated. 

An  illuminating  example  of  this  theory  can  be  given  by  analyzing  an  atom-diatom 
scattering  process.  The  classical  Hamiltonian  describing  that  system  dynamics  is 

H{P- R)  =  iPi2 + m?> + i P3'2 + "(R" R2- R3)    ( 122) 

where  P  and  R  are  the  Cartesian  conjugate  momenta  and  positions.  The  problem  has 
in  principle  nine  degrees  of  freedom  and  implies  the  solution  of  a  system  of  eighteen 
first-order  differential  Hamilton  equations  of  the  type 


1,  2,  ...  .  9  (123) 


dH ' 

R{  =  I  —  ]:  i  =  1,  2,  ...  .  9  (124) 


OP, 

However,  these  degrees  of  freedom  can  be  reduced  by  physical  considerations.  First 
of  all,  in  the  molecular  problem  being  discussed,  the  PES  is  always  a  function  of  the 
relative  internal  coordinates  alone 

V(Ri.R2.R3)  =  l/(Ri  -R2.Ri  -R3  R2  -R3)  (125) 

i.e.  this  function  only  involves  six  degrees  of  freedom.  A  complete  reduction  to  a 
Hamiltonian  with  six  degrees  of  freedom  can  actually  be  achieved  if  the  Jacobi  coordinates 
R  and  r  are  introduced  again  as  in  the  previous  example  of  the  IOSA.  This  change  of 
coordinates  constitutes  a  point  contact  canonical  transformation  [61].  The  Hamiltonian 
then  becomes 

H(PR.  R.  Pr.  r)  =  -^-Pr2  +  -%r2  +  V(R.  r.  X)  (126) 


2fiR  2//. 


r 
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where  Pr.  and  pr  are  the  momenta  conjugated  to  R  and  r,  respectively.  As  already 
defined  in  the  IOSA  example,  \  's  the  orientation  angle,  and  ///?  and  //,-  the  reduced 
masses.  The  omitted  three  degrees  of  freedom  are  those  of  the  CM  motion,  which  implies 
a  trivial  dynamics.  A  further  reduction  to  a  Hamiltonian  with  four  degrees  of  freedom 
can  be  achieved  if  some  canonical  transformation  to  action-angle  variables  is  introduced. 
One  possibility  is  to  employ  the  actions  /;  =  |1|  and  Ij  =  |j|  which  correspond  to  the 
projectile  orbital  angular  momentum  1  and  the  molecule  internal  angular  momentum  j, 
respectively.  Their  conjugated  angles  are  0  <  <f>i  <  2n  and  0  <  <j>j  <  2w.  The  total 
Hamiltonian  can  now  be  written  [85] 

*<JW..         r,  Mm  ,«J-(n  +  !)+-L       +  fj  (i27) 

+  V(R.r,X) 

Another  possibility  is  to  use  the  same  previous  action-angle  variables  plus  the  vibrational 
action  n  for  the  diatomic  vibrational  motion  with  conjugate  angle  0  <  (j>n  <  '2n.  The 
Hamiltonian  then  becomes  [85] 

H(PR,  n,  Ih  Ij:R,  farfj,  <j>m)  =  -i-F|  +  £(Tl)  fj) 

2flR 

+  -L[J>+f-2ll+  d28) 

+  2  ( J2  -  II )  *  (;/2  -  ll )  *  cos  *J  +  V(R.  r.  X) 
where  e(n,Ij)  is  the  vibration-rotation  eigenvalue  function  of  the  diatomic[85,  86],  and 

J  =  1+j  is  the  total  (constant)  angular  momentum.  The  angle  x  can  now  be  rewritten 

as  [85] 

cosX  =(l-^j   cm<f>j  (129) 

The  latter  Hamiltonian  is  the  most  useful  to  calculate  DCS.  This  Hamiltonian  is  closely 
related  to  the  previously  presented  IOSA  and  allows  a  direct  SC  interpretation  of  that 
method.  Furthermore,  this  Hamiltonian  also  allows  an  easy  comparison  of  the  SC  S- 
matrix  theory  with  the  END  scattering  theory  in  the  next  chapters.  In  the  Hamiltonian  in 
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eq.  128,  the  initial  internal  conditions  of  the  target  are  determined  by  the  values  assigned 
to  (f>n,(f>^,  (f>m'  n°Jj  and  /0  .  The  last  three  variables  fully  determine  the  orientation  of 
the  molecule  because  if  a  coordinate  system  is  attached  to  it  with  the  y  axis  along  its 
bond  and  the  z  axis  along  the  j  vector  then  the  molecule  Euler  angles  [a,  fi,  7]  [25]  turn 
out  to  be  a  =  <f>m  -  |,  /?  =  cos-1  (jy^,  and  7  =  (f)j.  If  the  Miller's  SC  propagator  is 
applied  to  this  system  then  the  SC  S-matrix  turns  out  to  be  [85] 


exp 


h 


{2TTlk)°D 

where  D  is  the  so-called  "Van  Vleck  determinant"  [92]5 

/(Oil)  fori)  (Oil) 
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and  the  classical  action  in  terms  of  the  action-angle  variables  is 


(131) 


7CV) 
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it 


RP  +  <f>nIn+<f>jIj  + 


(132) 


It  will  be  seen  in  chapter  5  that  the  "Van  Vleck  determinant"  is  a  purely  classical  entity. 

However,  the  exponential  factor  is  a  remanent  of  the  original  quantum  theory  although 

it  contains  the  classical  action.  All  the  dynamical  information  of  the  scattering  system 

can  be  further  calculated  from  this  SC  version  of  the  S-matrix.  Notice  that  the  SC  wave 

function  is  never  explicitly  constructed  at  any  time  of  the  evolution.  The  implementation 

of  this  approach  involves  the  integration  of  the  above  set  of  Hamilton  equations  starting  at 

the  proper  initial  conditions.  The  target  molecule  is  initially  set  with  its  actions  quantized 

according  to  the  BS  rule  to  reproduce  the  initial  quantum  state.  The  conjugate  angles  are 

5.  In  sensu  stricto,  this  is  not  the  Van  Vleck  determinant  because  it  contains  derivatives  of 
variables  at  final  time  w.  r.  t.  variables  at  initial  time.  The  name  may  have  been  proposed 
because  of  the  superficial  similarity  between  the  two  determinants. 
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given  any  value  within  their  full  ranges  of  0  <  <j>n  <  2ir,  0  <  <•/>/  <  2tt,  and  0  <  <f>m  <  2ir 
The  tree  quantized  actions  determine  a  set  of  three  integer  quantum  numbers  at  the  initial 
time 

I'n  =  n^k:  nj,  =  0,  1,  2,  ...  ,  (133) 
/j  =  njh:  n)  =  0.  1.  2,  ...  ,  (134) 

and 

4  =  <J-  "',„  =  -nj,  -n)  +  1  n)  -  1.  nj  .  (135) 

The  initial  relative  motion  of  the  projectile  is  set  by  assigning  to  both  R°,  and  P° 
values  corresponding  to  the  experimental  condition  being  simulated.  By  continuously 
varying  the  angles,  different  trajectories  are  generated.  At  final  time,  the  target  actions 
are  examined  to  know  whether  they  still  have  an  integer  value  or  not 

ll ,  ij /£=  Integer  1  (136) 

Trajectories  leading  to  final  integer-valued  actions  are  retained  as  the  classical  trajectories 
genuinely  contributing  to  the  true  quantum  evolution.  Otherwise,  the  trajectories  are 
totally  discarded.  This  test  for  final  integer-valued  actions  is  called  the  root-searching 
(RS)  problem,  a  very  cumbersome  procedure  to  undertake.  An  incredible  waste  of 
resources  is  thus  employed  to  solely  find  the  semiclassically  correct  trajectories.  Another 
complication  of  the  theory  is  the  possibility  of  a  singular  value  in  the  Van  Vleck 
determinant.  The  extension  of  this  scheme  to  rearrangement  processes  is  relatively  easy 
[85]. 

The  previous  SC  S-matrix  theory  has  been  successfully  applied  to  the  collinear 
scattering  of  an  atom  by  a  non-rotating  harmonic  oscillator,  the  bidimensional  scattering 
of  an  atom  by  a  rigid  rotor,  the  SC  calculation  of  Clebsch-Gordan  coefficients,  different 
aspects  of  the  H  +  H2  reaction  (all  of  them  reviewed  in  Ref.   86  and  91),  and  the 
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tridimensional  vibrational  scattering  of  He  +  Hi  [93]  inter  alia.  Interesting  from 
a  theoretical  standpoint  is  the  possibility  to  describe  classically  forbidden  events  (as 
tunneling)  by  letting  the  time  develop  an  imaginary  component  [86].  The  system  may 
also  acquire  complex  momenta  and  pierce  some  barriers.  There  have  been  many  further 
improvements  on  the  SC  S-matrix  theory.  Relevant  to  this  thesis  work  is  the  Initial 
Variable  Representation  (IVR)  of  the  S-matrix  to  be  referred  in  chapter  5. 

Heller  Semiclassical  Wave  Packet  Dynamics 

The  previous  SC  dynamics  has  been  skillfully  reformulated  by  Heller  in  a  series  of 
very  interesting  theoretical  papers  [94-97].  This  author  has  derived  a  representation  of 
the  SC  theory  in  terms  of  frozen  Gaussian  wave  packets.  The  original  aim  of  his  efforts 
has  been  to  tailor  a  SC  theory  devoid  of  the  previously  discussed  RS  problem.  Heller's 
derivations  have  explicitly  exploited  different  properties  of  the  canonical  coherent  state 
through  its  relationship  to  the  Gaussian  wave  packets.  This  method  has  been  mostly 
applied  to  theoretical  models.  Since  Heller's  theory  bears  some  analogies  with  the  END 
theory,  it  will  be  presented  with  some  detail  when  discussing  the  latter  in  the  next  chapter. 
It  can  be  stated  without  exaggeration  that  the  present  version  of  the  END  theory  is  the 
practical  and  efficient  realization  of  some  features  of  Heller's  theory.  An  alternative 
presentation  of  the  SC  wave  packet  dynamics  in  Heller's  sense  can  be  seen  in  the  review 
paper  by  Littlejohn  [98]. 

Non-Adiabatic  Semiclassical  Methods:  Transition  Surface  Hopping  Model  (TSHM) 

The  examples  of  the  SC  theory  hitherto  presented  has  been  totally  devoted  to 
dynamical  processes  on  one  predetermined  PES.  However,  there  have  been  many  attempts 
to  extend  the  SC  theory  to  treat  non  adiabatic  processes  on  many  PESs  ,  especially  electron 
transfer  reactions.  The  first  systematic  developments  for  an  electron  transfer  SC  theory 
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was  developed  by  Pechukas  [99,  100]  and  Miller  [86].  In  their  approach,  the  Feyman 
path  integral  formulation  of  the  propagator  is  generalized  to  introduce  electronic  degrees 
of  freedom  in  the  classical  Lagrangian  through  some  PESs.  An  exact  propagator  for  the 
evolution  of  the  nuclei  coupled  to  the  electronic  PESs  can  be  derived  in  that  way.  By 
applying  the  SC  limit  to  the  nuclear  degrees  of  freedom,  a  SC  non  adiabatic  version  of 
the  propagator  and  of  the  S-matrix  is  obtained.  The  resulting  SC  propagation  is  started 
on  one  of  the  PES  but  allowing  the  time  to  be  complex.  In  some  trajectories,  the  nuclei 
evolve  into  a  crossing  point  with  other  PES.  This  crossing  point  can  lie  on  a  complex- 
valued  trajectory  so  that  it  is  in  a  region  of  the  PES  obtained  by  analytical  continuation. 
At  this  crossing  point,  the  nuclei  can  smoothly  pass  from  one  surface  to  the  other.  If 
this  the  case,  the  evolution  continues  on  the  latter  surface  until  an  asymptotic  state  is 
reached,  presumingly  with  real  time,  positions  and  momenta.  This  scheme  describes  the 
electron  transfer  processes  is  conceived  as  a  classically  forbidden  event,  as  in  the  case  of 
tunneling,  because  of  the  use  of  complex  time  and  trajectories.  This  elaborate  theory  can 
exactly  reproduce  the  results  of  some  archetypal  SC  charge-transfer  models  [86]  as  those 
by  Landau  [101],  and  Zener  [102],  and  by  Demkov  [103].  However,  the  application  of 
this  SC  theory  to  more  realistic  systems  has  not  been  attempted  yet  because  of  its  bizarre 
features,  such  as  the  use  of  complex  variables.  If  this  SC  evolution  is  constrained  on 
real  trajectories  only  and  some  of  its  remnant  quantum  effects  are  discarded  then  this 
SC  theory  becomes  almost  equivalent  to  other  SC  models  derived  from  less  rigorous 
premises  [86]. 

One  of  the  most  commonly  used  models  is  the  Transition  Surface  Hopping  Model 
(TSHM)  originally  derived  by  Tully  and  Preston  [104].  This  approach  usually  involve 
only  two  PES's.  A  classical  dynamics  is  started  on  one  of  the  PESs  and  the  evolution  is 
carefully  followed  thenceforth.  If  the  trajectory  pass  through  a  region  defining  a  crossing 
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or  an  avoided  crossing  with  other  PES  then  the  system  is  allowed  to  pass  or  hop  onto  the 
other  PES  according  to  the  Landau-Zerner  transition  probability.  When  the  transition  is 
effected  the  evolution  will  continue  on  the  second  PES  until  an  asymptotic  state  is  reached. 
Special  care  is  devoted  to  guarantee  the  conservation  of  energy  and  linear  momentum 
during  the  hopping.  This  implies  an  excessive  intervention  by  the  programmer  at  the 
transition  moment.  Examples  of  the  performance  of  the  TSHM  model  will  be  examined 
and  compared  with  the  END  theory  in  a  later  chapter.  The  present  efforts  by  Tully  [105] 
are  to  develop  a  hopping  method  which  includes  multiple  PES  and  allows  transition  at 
any  time  of  the  evolution. 


CHAPTER  3 

THE  END  THEORY  FOR  TIME-DEPENDENT  DYNAMICS 
General  Outline  of  the  END  Theory 

The  END  theory  is  a  quite  general  time-dependent  formalism  to  describe  the  dynamics 
of  molecular  systems.  As  stated  in  the  introduction,  chapter  1,  this  theory  admits  a 
hierarchy  of  realizations  of  increasing  complexity.  Although  each  particular  realization 
calls  for  specific  details,  the  END  theory  can  be  concisely  formulated  in  a  totally  general 
way.  The  starting  point  of  the  END  formalism  is  the  quantum  Time-Dependent  Variational 
Principle  (TDVP)  [106]  which  bears  a  strikingly  analogy  to  the  "Hamilton's  principle" 
in  classical  mechanics  [61].  The  TDVP  formalism  is  a  powerful  technique  well-known 
in  the  nuclear  physics  [107,  106]  the  coherent  state  [11]  communities.  However,  this 
principle  has  remained  virtually  unknown  in  the  field  of  quantum  chemistry.  The  TDVP 
starts  with  the  definition  of  the  quantum  mechanical  action  as  [106] 

A  =  I  (1) 

h 

where  the  quantum  mechanical  Lagrangian  L(^*^)  is 

L(f,  #)  =  (j^  -  -  Htotal\*)/(9\9)  (2) 

being  Hioin\  the  quantum  mechanical  Hamiltonian  of  the  whole  system.  The  "left  acting 
derivative"  ^  occurring  in  the  integrand  is  defined  as 

!)  0 

's  =  mf  (3> 

where  /  is  an  arbitrary  function.  In  this  way,  the  "Lagrangian  operator"  0  = 
Y\§i  ~  w)  ~  Hfotai  becomes  Hermitian6.  The  many-body  wave  function'!'  has  a  set  of 

6.  The  term  "Lagrangian  operator"  must  not  be  taken  as  that.  There  is  no  official  name  for  the 
0  operator. 
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variational  complex  parameters  £  =  {C1-C2  C\/}  which  depend  on  time:  (n  =  (a(t). 

The  notation  ^  =  ^(C)  =  |C)  ls  introduced  where  |£)  is  a  (column)  array  of  the  com- 
plex parameters.  Since  the  parameters  depend  only  on  time,  it  is  easy  to  see  that  the 
Lagrangian  parametrically  depends  on  £,  £*  and  their  respective  "velocities"  £  =  d£/dt 
and  C*  =  dC/dt  ..  Therefore, 

L(r,*)  =  i(c,r,c,c)  •  (4) 

This  dependency  of  the  quantum  Lagrangian  strongly  resembles  that  of  its  classical 
counterpart  on  generalized  positions  and  velocities  [61]. 

The  TDVP  states  that  the  time  evolution  of  the  system  can  be  determined  by  requiring 
the  action  to  be  stationary  w.  r.  t.  a  variation  of  its  parameters 

6A  =  6  I  Ldt  =  0.  (5) 

u 

subject  to  the  boundary  conditions 

f>\\ft)  =  6{V\  =  0  (6) 

at  /  =  t\  and  t<i  (cf.  its  classical  analogue  in  Ref  [61]).  The  application  of  this  principle 

along  with  the  above  boundary  conditions  implies  that 

h 

6A  =  sj  dt  (c|e|c>/(CIO  =  o 

(7) 


/ 


dt 


(KK)    (K\ff\C)    (CieiC),,^  , 


where  integration  by  parts  has  been  used.  If  $  is  varied  in  the  full  Hilbert  space,  the 
previous  expression  is  equivalent  to 


tTldi,  ~  Htotal 


10  =  ^10 


70 

This  is  nothing  but  the  time-dependent  Schrodinger  equation  provided  that  the  right  hand 
side  is  zero.  One  can  achieve  this  by  explicitly  considering  the  phase  factor  7,  i.  e.  by 
setting  |C)  -»  e~,Vjr|C)  .  Then, 

<C|e-!'W>|C>  =  0, 

(Qe-^Mij)  - 1(  -h)y\)  +  (cieio  =  0. 

(CIC)7  +  (CI©|C)  =  o.  (9) 
■  (CNC) 

7    (cic)  ■ 

The  last  expression  shows  that  the  phase  factor  7  is  the  quantum  action  A  itself  since 

7  =  J  dt  7 

do) 


(CIO 

Note  that  this  phase  is  a  real  function.  By  writing  the  quantum  state  \()  as  a  wave  function 
ty(f,  R,t)  =  (f.  7?|0,  and  including  the  phase  factor  to  get$(f.  R.t)  =  e.''^(f,  R.t),  the 
Schrodinger  equation  is  then  recovered, 

(ih^-HtotalJ$(r,R,t)=0.  (11) 

If  the  variations  of  the  action  are  restricted  to  a  predetermined  region  of  the  Hilbert 
space,  as  it  would  be  for  a  \I>  chosen  to  be  of  a  specific  form,  then  the  Lagrangian  will 
generate  an  approximate  time  evolution.  This  is  the  philosophy  adopted  in  the  different 
realizations  of  the  END  theory.  However,  a  general  set  of  dynamical  equations  can  be 
obtained  without  introducing  any  further  approximation.  To  that  effect,  the  notations  for 
the  overlap  S(CX)  =  (CIC)  and  the  energy  E(C,Q  =  (CI#C}/(CIC)  are  introduced 
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in  eq.  7.  This  leads  to 


SA 


(12) 


Since  8Qj  and  SQ  are  independent  variations,  one  can  write 

OE 


& 


(13) 


where  the  complex  Hermitian  matrix  C  =  {Cap}  are  defined  as  Cap  =  d2h\S/dQd(,j. 
The  eq.  13  are  the  general  END  dynamical  equations.  These  equations  can  be  written 
in  matrix  form  as 

<?  i)«-(f> 

For  two,  differentiable  functions  f(C-C)  ar|d  tf(CC*)  tne  generalized  Poisson  bracket 

is  defined.  The  similarity  of  this  generalized  Poisson  bracket  and  its  well-known  classical 
counterpart  [61]  is  clearly  manifest.  It  follows  that  C  =  {C  E)  and  C  =  {C*-  E)  i.  e.  the 
time  evolution  of  the  wave  function  parameters  is  governed  by  Hamilton-like  equations. 
The  generalized  phase  space  and  the  associated  Poisson  bracket,  eq.  (15,  permit  the 
relations 

K«,C/*}  =  {C^}  =  0;  {(a.C*}==-'(C-1).,,  (16) 

which  show  that  (*  and  (  behave  as  "classical"  coordinates  and  momenta.  If  the  matrix  C 
was  the  unit  matrix  the  corresponding  phase  space  would  be  canonical  or  "flat".  However, 
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in  general,  this  generalized  phase  space  is  curved.  Further  details  of  the  general  structure 
and  properties  of  the  END  dynamical  equation  can  be  found  in  Ref.  [1]  and  [108]. 

In  the  previous  derivations,  the  application  of  the  TDVP  has  been  carried  out  by  a 
direct  variation  of  the  action.  This  approach  is  quite  adequate  in  theoretical  consideration 
of  the  TDVP  [106,  1]  but  becomes  very  cumbersome  when  applied  to  realistic  systems.  A 
more  expediting  but  equivalent  algebraic  procedure  can  be  obtained  if  the  central  theorem 
of  the  calculus  of  variations  is  applied  to  the  action  stationary  condition,  eq.  5  (see  for 
instance  Ref.  [61],  chapter  II).  Through  that  theorem,  the  stationary  condition  turn  out 
to  be  equivalent  to  set  of  Euler-Lagrange  equations  of  the  Lagrangian 


d 
Jf 


0L 


0L 


(17) 


These  are  the  TDVP  equations  to  be  used  henceforth.  Aside  form  algebraic  advantages, 
this  set  of  equations  facilitates  even  more  the  connection  of  the  quantum  theory  with 
classical  mechanics. 


The  QCSD  END  Wave  Function 

The  simplest  realization  of  the  END  theory  rendering  a  realistic  description  is  the 
QCSD  END  model.  This  is  the  only  END  realization  which  has  been  so  far  coded  into 
the  Endyne  program  package  [2].  In  this  model,  the  END  unnormalized  wave  function 
(in  the  Lab  frame)  ^e.\d(^- x. /)  is  written  as 

*END(X,*,t)  =  Fnucl[X;R{t),P(t)]fel[x;z{t),R(t)]x 

(18) 


exp 


n 


It otn I {t) 


where  X  and  x  are  the  nuclear  and  electronic  coordinates,  R(/),  P(^)  and  z(t)  are  the 
variational  parameters,  and  jtotai(t)  is  the  total  phase.  Note  that  the  time-dependency 
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of  the  wave  function  comes  only  through  the  parameters  and  the  phase.  Aside  from 
the  exponential  factor  exp[^7f0fn/(/)],  the  QCSD  END  wave  function  has  two  essential 
parts,  namely,  the  nuclear  wave  function  F,lur/[X:R(*),P(t)]  and  the  electronic  wave 
function  /c/[x:  z(/),  R(/)].  The  former  is  a  simple  product  of  unnormalized,  "frozen  ", 
Gaussian  wave  packets  ^.(X^:  R^,  Pk) 

^  nttcl 

Fnttci[X;R(t),P(t)]=  J]  *[Xft;R*(*),P*(*)], 

fc=i  (19) 

$[Xfc;  Rk{t),  Pk(t)]  =  exp|-«,[X,  -  R,(/)]2  +  jPk(t)  •  [X,  -  R*(f)]J  , 

where  the  variational  parameters  R(/)  and  P(/),  and  the  constant  a*  are  taken  real.  The 
physical  meaning  of  these  variational  parameters  can  be  easily  revealed  if  the  averages 
of  the  Gaussian  wave  packets  in  the  position  X*  =  X^  and  momentum  P*.  =  —iKVk 
operators  are  obtained  by  evaluating  [109] 

(frnfrlXfcl^fr)  =  R  ,q 
(^oA-iPA-|^aA-)  _p  f  v 

(*«*!*«*)       *w ' 

i.  e.  ~R(t)  and  P(t)  turn  out  to  be  the  average  positions  and  momenta  of  the  wave  packets. 
The  constant  a*,  can  be  easily  related  to  the  width  (normal  deviation)/^,  of  the  Gaussian 
probability  (density)  functions  $£(Xfc;Rjk,Pfc)$jb(Xfc;Rfc,Pfc)  through  ak  —  since 
by  definition 

$*[Xfc;  Rfc(0,  P*(*)]*[X*;  Rk(t),  Pjfc(i)]  =  exp{-2aA.[X,  -  R,(/)]2} 

[X,-R,(/)]21  (2D 


=  exp< 


Taking  into  account  the  physical  meaning  of  the  previous  parameters  and  con- 
stants, each  nuclear  wave  packet  can  be  seen  as  a  parametric  plane  wave 
functionexp{^PA.(/)  •  [Xk  -  Rk(t)}}  localized  around  the  position  Rjt(t)  by  a  simple 
Gaussian  factor  expj-ajfc[Xfc  -  Rjfc(<)]2|.    Furthermore,  since  the  constants  a*  are 
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time-independent  and  the  evolution  is  through  the  TDVP,  each  nuclear  Gaussian  will 
remain  as  such  during  the  evolution  without  even  changing  their  shape  ("frozen"  wave 
packets).  The  only  change  allowed  for  these  nuclear  wave  packets  is  in  their  positions 
and  momenta.  This  type  of  model  evolution  is  in  high  contrast  with  the  exact  propaga- 
tion of  unconstrained  Gaussian  wave  packets.  There,  the  wave  packets  are  allowed  to 
spread  out,  lose  shape,  and  even  split  into  pieces.  Obviously,  the  use  of  frozen  wave 
packets  has  clear  computational  advantages  over  the  exact  wave  packet  propagation. 
Furthermore,  the  selection  of  Gaussian  wave  packets,  and  not  of  other  type,  has  formal 
advantages  in  relating  the  nuclear  dynamics  to  classical  mechanics  and  the  CS  theory. 
The  use  of  wave  packets  to  describe  translational  degrees  of  freedom  is  commonplace 
in  formal  scattering  theory  [3]  as  it  was  discussed  in  chapter  1.  Furthermore,  the  usual 
experimental  conditions  makes  the  scattering  process  so  fast  that  the  spreading  of  the 
translational  wave  packets  is  totally  negligible  [3].  Therefore,  the  use  of  "frozen  " 
Gaussian  wave  packets  in  a  model  TDVP  propagation  is  totally  valid  for  the  nuclear 
translational  degrees  of  freedom  if  the  tunneling  effect  is  disregarded.  However,  the 
above  QCSD  Gaussian  wave  packets  do  describe  both  the  translational  and  the  internal 
(vibrational  and  rotational)  degrees  of  freedom.  The  way  in  which  this  model  description 
of  the  internal  motion  relates  to  the  exact  internal  wave  function  will  be  discussed  in 
detail  in  chapters  6  and  7. 

The  electronic  function  /c/[x;z(<),R(t)]  is  a  single-determinant  wave  function 
throughout  the  time  evolution.  One  reason  for  this  choice  is  that  this  type  of  wave 
function  has  the  precedent  of  a  known  and  established  model  propagation:  the  TDHF  of 
the  nuclear  many-body  theory  [1 10,  111,  107].  However,  it  must  be  bore  in  mind  that 
the  END  theory  far  exceeds  those  nuclear  physics  schemes  by  simultaneously  treating 
both  the  nuclear  and  electronic  degrees  of  freedom.  Another  reason  for  this  choice  is  that 
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this  single  determinant  is  also  related  to  either  a  restricted  HF  (RHF)  or  an  unrestricted 
HF  (UHF)  description  of  the  reagents  and  products  ground  states.  In  other  words,  the 
(stationary)  ground  states  of  both  reagents  and  products  are  described  at  the  level  of 
the  HF  theory  and  a  model  propagation  compatible  with  them  is  being  employed.  The 
construction  of  a  wave  function  which  remains  as  a  single  determinant  during  the  time 
evolution  is  not  a  trivial  pursuit.  The  solution  to  this  problem  was  obtained  by  Thouless 
in  the  1960's  [110,  111]  but  in  the  context  of  the  stability  conditions  of  the  HF  theory. 
His  mathematical  proof,  the  so-called  Thouless  theorem,  was  immediately  applied  to 
time-dependent  problems  in  nuclear  physics  [111,  107].  The  QCSD  END  single  deter- 
minant wave  function  /r;[x:  z(t),  R(i)]  will  be  presented  mostly  following  the  original 
derivation  by  Thouless  [110,  111].  Further  details  on  this  subject  can  be  found  in  Ref. 
[107].  In  the  context  of  a  determinantal  state,  it  is  meaningful  to  divide  the  set  of  K 
spin  orbitals  into  iV  occupied  and  K-N  unoccupied  spin  orbitals.  When  a  linear  array 
q  refers  to  the  set  of  all,  of  only  occupied,  or  of  only  unoccupied  spin  orbitals,  it  is 
denoted  by  q,  q',  and  q°,  respectively.  Atomic  spin  orbitals  may  also  be  partitioned  in 
two  sets  which  may  be  called  occupied  and  unoccupied.  This  should  be  understood  as  a 
mere  mathematical  construct.  For  the  purpose  of  dynamics,  the  reference  determinant  is 
simply  made  up  of  nonorthogonal  atomic  spin  orbitals  which  are  said  to  be  "occupied". 
The  rest  are  "unoccupied".  The  reference  determinant  does  not  necessarily  have  any 
physical  meaning.  It  only  provides  a  suitable  mathematical  reference.  With  this  in  mind, 
the  atomic  spin  orbitals  can  be  partitioned  as  follows 

</>  =  (<!>'    F)  (22) 

Similarly,  for  matrices  four  sub  blocks  are  identified:  the  occupied  NxN  and  unoccupied 
(K-N)x(K-N)  diagonal  blocks,  and  the  upper  and  lower  off  diagonal  blocks.  The 
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transformation  to  the  molecular  basis  becomes,  in  block  form 


W  W> 

wv  w° 


) 


(23) 


A  full  circle  is  used  to  denote  the  occupied  part  and  an  empty  circle  to  denote  the 
unoccupied  part.  The  right-angle  >  denotes  the  upper  off-diagonal  block,  reminding  us 
of  the  horizontal  rectangular  shape  with  the  number  of  occupied  orbitals  (the  number  of 
rows  of  that  block)  usually  being  smaller  than  the  number  of  unoccupied  orbitals  (the 
number  of  columns).  Similarly  the  down-angle  denotes  the  lower  off-diagonal  block 
which  has  a  vertical  rectangular  shape,  where  the  opposite  is  true.  With  this  notation 
many  messy  index  manipulations  are  avoided.  As  a  mnemonic  device,  p,q,r  are  reserved 
for  indices  running  over  the  particle  or  unoccupied  range  N+1,...,K,  and  h,g,f  for  the 
hole  or  occupied  range  1,...,N.  It  is  important  to  emphasize  that  the  atomic  spin-obitals 
are  functions  placed  on  the  centers  of  the  nuclear  wave  packets  R(t).  Therefore,  both 
the  atomic  <j>  and  the  molecular  ip  spin-orbitals  depend  parametrically  on  R(t).  This  is 
finally  manifested  in  the  electronic  wave  function  /f/[x:  z(t),  R(*)]7 

Introducing  a  general  unitary  transformation  U  of  the  orthonormal  molecular  spin 
orbital  basis  one  can  write 


(24) 


7.  A  more  flexible  END  electronic  wave  function  which  also  depends  on  the  parameter  P(<)  has 
been  formulated  by  Mogensen  et  al.  [112]. 
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for  the  basis  field  operators,  and  obtain  for  a  determinantal  state  [110,  113] 

N 

\*)  =  \^)  =  f[c*\vac) 


/i=i 

V    /  N  K 


n  e»^+  e  w 

h  =  \  \k-\  p=N+l 


=  A  ( E  K  +  E  E  W )  os )  i<->  (25) 

fc=l  \/=l  \         p=JV+l*=l  /  / 

=«n(t?+  e  e'v,(/>»')m 
=«n(i+  e  E^^'ijn^w. 

y   p=n+i  «:=i  y  /=i 

where  the  invariance,  up  to  a  constant  rv,  of  a  determinantal  wave  function  under  a  linear 
transformation  of  its  occupied  spin  orbitals  is  used.  Defining  the  Thouless  parameters 
zpq  J2k=i  UpkU'h1  =  zpf>'  ar|d  the  reference  state  |<I>o) 


\^o)  =  \b^)  =  l[b^\vac)  (26) 
/;=1 

one  can  write  the  unnormalized  Thouless  determinant  |z,R)  =  /f/[x:  z(/), R(/)]  as 


h=\  y  p=N+i 

N  K 


=n  n  (i+b?zPhbi)\*o) 

h  =  l  p=N+l 

N      K  (27) 
=  11    II  exp(zphbpl)\*o) 

h  =  l  p=N+l 

\h  =  \p=X+l  ) 

In  eq.  (27)  the  nilpotency  of  the  operators  bpb*h  is  exploited.  Note  that  the  parameters 
Zpq  are  complex  numbers.  The  determinantal  wave  function  of  this  state  is  det{xft(f„)} 
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in  terms  of  the  occupied  dynamical  orbitals 

K 

Xh  =  i'h  +   ^2   ll'pzph-  (28) 
p=N+l 

These  orbitals  are  not  orthogonal.  The  function  |z.R)  =  /e/[x;  z(f),R(<)],  shown  in  eq. 
27  is  the  sought  general  single-determinant  wave  function  (Thouless  determinant)  for  the 
QCSD  END  theory.  If  the  arbitrary  reference  state  |$o)  is  selected  as  the  HF  ground  state 
of  the  system^)  =  \^o)hf  then  the  Thouless  determinant  contains  this  state  plus  all  its 
excitations  (single,  double,  triple,  etc.).  Further  mathematical  properties  of  this  construct, 
specially  about  its  symplectic  [61]  structure,  can  be  found  in  Ref.  [1]  and  the  many 
references  cited  therein.  The  relationship  of  the  wave  functions  F„l(f/[X:  R(/),P(*)]  and 
fd[x:z(t),R(t)]  with  the  CS  theory  will  be  discussed  in  chapter  48. 

Finally,  the  QCSD  END  total  phase  7*0*aj(*)  is  the  quantum  action  corresponding  to 
the  QCSD  END  wave  function  tyE  .vd(X,  x. /).  The  relationship  of  this  action  with  the 
SC  action  will  be  discussed  in  chapter  7. 

The  QCSD  Dynamical  Equations 

The  QCSD  END  dynamical  equations  can  be  obtained  by  constructing  its  quantum 
Lagrangian  and  deriving  its  corresponding  Euler-Lagrange  equations.  The  "exact"  QCSD 
END  Lagrangian  can  be  obtained  if  finite  values  of  the  wave  packet  constants  ak  are 
used.  In  that  case,  the  derivation  involves  different  types  of  Gaussian  integrals  with  the 
additional  complication  of  the  plane  wave  component  exp{£Pfc(/)  •  [Xk  -  Rk.(t)}}.  A 
detailed  account  for  this  procedure  along  with  the  final  expressions  will  not  be  presented 

8.  It  is  worth  noticing  that  the  standard  presentations  of  the  Thouless  theorem  [110,  111,  107] 
make  no  reference  to  the  CS  theory.  In  fact,  a  thorough  understanding  of  this  theorem  can  be 
achieved  without  resorting  to  the  concept  of  CS.  This  is  the  point  of  view  adopted  in  this  chapter. 
Nonetheless,  the  further  relationship  of  the  Thouless  single  determinant  with  the  CS  theory  will 
bring  about  additional  mathematical  properties. 
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here  for  brevity  but  it  can  be  found  in  Ref.  [114].  However,  the  "exact"  QCSD  END 
dynamical  equations  are  not  the  END  equations  currently  implemented  in  the  program 
ENDyne  since  the  SC  limit 

h  ->  o , 

ojt  -+  oo  (=  bk     0)  ,  (29) 

akh  — *  f  inite  constant  , 
is  applied  to  the  nuclear  part  of  this  wave  function  [1].  This  "triple  limit"  will  be  reduced 
to  the  first  one  {i.e.   to  the  traditional  SC  limit,  eq.  92,  chapter  2)  when  the  connection 
between  the  END  with  both  the  CS  and  the  SC  theories  is  established  in  chapter  6.  The 
second  limit  in  eq.  29  makes  the  nuclear  Gaussian  wave  packets  be  highly  localized 
around  the  positions  R(/).  Loosely  speaking,  the  Gaussian  function  becomes  a  Dirac 
delta  function  in  that  limit  (see  appendix  A).  The  third  limit  in  eq.   92  prevents  the 
indeterminacy  of  some  terms  when  the  other  two  limits  are  applied.  The  actual  value 
of  the  finite  constants  is  irrelevant  since  they  cancel  out  in  all  the  expressions.  The 
justification  for  using  the  SC  approximation  in  the  QCSD  END  theory  has  different 
facets.  The  resulting  dynamical  equations  from  this  approximation  obviously  omit  all  the 
nuclear  Gaussian  integrals  and,  therefore,  have  clear  computational  advantages.  It  is  then 
assumed  that  the  gain  in  computational  efficiency  will  compensate  the  loss  of  accuracy  in 
the  nuclear  description.  In  fact,  this  SC  approximation  is  not  so  drastic  as  it  might  appear 
in  the  present  context.  The  use  of  very  wide  Gaussian  wave  packets  (e.  g.   wave  packets 
with  a  width  being  more  than  5  %  of  a  characteristic  bond  distance)  would  be  meaningful 
if  some  subtle  quantum  effects,  such  as  tunneling,  were  to  be  described.  But  if  a  proper 
account  for  those  effects  is  desired  the  model  TDVP  propagation  must  be  replaced  by 
the  exact  wave  packet  propagation.  The  use  of  very  wide,  "frozen"  wave  packets  in  a 
model  TDVP  evolution  is  of  dubious  physical  meaning.  Therefore,  narrow  but  still  finite, 
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"frozen"  Gaussian  wave  packets  (e.  g.  wave  packets  with  a  width  being  less  than  5%  of 
a  bond  distance)  are  compatible  with  a  TDVP  propagation.  It  will  be  assumed  henceforth 
that  the  zero-width  SC  limit  of  the  QCSD  END  theory  is  numerically  very  close  to  its 
"exact",  narrow-width  version.  Although  nuclear  delta  functions  are  actually  used  in  the 
dynamical  equations  below,  Gaussian  wave  packets  with  nonzero  width  will  be  employed 
in  further  theoretical  treatments  of  the  END  theory.  Only  by  retaining  a  finite  width  a 
relationship  between  the  END  and  SC  theory  can  be  elaborated  (see  chapter  6). 

In  order  to  calculate  the  QCSD  END  Lagrangian,  the  total  Hamiltonian  of  the  system 
is  partitioned  as 


with  nuclear  mass  Mf.,  and  Hc\  is  the  electronic  Hamiltonian  including  nuclear  repulsion. 
Note  that  the  above  sum  runs  through  the  3Nnvci  components  Xt  of  the  nuclear  coordinate 
X.  The  resulting  QCSD  END  Lagrangian  in  the  SC  limit  is  obtained  by  setting  the  QCSD 
END  wave  function,  eq.  18,  into  the  definition  of  the  quantum  Lagrangian,  eq.  2  and  by 
then  applying  the  above  SC  limit,  eq.  29  (see  Ref.  [115]  for  a  step-by  step  derivation). 
The  result  is 


where  S  is  the  overlap  between  the  electronic  functions  at  different  parametric  positions 


Hfntal  =  T\  +  Hcj 


(30) 


where  T\  is  the  nuclear  kinetic  operator 


(31) 


(32) 


S  =  (z.R'Iz.R)  . 


(33) 
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and  E  is  the  total  energy  of  the  system 

N, 


1  pi 


/ 


2M, 


+ 


(z,R|tff,|z.R) 
(z,R|z,R) 


(34) 


Note  that  sums  in  the  3Nnuri  components  /?/  of  R  and  in  the  3Nl1liri  components  P/ 
of  P  are  being  used,  respectively.  The  occurrence  of  different  parametric  positions 
in  the  overlap  S  is  a  mathematical  device  used  in  the  intermediate  steps  of  the  END 
derivations.  This  double  dependency  will  disappear  when  the  limit  R'  — »  R  is  taken  in 
the  final  expressions  below.  Note  also  that  because  of  the  use  of  nuclear  Gaussian  wave 
packets  the  total  overlap  is  only  in  terms  of  the  electronic  function.  The  term,  P/P/ 
in  the  above  Lagrangian  comes  directly  from  the  nuclear  operator  T\  and  plays  for  the 
nuclei  a  similar  role  as  that  in  the  Legendre  transformation  connecting  the  Lagrangian 
and  the  Hamiltonian  in  classical  mechanics  [61]. 

By  deriving  the  Euler-Lagrange  equations  from  the  above  Lagrangian,  according  to 
eq.  17,  the  QCSD  END  dynamical  equations  in  the  SC  limit  are  obtained  [1,  115].  They 


are  in  matrix  form  (cf.  eq.  14) 

iC         0  iCR 
0  -iC* 


0 


'CRj    -iCRT  C 


iC*R  0 


RR 


0 


0 


-I 

0 


z 

'OE/Oz*' 

z* 

dE/Oz 

R 

OE/OR 

P 

OE/OP 

(35) 


where  the  definitions  of  the  dynamical  metric  matrices  are 

<92lnS 


(Cxy)ir.ki  =  -21m 


{Cxik)Ph  = 


0Xik0Y3l 
<92lnS 


R'=R 


and 


02\nS 


R'=R 


ph;qg 


dzphdzm 


R=R' 


(36) 
(37) 

(38) 


Note  that  the  two  first  matrices  contain  couplings  between  the  nuclear  and  the  electronic 
degrees  of  freedom.  The  eq.  35  is  a  set  of  highly  nonlinear,  first-order  differential  equa- 
tions. These  are  the  END  dynamical  equations  coded  into  the  Endyne  program  package 
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[2].  Further  details  about  their  mathematical  properties  and  numerical  implementation 
can  be  found  in  Ref.  [1],  [2],  and  [108]. 

General  Character  of  the  QCSD  END  Dynamical  Equations 

Before  advancing  in  this  thesis  dissertation,  it  will  be  illuminating  to  discuss  some 
general  properties  of  the  proposed  QCSD  END  theory.  The  first  aspect  to  be  examined 
is  the  nature  of  the  QCSD  END  wave  function.  The  comparison  of  this  wave  function, 
eq.  18,  with  both  the  adiabatic  and  the  diabatic  expansions,  eq.  15  and  22,  chapter 
2immediately  reveals  its  diabatic  character.  Furthermore,  by  effecting  the  product 
of  the  nuclear  function  Fn„r,[X:  R(/),  P(/)],  eq.  19,  with  its  electronic  counterpart 
/e/[x;z(*),R(f)]  =  |z.R),  eq.  27,  it  can  be  seen  that  the  QCSD  END  wave  function 
provides  a  diabatic  expansion  in  which  different  electronic  states  correspond  to  the 
same  diabatic  nuclear  wave  function  Fnucl[X\  R(<),  P(i)].  This  constraint  imposed  on 
the  exact  diabatic  expansion  does  not  carries  a  serious  loss  of  accuracy  unless  a  very 
detailed  description  of  the  dynamics  is  sought.  This  particular  aspect  will  be  further 
addressed  in  the  next  section  and  in  chapter  7.  Note  that  the  above  END  metric  matrices, 
eq.  36,  37  and  38,  play  a  role  similar  to  that  of  the  diabatic  coupling.  A  detailed 
mathematical  relationship  between  the  END  metric  matrices  and  the  diabatic  couplings 
will  be  postponed  for  future  research.  The  diabatic  nature  of  the  END  theory  must  not 
be  emphasized  too  much  when  the  SC  limit  is  applied.  In  that  case,  the  only  contributing 
value  of  X  to  the  nuclear  delta  functions  is  when  X  =  R(t).  This  identity  introduces 
a  kind  of  coupling  between  the  electronic  and  the  nuclear  parts  which  resembles  that  of 
the  adiabatic  expansion. 

A  second  aspect  to  be  examined  is  the  nature  of  the  TDVP  propagation  used  in  the 
QCSD  END  theory.  By  adopting  that  dynamical  scheme,  the  exact  and  linear  propagation 
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given  by  the  time  evolution  operator  is  replaced  by  the  nonlinear  approximation  of  the 
TDVP  [1].  This  implies  that  the  END  equations  are  not  micro  reversible  [1].  This 
feature  does  not  introduce  any  serious  limitation  when  the  END  theory  is  applied  to 
systems  such  as  those  studied  in  chapter  7.  However,  some  special  care  must  be  exerted 
when  defining  the  END  analogue  of  the  S-matrix  (see  chapter  6).  However,  TDVP  do 
provides  conservation  laws  associated  with  the  energy,  the  linear  momentum,  and  the 
angular  momentum  (see  Ref.  [1]  and  references  cited  therein).  Detailed  proofs  for  the 
QCSD  END  conservation  laws  of  the  total  (i.e.  nuclear  plus  electronic)  energy,  linear 
momentum  and  angular  momentum  can  be  found  in  Ref.  [1].  These  proofs  are  similar  to 
their  classical  counterparts  in  exploiting  the  time,  translational,  and  rotational  invariance 
of  the  Lagrangian  (cf.  Ref.  [61]).  Some  of  these  conservation  laws  will  be  used  in 
chapter  6. 

The  general  evolution  scheme  of  the  QCSD  END  theory  in  the  SC  limit  is  summarized 
as  follows.  The  initial  state  of  the  system  is  constructed  by  first  placing  the  nuclear  wave 
packets  (delta  functions)  in  the  positions  X  =  R(/i)  with  parametric  momenta  P(/i). 
Then,  the  electronic  single  determinant  wave  function  is  constructed  from  the  atomic 
basis  set  placed  on  the  centers  of  the  wave  packets.  This  electronic  wave  function  is 
either  a  RHF  or  UHF  ground  state.  By  selecting  a  convenient  reference  state,  the  initial 
Thouless  parameters  z{ti)  and  z*(/i)  are  determined.  Then,  from  this  set  of  initial 
conditions  X(^),  P(/i),  z(ti)  and  z*(/i),  the  propagation  of  the  total  wave  function 
is  effected  by  solving  the  END  dynamical  equations,  35.  Any  intermediate  state  of  the 
system  at  time  t,  will  be  totally  determined  by  the  values  of  the  parameters  X(t),  P(/), 
z(^)  and  z*(t).  At  final  time,  a  projection  of  the  total  wave  function  onto  stationary 
states  with  the  same  final  position  and  momentum  X(t2),  P(^)  will  render  the  transition 
amplitudes  of  the  reaction  under  study.    This  procedure  will  be  further  discussed  in 
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chapter  3.  Note  that  the  description  of  the  initial  and  the  final  stationary  states  is  within 
the  BO  approximation,  as  is  the  usually  done  in  electronic  structure  and  spectroscopy. 
However,  the  propagation  scheme  does  not  make  use  of  the  BO  approximation.  As  soon 
as  the  propagation  starts,  the  initial  HF  single  determinant  will  evolve  into  a  general 
Thouless  determinant  which  combines  many  electronic  PES.  A  multi-surface,  non  BO 
propagation  is  therefore  obtained. 

The  QCSD  END  theory  have  implicit  some  less  general  methods  as  particular  cases. 
For  instance,  a  molecular  dynamics  (MD)  version  of  the  END  theory  [2]  can  be  obtained 
if  the  variation  given  by  the  Thouless  determinant  is  discarded  and  the  electronic  function 
is  constrained  to  the  ground  state  HF  PES  throughout  the  propagation.  This  MD  END 
theory  has  clear  computational  advantages  but  it  heavily  relies  on  the  BO  approximation. 
If  the  nuclei  are  fixed  and  some  approximations  are  introduced  [1]  then  the  QSCD  END 
dynamical  equations  will  coincide  with  the  TDHF  of  the  quantum  many-body  theory  [110, 
111,  107].  Finally,  if  the  nuclei  are  again  fixed  and  the  time  dependency  is  discarded 
then  the  variation  in  the  Thouless  parameters  can  be  still  done  time-independently.  In 
that  case,  the  TDVP  will  transform  into  its  time-independent  counterpart  and  the  END 
dynamical  equations  will  be  the  HF  stationary  condition  expressed  in  terms  of  the 
Thouless  parameters. 

Other  END  Models:  The  Double  Wave  Packet  END  Theory 

The  previously  presented  QCSD  END  model  is  not  the  only  realization  of  the  END 
theory.  Different  END  models  with  higher  degrees  of  sophistication  have  been  proposed. 
An  electronic  multi-configurational  END  theory  [116]  was  theoretically  devised  by 
Deumens  et  al.  to  improve  the  electronic  description  of  the  QCSD  END  theory.  This 
development  has  yet  to  be  implemented.  Another  effort  is  the  generalization  of  the  END 
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theory  done  by  Mogensen  et  al.  [112]  to  treat  electron  scattering  processes  by  molecular 
targets.  This  model  has  been  recently  implemented  and  is  being  tested  for  accuracy. 

In  addition  of  these  developments,  a  double  wave  packet  (DWP)  END  theory  has 
been  formulated  during  this  thesis  research.  This  new  model  aims  at  overcoming  the 
previously  mentioned  constraints  imposed  on  the  diabatic  expansion  of  the  QCSD  END 
theory.  The  fact  that  all  the  electronic  states  in  the  Thouless  determinant  shares  the  same 
nuclear  wave  function  implies  that  all  the  exit  channels  have  the  same  nuclear  dynamics 
(i.  e.  all  channels  have  the  same  final  values  of  R(/)  and  P{t)).  This  constraint  may  be 
a  limitation  when  a  highly  detailed  description  of  the  dynamics  is  desired  (see  chapter  7). 
In  order  to  obtain  a  higher  variational  flexibility  between  the  transfer  and  the  nontransfer 
channels,  the  DWP  END  wave  function  which  is  double  configurational  in  both 

the  nuclear  and  the  electronic  degrees  of  freedom,  is  proposed 
*end  =*S£(Ri,Pi, R2,  P2,  A,  B,  C) 

=Fi(Ri ,  Pi)[/i  (zi ,  RO  +  S/2(z2,  R2)]  (39) 

+  ^F2(R2,P2)[C/1(z1.R1)  +  /2(z2,R2)] 
where  R,-(Z)  and  P,-(/)  are  the  nuclear  variational  parameter  of  the  nuclear  functions 
Fj  ,  i  =  1,  2.  These  two  functions  are  defined  as  products  of  generalized,  "frozen" 
Gaussian  wave  packets  as  before.  The  electronic  functions  /,  .  i  =  1,  2  are  single 
determinant  wave  functions  which  depends  parametrically  on  Thouless  parameters  z,(i) 
and  Rj(t).  The  complex  coefficients  A{t),  B(t)  and  C(t)  are  related  to  the  probability 
amplitudes  of  the  different  components  in  the  wave  function.  The  three  are  treated  as 
variational  parameters  as  well.  Note  that  the  nuclear  and  electronic  coordinates  X,  and 
x,,  the  total  phase,  and  the  time  dependency  are  not  explicitly  shown  in  eq.  39  for 
brevity.  If  the  conditions  A(t)  =  A  =  0  and  B(t)  =  B  =  0  are  imposed  throughout 
the  time  evolution  then  the  previous  QCSD  END  wave  function  is  recovered.  If  only 
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A(t)  =  A  =  0  is  imposed  then  a  simplified  version  of  the  electronic  multi-configuration 
END  wave  functions  mentioned  in  the  previous  section  is  obtained.  By  applying  the  same 
mathematical  procedures  as  those  used  in  the  QCSD  END  theory,  the  Lagrangian  and 
the  dynamical  equations  of  the  DWP  END  theory  can  be  obtained.  The  algebra  involved 
and  the  final  expressions  are  far  more  complicate  than  their  QCSD  END  counterparts. 
These  expressions  are  not  reproduced  here  for  brevity  but  they  can  be  found  in  Ref. 
[115].  However,  the  main  idea  of  the  DWP  END  theory  can  be  easily  understood 
without  knowing  these  final  equations.  At  initial  time  t\,  when  the  reactants  are  far 
apart,  the  DWP  END  wave  function  is  forced  to  be  that  of  the  QCSD  END  theory  by 
fixing  A(t)  =  A(ti)  =  0  ,  t\  <  t  <  tc  <  t2  and  B(t)  =  B(ti)  =  0  ,  t\  <  t  <  tc  <  t2 
up  to  some  critical  time  tr.  At  that  time,  when  the  reactants  are  close  enough  to  interact, 
these  two  constraints  are  released  and  a  full  DWP  END  dynamics  is  allowed  to  start.  At 
final  time  t2,  when  the  products  are  far  apart,  the  coefficients  B(t)  and  C(t)  are  supposed 
to  go  to  zero  so  that  the  final  wave  function  will  be 

*END  =^i(Ri.Pi)/i(zi-Ri)  +  ^i?2(R2.P2)/2(z2.R2) 

(40) 

(t  =  t-2  -  oo)  . 

This  asymptotic  form  corresponds  to  two  independent  QCSD  END  wave  functions,  one 
for  the  nontransfer  channels  and  the  other  for  the  transfer  ones. 

The  DWP  END  theory  can  be  seen  as  the  exact  TDVP  formulation  of  the  TSH 
model  reviewed  in  chapter  2.  Applications  for  the  DWP  END  theory  will  be  discussed 
in  chapter  7. 


CHAPTER  4 

THE  COHERENT  STATE  THEORY  IN  THE  END  CONTEXT 


The  General  Theory  of  Coherent  and  States 


Definition  of  Coherent  States 

In  a  Hilbert  space  7i,  a  set  of  states  |//)  £  H,  which  are  functions  of  the  complex 
parameter(s)  //.,  forms  a  set  of  CS  if  they  satisfy  the  following  two  conditions  [11]: 

1.    The  states  |//.)  are  continuous  functions  of  the  parameter(s)  // 


2.    (Stronger)  There  exists  a  positive  measure  d/i.+  for  which  the  resolution  to  unity  holds 


These  states  form  a  complete  set  in  the  Hilbert  space  which  in  most  of  the  cases  is 
nonorthogonal.  A  complete  set  of  nonorthogonal  functions  is  called  overcomplete 


The  previous  definition  of  a  CS  is  the  most  general  and  the  most  widely  accepted. 
However,  in  some  occasions  the  above  second  condition  is  adopted  in  a  weaker  form 

1 .  (Weaker)  The  closed  linear  span  of  the  CS  |//)  is  the  Hilbert  space  7i..  This  alternative 
condition  means  that  any  state  vector  in  the  Hilbert  space  may  be  represented  as  a 
(possible  infinite)  linear  sums  of  CS  [1 1].  A  way  to  satisfy  this  condition  is  to  have  a 


lim  |//)  =  |/io) 


(1) 


(2) 


[11]. 
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resolution  of  unity  as  in  eq.  2  but  with  a  signed  measure  d±fi.  (i.e.  a  measure  which 
can  acquire  both  positive  and  negative  values.) 

Several  sets  of  CS  related  to  different  quantum  mechanical  problems  have  been  derived. 
The  first  constructed  CS,  and  the  most  widely  known,  is  the  canonical  CS  \a)  [117,  11], 
also  known  as  the  Glauber  state  because  of  its  applications  to  optical  problems  [118]. 
These  states  are  associated  to  the  harmonic  oscillator  Hamiltonian  Hvq,  [119] 

H9il  =  1kj^a  +  ~\  (3) 

where  uj  is  the  angular  frequency  of  the  oscillator,  and  the  creator  and  annihilation  boson 
operators  a*  and  a  are  defined 

af  =  -L(x  -  ip)  . 

1  W 

a  =  -j={x  +  ip)  . 

The  reduced  position  and  momentum  operators  x  and  p  are  in  turn  defined 


p  =  J — p. 

V  mu> 

where  X  and  P  are  the  position  and  momentum  operator,  and  7??.  the  oscillator  mass.  The 
canonical  CS  \a)  in  the  complex  parameter  a  are  the  eigenfunctions  of  the  annihilation 
operators  a  with  eigenvalues  a 

a\a)  =  a\a)  .  (6) 
This  CS  can  be  explicitly  written  as  [119,  11] 

|a>  =  ea:J-^a|2l^-^=|n) 


v  n 

n=0  (?) 


>  |2  [  exp  jrm*  j|0) 
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where  the  \n)  are  the  eigenstates  of  the  Hamiltonian  Hvn 


Hvib\n)=  [n  +  -)H«>  :  "  =°-  !•  2- 


(8) 


eq.  7  can  be  seen  as  a  resolution  of  the  canonical  CS  into  the  eigenstates  of  the 
Hamiltonian  Furthermore,  the  probability  P„(a)  to  find  the  eigenstate  \n)  in  the 


CS       is  neatly  given  by  a  Poisson  distribution  in  \a\ 


P«(a)  =  iH«)r 


The  overlap  between  two  canonical  CS  is 

/ 

(ft|of')  =  exp 


21  H 


i2n 


(9) 


2  \ 

■  *  ' 
— \-  a  a 
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(10) 


/ 


which  implies  that 


|(a|a')|2  =  exp  —  |a  —  «'|2j 


(11) 


The  canonical  CS  are  nonorthogonal.  The  measure  for  this  CS  is 

1 


so  it  holds  that 


d/t+ia)  =  -d  [Re(a)]d  [Im(«)] 

7T 


OC  CO 

1  =  i  /    /  d  [Re(a)]rf  [Im(a)]  \a)(a\  . 


(12) 


(13) 


A  second  example  of  a  CS  is  the  spin  CS  [120,  121]  which  is  associated  to  the 
general  spin  operators  S;  (i  =  x,  y,  z).  By  defining,  as  usual,  the  operators  S±  as 


(14) 


the  set  of  spin  CS  \(3)  is  defined 


(25)! 


M=-S 


{S  -  M)\(S  +  M)\ 


pS+M 


(l  +  l^l2)'' 


\SM) 


(15) 


(l  +  l/^l2)' 


exp(/?S+)|S-S) 
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where  (3  is  the  CS  complex  parameter,  and  the  \SM):  5  =  0,  i,  1, 
0,  ±1,  ...  S  are  the  spin  eigenstates.  The  overlap  between  two  spin  CS  is 

(i  +  /W2S 


M  = 


W)  = 


1  +- 


\p\2)  (l  +  l/^'l2) 


s  • 


(16) 


which  implies 


|W)f 


2S 


(17) 


(i+i^i2)  (i  +  i/^'i2) ; 

The  spin  CS  are  nonorthogonal  as  well.  The  measure  of  the  spin  CS  is 

^Wy/wy  (18) 
(i+l/tf)    v  n  > 

A  final  example  is  the  (bilinear)  fermion  CS  [11],  also  known  as  the  Thouless  CS 
because  of  its  direct  relationship  with  the  Thouless  determinant  function  [1 10,  111],  eq. 
27,  chapter  39.  For  N  identical  fermions  in  a  basis  of  dimension  K  >  N,  the  normalized 
Thouless  coherent  state  \z)  is 

r  A'  K 

Y.  Yl  zPhblbh 

h  =  l  p-X+l 

where  the  z^:  1  <  h  <  N;  N  +  1  <  p  <  K  is  a  set  of  complex  param- 
eters, the  b\  and  6,  the  fermion  creation  and  annihilation  operators,  and  |\I>o)  a 
single  determinantal  reference  function.  The  overlap  between  two  Thouless  CS  is 
(z\z')  =  det  (I  +  zh)~~2  det  (/  +  z'V)"  det  +  zWj  2  ,  which  exemplifies  an- 
other nonorthogonal  CS.  The  measure  of  this  CS  is 


_  j_ 

\z)  =  det  (^1  +  z^z\    2  exp 


l*0> 


(19) 


d[i.+(z)  =  d2z 


det  (1  +  zU)' 


where 


ph 


I  [Re(zph)]d  [lm(zph)] 


7T 


(20) 


(21) 


9.  There  exist  other  types  of  fermion  CS;  see  Ref.  [1 1]  for  further  details. 
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and 

1!2!  ...  K\ 

V  ~  1!2!  ...  {K  -  J)!l!2!  ...  J!  '  (22) 

Note  that  all  the  CS  exemplified  above  satisfy  the  stronger  version  of  the  second  condition 
for  a  CS. 

The  construction  of  a  set  of  CS  was,  and  partially  still  is,  a  matter  of  mathematical 
intuition  since  there  was  no  general  prescription  to  generate  it.  However,  Perelomov 
[122]  defined  the  so-called  group-related  CS  which  provides  a  general  prescription  for 
their  construction.  In  brief,  given  an  arbitrary  Lie  GroupG  and  one  of  its  irreducible 
representations  T  on  the  Hilbert  space  H,  then  all  the  elements  h  £  G  satisfying 

T(h)\if>o)  =  exp[if(h)]\1>0)  (23) 

where  |  Vo)  £  H  form  the  stability  subgroup  H  C  G.  Then,  the  states 

hW  =  TfoOOlhfo)  (24) 

where  g(x)  is  one  of  the  representatives  of  all  elements  of  the  group  G,  for  which  the 
vectors  =  T(g)\i>o)  differ  only  from  each  other  by  a  phase  factor,  do  satisfy  the 
above  conditions  of  a  CS,  The  three  CS  shown  above  belong  to  this  category  of  CS.  For 
instance,  in  the  harmonic  oscillator  case,  the  group  defining  the  set  of  CS  is  the  Weyl 
group  with  generators  a'  and  a  satisfying 

at.o^l  (25) 

Although  Perelomov  prescription  plays  a  very  important  role  in  the  CS  theory,  there  are 
many  known  CS  which  do  not  belong  to  this  type  (see  Ref.  1 1  for  different  types  of 
non  group-related  CS). 
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Quasi-Classical  Coherent  States 

One  of  the  most  remarkable  features  of  some  sets  of  CS  is  their  quasi-classical 
behavior.  The  definition  of  a  quasi-classical  state  was  already  advanced  in  chapter  2  and 
will  be  further  refined  below.  A  state  \ipqc)  ,  which  is  not  necessarily  a  CS,  is  classified  as 
quasi-classical  if  its  operator  averages  in  position  x,  momentum  p,  and  some  associated 
Hamiltonian  H 

Pcq(t)  =  (i>qc\p\i>qc)  ■  (26) 

Hrq  =  (Vvl^lVv)  • 
do  generate  a  genuine  set  of  classical  Hamilton  equations  [61] 

Hqr   =  Hqc(x,p)  , 

*qr{t)  =  \difc )  '  (27) 

In  other  words,  the  average  position  and  momentum  of  the  quasi-classical  state  evolve  in 
time  as  the  position  and  momentum  some  classical  analogue  do.  Note  that  the  definition 
of  a  quasi-classical  state  does  not  demand  the  SC  limit  of  h  — »  0.  It  is  important  to 
emphasize  that  there  is  no  a  priori  guaranty  that  a  quasi-classical  state  may  even  exit  for 
a  given  Hamiltonian.  In  general,  the  construction  of  a  possible  quasi-classical  state  is  a 
very  demanding  task.  To  verify  whether  or  not  a  proposed  state  \if>)  is  quasi-classical,  it 
is  possible  to  make  use  of  the  Ehrenfest's  theorem  [ll 9] 

ih^Mx\1>)  =  (i>\[x,H)^), 
dt  (28) 

Then,  the  state  |0)  is  quasi-classical  if  the  above  Ehrenfest's  set  of  equations  reduces  to 
the  quasi-classical  set,  eq.  27.  Note  that  the  Ehrenfest's  theorem  itself  does  not  provide 
a  set  of  quasi-classical  equations  for  an  arbitrary  state. 
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It  can  be  proven  through  eq.  28  that  the  canonical  CS  |a),  eq.  7,  is  a  quasi-classical 
state  in  the  harmonic  oscillator  Hamiltonian  Hvn,.  In  ultimate  instance,  its  quasi-classical 
equations  turn  out  to  be 


/  2h 

(a\x\a)  =  xn{t)  =  J  Re[ttexp(-?.arf)]  , 


mw  '  (29) 


=  pa(t)  =  s/'2mhuj  Imfaexp  (—iujtj] 
Moreover,  the  total  energy  En  of  the  canonical  CS  is 

=  {a\Hvib\a) 

t      l2     fa  (3°) 

=  Tiuj \a\  H  

2 

—  Brians  +  —  > 

where  E£aga  is  the  classical  energy  of  the  harmonic  oscillator  with  the  same  values  of 
xa  and  pn 

Klass  =  ~/a+mUJ2xl  .  (31) 

In  addition,  this  CS  also  satisfies  the  interesting  dynamical  property  that 

\a(t))  =  exp  (^--^J^jl0)  • 

a(t)  =aexp(— iut)  ,  (32) 
\a(t)\2  =  H2  , 

i.e.  the  canonical  CS  remains  as  such  during  a  time  evolution  in  the  harmonic  oscillator 
Hamiltonian.  Note  also  that  the  resolution  of  the  canonical  CS  into  the  eigenstates  |n),  eq. 
9  is  time-independent.  The  canonical  CS  also  satisfies  the  minimum  uncertainty  condition 

Axa(t)Apa(t)  =  h  (33) 

where  the  deviations  Axn(t)  and  Apn(t)  are,  respectively 

Axa(t)  =  AxQ  =  , 

V  2mw  (34) 


mhui 

APn{t)  =  Apn  = 
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The  minimum  uncertainty  condition  seems  to  be  related  to  the  quasi-classical  nature  of 
some  CS.  Finally,  it  can  be  proven  that  the  coordinate  representative  Vy»(.t,  t)  of  this  CS  is 


where  0n{t)  is  a  global  phase. 

The  spin  CS,  eq.  15,  can  not  be  classified  as  quasi-classical  because  there  is  no 
Hamiltonian  associated  with  it  (however,  see  the  section  on  rotational  states  in  this 
chapter).  On  the  other  hand,  minimum  uncertainty  conditions  are  known  for  this  CS 
(see  Ref.  [11]).  The  Thouless  CS  is  not  a  quasi-classical  state.  However,  it  is  possible  to 
obtain  classical-like  equations  for  the  Thouless  parameter  via  the  TDVP  as  was  shown  by 
the  QCSD  END  dynamical  equations,  eq.  35.  In  general,  not  all  the  types  of  CS  exhibit 
a  quasi-classical  behavior.  The  construction  of  a  quasi-classical  state,  coherent  or  not,  for 
a  given  Hamiltonian  is  not  a  trivial  pursuit.  This  problem  is  still  an  open  area  of  research. 

The  Coherent  State  Theory  and  the  QCSD  END  Theory 

At  this  point,  it  is  possible  to  make  a  comparison  between  the  CS  and  the  QCSD 
END  theories.  By  inspecting  the  QCSD  END  wave  function,  eq.  18,  it  is  immediate  that 
the  END  electronic  wave  function  /f/[x:  z(*).R(/)],  eq.  27,  is  exactly  the  unnormalized 
Thouless  CS|z),  eq.  19.  The  very  role  of  this  CS  is  to  provide  a  nonredundant  and 
continuous  parametrization  of  the  single-determinant  electronic  wave  function.  The  fact 
that  this  CS  is  not  a  quasi-classical  state  is  irrelevant  because  it  would  be  unrealistic  to 
have  a  classical  description  for  the  average  electronic  position  (z|a;c;|z)  and  momentum 
(z|pc/|z>.  However,  this  CS  does  provide  a  set  of  classical-like  equations  for  the  Thouless 


1>a{x,t)  =  (x\a(t)) 


(35) 


95 

parameters  z(t)  and  z*(/)  when  subjected  to  a  TDVP  propagation  as  shown  by  the  QCSD 
END  dynamical  equations,  eq.  35. 

The  status  of  the  END  nuclear  wave  function  F„„r/[X: R(/),P(/)]  with  respect  to 
the  CS  theory  is  less  direct.  An  inspection  of  the  QCSD  END  dynamical  equations,  eq. 
35,  first  reveals  that  its  nuclear  wave  function  is  a  model  quasi-classical  state.  In  other 
words,  this  nuclear  function  is  not  a  genuine  quasi-classical  state  but  one  generated  by 
the  model  TDVP.  Furthermore,  by  comparing  the  END  nuclear  function,  eq.  19,  with  the 
coordinate  representative  of  the  canonical  CS,  eq.  35,  it  is  easy  to  see  that  the  coordinate 
components,  Xk  =  (X^.Xy.X^)  ,  k  =  1,  2,  ...  N„,lci,  of  the  END  Gaussian  wave 
packets  constitute  a  set  of  3Nnuri  independent  canonical  CS  provided  that  the  widths^- 
are  equated  to  the  position  uncertainty  Axn,  eq.  34.  Therefore,  the  QCSD  END  nuclear 
wave  function  is  the  canonical  CS  associated  with  a  Hamiltonian  which  is  the  sum  of 
3Nnuri  independent  harmonic  oscillator  Hamiltonians  Hva.  If  the  system  Hamiltonian 
Htntni  happens  to  be  that  peculiar  sum  then  both  the  TDVP  and  the  exact  propagations 
will  generate  the  same  quasi-classical  dynamics  when  applied  to  the  QCSD  END  wave 
function10.  But  if  the  system  Hamiltonian  is  not  of  this  type,  as  is  the  case  of  all  the 
realistic  system,  then  the  TDVP  must  be  applied  if  a  quasi-classical  behavior  is  sought. 

The  exact  relationship  between  the  CS  and  END  theories  shown  in  the  previous 
paragraph  can  be  restated  in  an  approximate  way  of  higher  practical  consequences.  It 
will  be  proven  in  chapter  6  that  under  very  general  conditions  the  END  nuclear  wave 
function  can  be  approximately  factorized  as 

[X:  R(*).  P(/)]  »  FtransFvibFrot  (36) 

10.  To  this  effect,  it  id  necessary  to  constraint  the  electronic  wave  function  to  produce  3Nn,lcl 
independent  harmonic  potentials  for  the  nuclei. 
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where  Ffrnns,  F„,j  and  Frof  are  some  functions  associated  with  the  translational,  vibra- 
tional, and  rotational  degrees  of  freedom.  If  the  vibrational  and  rotational  functions  can 
be  further  related  to  adequate  quasi-classical  states,  respectively,  then  it  will  be  possible 
to  map  the  classical  parameters  X(/)  and  P(/)  into  the  exact  vibrational  and  rotational 
eigenstates  of  the  system.  For  instance,  it  will  be  proven  in  chapter  6  that  the  vibrational 
function  F„jj  is  closely  related  to  the  (quasi-classical)  canonical  CS  if  the  system  vibra- 
tional modes  are  nearly  harmonic.  In  that  case,  each  quasi-classical  vibrational  mode  can 
be  resolved  into  the  harmonic  oscillator  eigenstates |n)  through  eq.  29  and  9.  It  is  then 
possible  to  associate  the  (quasi-classical)  canonical  CS  with  the  vibrational  function  F,,,^. 
However,  an  analogous  (quasi-classical)  CS  corresponding  to  the  rotational  function  Frot 
is  still  unknown.  Unlike  the  canonical  and  the  Thouless  CS,  the  theory  of  rotational  CS 
is  by  far  less  developed  and  known.  In  fact,  it  has  been  necessary  to  formulate  a  new 
rotational  CS  to  complete  the  factorization  scheme  proposed  in  eq.  36.  The  derivation 
of  this  rotational  CS  is  a  mathematical  problem  in  its  own  and  it  will  be  presented  in  the 
next  section.  After  the  rotational  CS  problem  is  solved  in  the  next  lines,  the  discussion 
about  the  factorization  proposed  in  eq.  36  will  be  resumed  in  chapter  6. 

It  is  worth  noting  that  no  attempt  will  be  made  to  associate  the  translational  function 
Ftrans*  with  a  CS.  The  reason  for  this  deceptive  inconsistency  is  that  there  is  no  CS  theory 
for  the  unbound  (continuous)  translational  states.  However,  it  will  be  seen  in  chapter  6 
that  this  translational  function  can  be  associated  with  the  conventional  SC  theory. 

A  Proposed  Rotational  Coherent  State  for  The  END  Theory 

Previous  Rotational  Coherent  States 

Thera  are  relatively  few  references  in  the  literature  about  the  rotational  CS  theory. 
The  most  important  contribution  in  that  field  was  done  by  D.  Janssen  in  1977[123,  11]. 
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This  author  derived  a  non  group-related,  quasi-classical,  rotational  CS  for  the  general 
asymmetric  rotor.  Janssen  CS  \xyz)jansscn  can  be  expressed  as 


where  \XMK)  :  1  =  0.  \.  1,  ...  :  M.  /C  =  0,  ^,  ...  ±1  are  the  integer  (fermion)  and 
half-integer  (boson)  rotational  states  associated  with  the  symmetric  rotor  Hamiltonian,  x, 
y,  and  z  the  CS  parameters,  and  JiMK.(x-  y-  z)  a  set  of  coefficients.  This  CS  satisfies 
quasi-classical  dynamical  equations  when  evolved  by  the  asymmetric  rotor  Hamiltonian 
in  the  abstract  Hilbert  space  containing  the  states  \!MfC).  It  is  obvious  that  this 
mathematical  construct  has  not  physical  application  since  any  real  system  has  either 
integer  (boson)  or  half-integer  (fermion)  quantum  numbers  associated  to  its  angular 
degrees  of  freedom.  Almost  at  the  same  time  that  Janssen,  D.  Bhaumik  et  al.  formulated 
a  relatively  similar  CS  in  terms  of  both  integer  and  half-integer  rotational  states  but  for 
the  simpler  case  of  a  symmetric  rotor.  This  CS  behaves  quasi-classically  only  in  the 
limit  of  h  — >  0.  L.  Fonda  et.  al.  [124]  wrote  a  more  recent  review  about  this  subject. 
These  authors  analyzed  a  great  variety  of  proposed  rotational  CS  but  again  only  for  the 
symmetric  rotor.  Although  their  paper  shed  light  into  some  aspects  of  the  rotational  CS 
theory,  the  examples  therein  presented  seem  to  be  scarcely  useful  for  the  END  theory. 
The  same  reference  did  not  analyzed  the  CS  quasi-classical  behavior  in  high  detail  and 
failed  to  mention  the  two  rotational  CS  cited  above. 

In  the  rest  of  this  chapter,  a  new  rotational  CS  is  derived  in  the  spirit  of  Janssen 
CS  formulation.  This  CS  is  expressed  only  in  terms  of  integer  rotational  states  so  that 
it  is  quite  appropriate  to  describe  molecular  rotors  within  the  QCSD  END  theory.  The 
derived  CS  does  not  exhibit  an  exact  quasi-classical  behavior;  but  this  departure  from 
the  classical  equations  can  be  easily  remedied.  Also,  a  general  proof  is  also  presented 


(37) 


1MK. 
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that  if  the  half-integer  rotational  states  are  excluded  from  this  type  of  constructs  then  an 
exact  quasi-classical  rotational  CS  can  not  be  obtained.  This  proof  does  not  necessarily 
denies  the  existence  of  a  quasi-classical  rotational  CS  with  only  integer  rotational  states 
of  another  type.  However,  the  formulation  of  such  an  hypothetical  CS  remains  still 
unknown. 

Rotational  Hamiltonian  and  Related  Operators 

The  pure  rotational  Hamiltonian  for  a  molecular  system  can  be  written  as  [25] 

*-  =  I +  S  + 1  (38) 

where  (i  —  x.  y.  z)  are  the  principal  axis  momenta  of  inertia,  and  L,  the  body- 
fixed  components  of  the  angular  momentum.  The  problem  is  restricted  to  orbital  angular 
momentum  of  integer  quantum  numbers.  Given  the  space-fixed  components  of  the  angular 
momentum  J,  (J2  =  L2),  the  following  relationships  hold 

[./„  Jj]  =  r  ,j7./,:   [Li,  Lj]  =  -iEijiLi  (39) 

and 

[Ji,Lk]=    [L2,L2]  =  [J2,Jj=0  (40) 

where  em  are  the  components  of  the  Levi-Civita  tensor.  Note  the  anomalous  com- 
mutation relationships  [25]  in  the  L,  components.  As  a  result  of  these  commutation 

relationships,  there  exists  a  complete  set  of  rotational  eigenstates  \IMK)  so  that 
L2\IMK)  =  1(1  +  \)\IMK):     I  =  0.  1,  2.  ... 

L:\TMK)  =  K\IMK):  K  =  0,  ±1         ±1  (41) 

JZ\IMK)  =  M\IMK):  M  =  0.  ±1   ±1 

These  rotational  eigenstates  in  position  ("angular")  representation  are 


(^0,x\IMK) 


21  +  1 


Dj^K(<f>Ax)  (42) 
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where  D\[h-(<l>,0,x)  is  a  rotation  matrix  (Wigner  D  function)  [25]. 

From  the  previous  commutators,  it  is  immediate  that  the  rotational  Hamiltonian 
satisfies  the  flowing  relationships 

[Hrot,  Jj]  =  0 

(43) 

[Hrot,  J2]  =0 

It  follows  from  them  that  the  Hamiltonian  eigenfunctions  \I>jy  must  satisfy 

J2yjM  =  /(/  +  l)tf«M  /  =  0.  1,  2,  ...  (44) 
Jzy°M  =  MVaJM  M  =  0,  ±1,  ....  ±7 

where  the  superscript  a  is,  after  7  and  M.  a  third  quantum  number  to  label  a  particular 
rotational  eigenstate.  On  the  other  hand,  and  with  respect  to  the  L,  operators,  it  is  not 
difficult  to  prove  by  appealing  to  their  commutator  relationships  that 


[Hrot,  Li]  =  iJ2-ff-(LjLk  +  Li-Lj)  (45) 
The  <PjA/  eigenfunctions  can  be  accordingly  expressed  as 


*aIM  =  Y,cIKa\IMK)  (46> 

K 

where  the  coefficients  c1^1"  are  to  be  determined. 

In  the  special  case  of  a  spherical  rotor,  /  =  Ix  =  Iy  =  L  (e.g.  CH4  and  SF6),  and 
the  eigenvalue  problem  simplifies  considerably 

H  ~L--J- 
rot  ~  27  ~  27 

*/M  =  */M  =  \IMK)  (47) 

pIMa  _  PI 
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In  the  case  of  a  prolate  symmetric  rotor,  Ix  <  Iy  —  Iz  (e.g.  CH3CI  and  PCI5),  and  the 
eigenvalue  problem  becomes 


2I:  \2IX  2IZ 
=  q/IM  =  \IMK) 


The  equivalent  expressions  for  the  case  of  a  oblate  symmetric  rotor,  Ix  =  Iy  <  L 

(e.g.  CHCI3  and  C6H6)  can  be  obtained  by  interchanging  the  Ix  with  the  Iz  in  the  last 

equations.  The  linear  rotor  (e.g.  all  the  diatomics,  CO2  and  C2H2)  is  the  Ix  =  0  limit 

of  the  prolate  symmetric  one.  In  that  case, 

j2 

Hrot  =  - 

*?M  =  *IM  =  |/M0) 

^rot      —  ^rot  — 

(B,<f>\IM0)  =  YIM(6,<l>) 
where  the  V/A/(f,      are  the  spherical  harmonics  [25].    Finally,  in  the  case  of  an 
asymmetric  rotor,  Ix  <  Iy  <  Iz  (e.g.    CH2H2),  the  eigenfunctions  keep  their 

linear  combination  form,  and  the  cj^Q  coefficients  must  be  specifically  calculated. 

Group  Relationships 

Although  the  present  CS  is  no  group-related,  the  group  relationship  around  the 
rotational  states  is  briefly  discussed  for  sake  of  completeness.  The  (orbital)  rotational 
states  \IM K)  span  the  irreducible  representation  of  the  semidirect  product  of  the  50(3)  x 
50(3)  group  with  an  abelian  group.  The  generators  of  the  first  50(3)  group  are  the  L,; 
which  satisfy 


[Li,  Lk]  =  -iSik\Li 


(50) 
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For  the  second  50(3)  group,  we  have  the  generators      which  satisfy 


[./,,  Jk]  =  ieikiJi 


(51) 


The    generators    of    the    abelian    group    belong    to    a    family    of  operators 

T*v   (A  =  0,  \,  1,  §,       //,  v  =  0,  ±£         ±A)  which  satisfy 


\     fits'  fJl'u* 


=  0 


(52) 


These  operators  are  a  three  -subscript  generalization  of  the  regular  spherical  tensor 
operators  .  In  Ref.  123,  A  =  \  was  used,  rendering  four  generators  for  the  abelian 
group.  However,  these  operators  connect  integral  (boson)  and  half-integral  (fermion) 
states.  In  our  case,  we  should  use  A  =  1  to  avoid  such  a  "mixing"  (see  Appendix  A). 
This  selection  renders  nine  generators  for  the  abelian  group.  The  relationships  among 
the  two  50(3)  groups  generators  are 


[J„L,]  =  0 


(53) 


To  obtain  the  remaining  cross  relationships  among  the  generators,  the  commutator 
properties  of  the  regular  two-subscript  spherical  tensor  operators  are  generalized  to  act 
[25]  with  both  Lj  and  Jj.  The  new  relationships  turn  out  to  be  (for  a  general  A) 


=  uT. 


I'" 


=  nTx 

I   ^  (IV 


(54) 


and 


[L±)T^]  =[A(A  +  1)  -v{v  ±1)1*7^ 
[4,Ti]=[A(A  +  l)-^il)]5  2jd 


(55) 


where 


L. 


L,  ±  iL, 


J±  =  Jx  ±  ijy 


(56) 
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Note  that  these  relationships  have  been  equally  defined  in  both  the  body  and  the  space 
frames. 

The  action  of  the  operators  on  the  rotational  states  \IMK)  deserves  more 
attention  since  they  are  little  known  (or  unknown)  out  of  this  context.  By  appealing 
to  the  above  commutator  relationships,  it  is  possible  to  prove  that  these  operators  change 
the  three  indexes  of  \IMK)  and  multiply  this  function  by  a  factor.  These  properties  are 
explicitly  derived  in  appendix  B.  Such  formulae  also  complete  the  proof  that  the  \IMK) 
spans  the  irreducible  representations  of  the  above  groups  products.  Here,  it  suffices  to 
bear  in  mind  that 

T_\_x\I-I-I)  =  \I  +  \  -/-A  -/-A)  (57) 
Coherent  State  Construction 

Because  the  rotational  quantum  mechanical  problem  involves  three  quantum  number, 
we  need  three  independent  complex  parameter  x,  y,  and  z  to  define  a  new  set  of  CS 
\xyz).  Perelemov's  prescription  [122]  would  make  that  set  be 

\xyz)PereUmov  ~  exJ+eiL+evT}-*->  |000)  (58) 

However,  this  CS  does  not  exhibit  the  sought  quasi-classical  properties  of  a  rotor. 
Therefore,  by  modifying  Janssen's  construction  [123],  the  proposed  CS  state  CS  \xyz)  is 

r  i  9 

\xyz)  =exp  --yy*(l  +  xx*f(\  +  zz*)' 
exJ+ezL+exp\yVf  T_^_J  |000) 
where  the  operator  I  is  defined  by  (cf.  Ref.  [123]) 


(59) 


I\IMK)  =  I\IMK)  (60) 

This  operator  is  a  pure  mathematical  device  to  simplify  some  expressions  not  having  any 
physical  meaning.  Notice  the  subtle  differences  in  the  normalization  factor  and  in  the 
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right  exponential  operator  with  respect  to  those  in  Ref.  [123].  It  can  be  seen  that 


oc 

exp(yV?T_\_1)\000)  =  Yl 


7=0.  1. 

00 

E 

7=0.  1. 


(i/V^-i-l)' 


\I-I-I) 


|()00) 


(61) 


and 


i/-/-/)  =  E^L+i/-/-/) 

)!=0 

2/  n 

=  E  T^27  -  !)  -I21  -  ("  -  OWVnl)1^  -  /  -  /  +  n) 

*  7).! 


,(7+7v) 


n=0 
7 

*±lj  [(/  +  #)!]* 

|/-/  7Y) 


■{2/(27-1)  ...[27- (7  + 7f-l)]p 


(62) 


*tlj[(/  +  tf)T 


(2/)' 
(7-7T)!J 


\I  -  I  K) 


where  n  =  I  +  K  has  been  used  from  the  second  to  the  third  line.  By  changing  M  for  K, 
and  L+  for  J+,  the  analogous  expansion  of  erJ+  \I  —  I  —  I)  is  obtained.  Notices  that  these 
two  expressions  are  still  valid  for  a  half-integer  7.  Therefore,  the  set  of  CS  becomes 


\xyz)  =exp 

E 


[(2/)!] 


2 


^(1  +  M)\  (I  -  M)\  (I  +  K)\  (I  -  K)\ 

T(I+M)„IX(I+K) 

—  \IMK) 


(63) 


71)' 
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Each  CS  in  this  set  is  normalized  to  one  since 

(xyz\xyz)  =  exp  ^— yy*(l  +  xx*)2(l  +  zz*)2 

£  [(2/)!f 


IMK 


(I  +  M)\  (I  -  M)\  (I  +  K)\  (I  -  K)\ 


{xx*) 


{I+K) 


--exp  [-yy*{l  +xx*)2{l  +  zz*)2]x 

f>  (yy*)1  f   (2/)!  (xx*)(I+M) 

h    11     J^_j^  +  M)\(I-M)\ 


(64) 


(2/)!  {zz 


£ 

7=0 

=  1 

where  the  power  expansion  of  ( 1  +  zz* 

i 


J£7  (/  +  #)' 

=  exp  [-yy*(l+xx*f(\  +  zz*)2}x 

[(yy'Kl  +  xx+fil  +  zz*)2]1 


i2I 


(1  +  zz*) 


21 


(2/)! 


Y,j(I  +  K)\(r-K)\ 


(zz*) 


I+K 


(65) 


2/ 

and  the  analogous  one  of  (1  +  xx  )  have  been  used  from  the  second  to  the  third  line. 
Notice  the  appearance  of  a  Poisson  distribution  in  the  variable  yy*(l  +  xx*)  (1  +  zz*)  in 
the  third  line.  By  the  same  token,  it  is  quite  similar  to  prove  that  the  overlap  (x'y'z'\xyz) 
between  two  different  Coherent  States  is 

(x'y1  z'\xyz)  =exp 

-lyy*(l  +  x>x'f(l  +  z'z>*)2]x 

iy'*(l+Xx'*j2(l  +  zz'*)2] 
i.e.  the  set  of  states  is  nonorthogonal. 

Because  of  their  construction,  the  \xyz)  states  do  satisfy  the  first  CS  condition.  To 
certify  whether  these  states  also  satisfy  the  second  condition,  it  is  necessary  to  construct  a 


-lyy*(\+XX*)2(l+zz*)2 


exp 
exp 


(66) 
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proper  measure  d/i,  a  procedure  with  no  predetermined  prescription.  Taken  into  account 
the  signed  measure  of  Ref.  123  and  after  considerable  thinking,  it  is  obtained  (see 
appendix  C) 


dfi±(x,y,z)  =  ^{4  [(1  +  xx*)(l  +  zz*))4  (yy*f 

-8  [(1  +  xx*)(l  +  zz*)f  yy*  +  1}  dxdydz 


(67) 


where 

dx  =  dRe(x)dIm(x),  dy  =  dRe(y)dIm(y),  dz  =  dRe(z)dIm(z)  (68) 

so  that 


f  dfi±(x,y,z)\xyz)(xyz\  =  ]T  \IMK)(IMK\ 
^  IMK 


(69) 


Then,  it  is  almost  immediate  that 


\IM K)  =  j  dfi±(x,y,z)  exp 


-lyy*{l+XX*f{l  +  ZZ*f 


X*r+My*iz*i+Kx 


[(2/)!]2 


(70) 


/!  {I  +  M)\  {I  -  M)\  (7  +  K)\  (I  -  K)\ 


\xyz). 


Note  that  both  the  CS  from  Ref.   123  and  the  present  one  satisfy  the  weaker  version 
of  the  second  condition  for  a  CS. 
Operator  Averages  in  The  Coherent  State 

The  next  step  is  to  evaluate  some  important  operator  averages  in  the  CS.  This  can 
be  done  by  direct  evaluation  of  the  integrals  shown  below.  Such  a  procedure  involves 
using  some  properties  of  the  binomial  power  expansion  and  of  the  Poisson  distribution, 
as  in  the  case  of  the  normalization.  Some  examples  of  these  calculations  are  shown  in 
appendix  D.  The  net  results  are 

(xyz\I\xyz)  =  yy*(l  +  xx*f(l  +  zz*f  (71) 
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z  +  z* 

(xyz\Lx\xyz)  =  1  +  ^  {xyz\I\xyz) 
i{z  -  z*) 

(xyz\Ly\xyz)  =  ^  (xyz\I\xyz)  (72) 
(xyz\Lz\xyz)  =  **    ^  (xyz\I\xyz) 

(xyz\Ll\xyz)  =  (xyz\Lx\xyz)2 

1  +  422*  +  z2  +  z*2  +  (zz*f 


+ 


2(1  +  zz*)2 


(xyz\I\xyz) 


(xyz\Ly\xyz)  =  (xyz\Ly\xyz) 

+  422*  -  Z2  -  Z*2  +  (22*)2| 


+ 


(73) 


2(1  +  zz" 


(xyz\I\xyz) 


22*  ^2 


and 


(xyz\Lz\xyz)  =  {xyz\Lz\xyzy  +  f  -  -j— ;  )  (.t?/2|/|.t?/2) 

(xyz\LiLj  +  LjLj\zyz)  =  2(xyz\Lj\xyz)(xyz\Lj\xyz) 

{xyz\Lj  \xyz) (xyz\Lj  \xyz)  (74) 

(.T7/2|/|x?/2) 

By  changing  L,-  for  J,,  and  z  for  .r,  the  averages  of  the  components  of  J  are  immediately 
obtained.  The  integral  (xyz\I\xyz)  turns  out  to  be  slightly  different  from  that  of  Ref. 
123.  However,  the  form  of  the  first-order  averages  as  a  function  of  that  primordial 
integral  remains  the  same. 

Parameterization  in  Physical  Terms 

In  order  to  physically  interpret  the  CS,  a  new  parameterization  must  be  introduced. 
This  is 

'/3  +  n\ 


x  =  -e-'ntg\ 


•) 


'0  +  7T' 

«  =  -e"*7«fl(  )  (75) 


y  =  rcos2  (0cos2  (Qe**^ 

where  0  <  r  <  oo,  0  <  a,  7,  <p  <  2tt  and  0  <  /?,  0  <  7r.  The  interpretation  of  these 
new  variables  will  be  clear  shortly.  Note  that  the  new  parameterization  differs  form  that 
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in  Ref.  [123].  From  the  above  definition,  it  follows  that 


xx  =  tan 


0  +  7r' 


(1  +  xx*f  = 


(l  +  zz*f 


1  +  tan' 


1  +  tan" 


zz   =  tan" 


'ft  +  TT 


0  +  TT 


COS 


cos*  (IJ1) 


4  //?  +  7T  » 
yj/    =  r  cos    I  — ; —  I  COS 


,/!_,*([+ xx*  f  (I +  zz*f  =r 


0  +  TV 


The  CS  then  becomes 

\xyz)  =  |a/^7^<pr) 


[(2/)!]" 


I M  K 


(I  +  K)\{I  -  K)\(I  +  M)!(7  -  M)\ 


,   'An  sin/+A-  (  -  }  cos7- 


/ 

7"  2 


2/J  y/ll 


\IMK) 


(76) 


(77) 


=  exp(~D  E  ^4-j(a,/J,7)^-/M0)^f|/^) 


/.UA" 


where  the  analytical  definition  of  the  rotation  matrices  (Wigner  D  functions)D^/A-(o:,  ft, 7) 
[25]  has  been  used  in  the  last  line. 


The  operator  averages  in  the  CS  are  now  (\aftjO(f>r)  =  \c.oh)) 

(coh\I\coh.)  =  r 

(coh\Lx\coh)  =  rcos  (tp)  sin  (0):  (coh\Jx\coh)  =  r  cos  (a)  sin  (ft) 
(coh\Ly\coh)  =  r  sin  (<p)  sin  (0):  (coh\  Jy\coh)  =  r  sin  («)  sin  (ft) 
(coh\Lg\coh)  =  rcos  (0):  (coh\Jz\coh)  =  rcos  (/?) 


(78) 


(79) 


and 


(coh\L2\coh)  =  (coh\J2\coh)  =  r(r  +  2) 


(80) 
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From  these  expressions,  it  follows  that  the  parameter  r  is  the  angular  momentum  modulus, 
the  pairs  of  angles  tp,  and  6,  and  a  and  p  are  the  azimuthal  and  the  polar  angle  of 
(L)  and  (J)  vectors  in  the  body-fixed  and  laboratory  frame,  respectively.  The  angle  7 
determines  the  relative  orientation  of  the  body-fixed  frame  with  respect  to  the  space-fixed 
one.  Finally,  the  probability  Pimk  to  find  the  rotational  state  \IMK)  in  the  CS  is 


Pimk{M  = 


[(2i)\y 


(/  +  K)\{I  -  K)\{I  +  M)\(I  -  M)\ 


sin 


-  cos 
9 


,2(/-A'; 


exp  (— r) 


n 


(81) 


(2/)! 


(/  +  K)\(I  -  K)\{I  +  M)\{I  -  M)\ 

J 


r)l\ 


where  p  is  0  <  p  =  sin2  (0)  <  1,  and  q  is  0  <  q  =  sin2  (fi)  <  1.  Notice  that  the 
resolution  Pimk  combines  a  binomial  distribution  in  p,  a  binomial  distribution  in  q,  and 


a  Poisson  distribution  in  r.  It  is  easy  to  see  that 

7=0,  1,  ...  M=-IK=-I 
Time  Evolution  of  The  Coherent  State 


(82) 


The  time-evolution  of  the  proposed  set  of  CS  is  now  analyzed.  The  Ehrenfest's 
theorem  applied  to  the  operators  Lj  is  now 

d  {coh\Lj\coh)  =  i(coh\[Hrot,  Li]\coh) 


dt 


-(cohl^eijk—iLjLk  +  LkLj)\coh) 


(?:  =  .7;.  y,  z) 

By  introducing  a  quasi-classical  definition  for  the  angular  velocity  u>  as 

(coh\Lj\coh) 


LUj  = 


Ii 


(83) 


(84) 
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and  using  the  previous  averages,  it  is  finally  obtained  that 

*.-S£i(W.)(i  +  i), 


UJy 


(85) 


^  =  -^(7.,-/,)   1  +  - 


r  >  0  . 

This  is  almost  a  set  of  Euler's  equations  of  motion  for  a  rigid  body  with  one  point  fixed 
[61].  The  last  equations  show  the  almost  quasi-classical  behavior  of  the  proposed  set 
of  CS.  The  rotational  CS  will  be  exactly  quasi-classical  in  the  limit  of  r  — >  oo  (high 
angular  momentum)  which  is  equivalent  to  the  SC  limit  of  ft  — >  0.  Since  the  value  of  r  is 
time-independent,  it  is  possible  to  define  an  effective  quasi-classical  angular  velocity  u/7/ 


^ff  =  (coh\L^h)  ^  +  i_y  (r>(J) 


so  that  eq.  85  can  be  rewritten  as 

t  ,cff,  ,cff 
=  ^fM  W:)  ■ 

( ,efftl,eff 

d>l"  =  ^-p-(Ix-I2),  (87) 

.  ,effl  eff 

Note  that 

lim  ucff  =  w  .  (88) 

r—toc 

The  behavior  of  these  equations  when  r  =  0  can  be  seen  in  appendix  D  The  proof  that  an 
exact  quasi-classical  CS  in  terms  of  only  integer  rotational  states  can  not  be  constructed 
in  the  spirit  of  Janssen  CS  is  shown  in  Ref.  125. 


CHAPTER  5 

THE  CROSS  SECTIONS  IN  THE  DIFFERENT  THEORIES 
Quantum  Cross  Sections 

General  Definition 

The  quantum  mechanical  formulation  of  cross  sections  stems  directly  from  their 
general  definitions  given  in  chapter  2  .  The  S-matrix  plays  a  central  role  in  the  quantum 
formulation.  Once  this  matrix  has  been  determined  from  the  system  dynamics,  the  further 
calculation  of  the  cross  sections  is  relatively  less  demanding.  The  formulation  of  the 
cross  sections  is  usually  done  in  the  time-independent  scheme  [13]  despite  the  fact  that 
the  dynamics  and  the  S-matrix  may  have  been  calculated  time-independently.  A  more 
involving  time-dependent  formulation  of  cross  sections  can  be  found  in  Ref.  [3].  Below, 
the  time-independent  version  of  this  subject  is  presented.  Some  of  these  expressions  will 
be  of  use  in  the  further  discussion  of  the  subject. 

For  a  general  scattering  processes,  the  asymptotic  boundary  conditions  of  the  nuclear 
function  Gy  (X)  in  the  CM  frame  can  be  written,  eq.30,  2, 

lim  Gj(Xx)  =  SijSx^  +  /A(0A>7A)— .  (i) 

The  index  A  denotes  the  different  arrangements  of  the  products;  the  value  A  =  1  has 
been  adopted  for  the  non  reactive  arrangement.  The  index  i  for  the  entrance  channel, 
and  the  indices  j  for  the  exit  channels  are  a  shorthand  notation  of  the  quantum  numbers 
corresponding  to  the  initial  and  final  state  at  the  proper  arrangements.  Note  that  both  the 
plane  wave  e'*-  *'  and  the  spherical  c—^-  components  are  not  normalized.  The  different 
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ingredients  to  derive  the  quantum  DCS  according  to  its  general  definition,  eq.  2,  chapter 
2,  can  be  obtained  by  evaluating  the  modulus  of  the  current  density 

y>  =  _^_(V*v^  -  fl^VtfH  (2) 
J      2???  x  \  / 


where  m\  and  ^  ■  are  the  reduced  mass  and  the  wave  function  components  in  the  channel 
j  of  the  arrangement  A.  The  symmetry  of  the  incoming  component  in  the  entrance 
channel,  the  plane  wave  e'k<z\  calls  for  a  gradient  operator  in  Cartesian  form 


0         0  0 
VA  =    —  +    —  +  k— .  (3) 
<9xA      dyx  0z\ 


Then,  it  is  straightforward  to  prove  that  the  current  density  of  the  incoming  components 
at  the  entrance  channel  is 

jM'»)  =  _A[e'-*^.Vlc-'"*'s«+c-a**»Vi^] 

=  -k}  (4) 

mi 

=  vi1 

where  is  the  reactants  relative  velocity.  The  initial  beam  intensity  Iq  is  within  an 
unknown  normalization  factor  proportional  to  that  velocity 


70  a  vj  (5) 

The  current  density  associated  with  the  spherical  outgoing  components  (including  that  of 
the  entrance  channel)  can  be  calculated  with  the  gradient  operator  in  orthogonal  spherical 
coordinates  [49] 


0      ,    0  0 
VA  =  n—  +  1— —  +  m   (6) 

or\      rxO0x  rxsniO\0(p\ 
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However,  only  the  first  term  of  the  above  gradient  must  be  retained  in  the  asymptotic 
region  because  there  r\  —*  oo.  Therefore,  the  current  density  of  the  outgoing  channels  is 


j.?  = 


'  \fij(0x,lx)\2 


2mx 

h 


■  1  A 


+ 


e  > 


rx 


rx 


,-ikjr 


rx 


IA,-(«a;7a)I>J 


mxr% 
1 


(7) 


where  vj^  is  the  velocity  vector  associated  to  the  channel  j.  The  number  of  particles 
dNjX(9x,j\)  scattered  per  unit  time  through  an  areas  dSx  =  r^sindx  dOxd'yx  is  within 
an  undetermined  normalization  factor  proportional  to  the  last  current  density 

dN}{0x,1\)  oc  |j/M'|rJsin0A  d.Oxdlx 

2  (8) 
oc  fij{Qx\lx)  vfsmexdexdjx 

Therefore,  the  DCS  through  the  solid  angle  dilxi^x-lx)  =  sin  Ox  dOxd-yx  for  the  scattering 

processes  from  the  initial  state  i  to  the  final  state  j  is 


dnx 


dSlx 


(Ox,<Px) 


dN^f(0x^x) 
hdSl{$x,<px) 
mi  k)  . 

ft)(0x;ix) 


(9) 


mxk} 


The  scattering  amplitude  /A(^a!7a)  is  tnen  strongly  associated  to  the  DCS.  Notice  the 
ratio  of  reduced  masses  and  wave  vectors  in  the  DCS  expression  accounting  for  the 
change  of  arrangement  and  relative  translational  kinetic  energy,  respectively.  In  the  case 
of  a  non  reactive,  elastic  scattering  it  holds  that  m.\  =  mi  and  kj  =  kj,  and  therefore 
this  ratio  cancels  out.  It  is  important  to  briefly  discuss  some  features  of  the  previous  DC 
expression  since  it  will  be  compared  with  its  time-dependent  END  counterpart  in  the  next 
chapter.  First  of  all.  this  DCS  is  the  so-called  CM  DCS  because  the  coordinates  involved 
in  it  are  the  CM  variables:  6x  and  ipx.  This  CM  DCS  is  not  the  observed  Lab  DCS  and 
some  transformation  must  be  applied  to  allow  a  comparison  with  the  experimental  data. 
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The  CM-Lab  transformations  for  DCS  will  be  discussed  in  a  later  section  of  this  chapter. 
The  two  CM  angles  are  the  polar  and  the  azimuthal  angles  of  the  relative  position  vector 
between  the  target  and  the  projectile  CM's  at  final  time.  Therefore,  their  particular 
definitions  depend  on  the  kind  of  arrangement  being  considered.  Another  point  of  note 
is  the  role  of  the  wave  vector  per  channel  kf.  For  a  given  arrangement  A  and  a  given 
channel  j,  the  wave  vector  kj  is  the  same  regardless  of  the  direction  (#a-7a)  being 
considered.  According  to  its  definition,  eq.  3 1  chapter  2,  the  wave  vector  is  proportional 
to  the  difference  between  the  total  energy  of  the  system  and  the  internal  energy  of  the 
projectile  and  the  target  at  infinite  separation.  Therefore,  this  difference  is  the  available 
translational  kinetic  energy  of  the  two  participants  which  in  a  time-independent  approach 
is  fixed.  It  will  be  seen  later  that  in  a  time-dependent  approach  the  wave  vector  do 
depend  of  the  direction  being  considered. 

Atom-Atom  Scattering 

The  DCS  formula  can  be  made  more  explicit  if  the  proper  expression  of  the  scattering 
amplitude  is  set.  In  the  simple  case  of  an  atom-atom  scattering  process  with  a  rapidly 
decreasing  potential,  it  is  obtained  from  eq.  39  chapter  2  that 


where  the  arrangement  index  and  the  azimuthal  angle  have  been  omitted  because  they 
are  superfluous  in  this  case.  The  expression  for  the  ICS  ^t,-,/  can  be  obtained  easily  by 

2tt  tt 


2 


(10) 


o  o 


(11) 
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where  the  orthogonality  properties  of  the  Legendre  polynomials  has  been  exploited  [27]. 
The  elastic  aci  and  the  inelastic  tr,„  and  the  total  atot  ICS  are  defined  as 

(Tel  =  0»i  •  (12) 

(Tin  =  >V»j,  (13) 

and 

^tof  =  ""r/  +  <7.n  •  (14) 

It  is  easy  to  prove  from  the  previous  definitions  a  more  direct  relationship  between  the 
total  ICS  and  the  scattering  amplitude 


atot  =  ^fM/«(0  =  0)]  (I5) 


This  last  expression  is  termed  the  optical  theorem  [13].  In  view  of  the  symmetry  of  the 
S-matrix  is  easy  to  see  that  the  following  relationships  hold 

^<*>  =  1*2r«  <"> 

and 

kfa^j  =  kfa^i  (17) 

which  are  termed  the  equations  of  detailed  balance  [13].  In  the  very  case  of  elastic 
scattering  (e.  g.  scattering  of  noble  gas  atoms  at  very  low  energy),  only  one  channel  is 
opened  and  the  S-matrix  Slel  =  5,--  adopts  a  very  simple  form 

S1el=exp(2iVl) ,  (18) 

where  the  phase  shift  rji  is  the  difference  of  the  phase  factors  <*>/  and  Si  of  the  asymptotic 
nuclear  wave  functions  with  and  without  the  real  potential  applied,  respectively  [26,  13] 

m  =  h-f>i-  (19) 
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When  the  inelastic  channels  are  open,  the  elastic  S-matrix  can  still  be  written  as 

S\i=exp[2t{Xi  +  im)]  (20) 

with  A/  >  0  and  //./  >  0.  The  last  term  accounts  for  the  depletion  from  the  initial  channel. 
Further  properties  and  relationships  of  this  type  of  cross  section  can  be  found  in  Ref.  [13] 
The  quantum  DCS's  for  rapidly  decreasing  potentials  are  always  bound  functions 
at  all  the  values  of  the  scattering  angle  0  although  sharp  peaks  can  be  seen  in  some 
circumstances.  The  DCS's  also  exhibit  a  typical  oscillatory  pattern  when  plotted  w.  r.  t. 
the  scattering  angle  0.  The  sharp  peaks  and  the  oscillatory  pattern  are  strongly  associated 
to  the  SC  limit  of  the  DCS's  and  will  be  studied  in  detail  in  later  sections.  The  quantum 
ICS  for  this  kind  of  potentials  always  converge  to  a  finite  number,  including  in  the  case 
of  elastic  ICS's.  In  the  case  of  the  Coulomb  potential,  a  not  rapidly  decreasing  potential, 
some  modifications  must  be  introduced  in  the  asymptotic  conditions  and  in  the  spherical 
wave  component  (see  Ref.  [26]  for  more  details).  For  a  repulsive  Coulomb  potential 
(Rutherford  scattering),  the  DCS  has  a  closed  form  expression 


where  Z  and  Z'  are  the  charge  numbers  of  the  scattering  particlese  the  electron  charge 
and  E  is  the  total  CM  energy.  However,  the  ICS  does  not  converge  for  a  Coulomb 
potential  as  can  easily  be  confirmed  by  attempting  the  integration  of  the  above  expression. 
Aside  form  known  historical  reason,  the  neat  DCS  and  divergent  ICS  in  the  Rutherford 
scattering  constitute  the  only  case  in  which  the  quantum  and  the  classical  theory  predicts 
the  same  expressions. 
Atom-Diatom  Scattering 

The  quantum  formulation  of  the  cross  sections  for  more  complicated  systems  can 
be  done  by  extending  the  previous  analysis  of  the  atom-atom  scattering.  However  some 
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extra  complications  will  arise  due  to  the  increasing  number  of  degrees  of  freedom.  An 
important  case  in  subsequent  developments  is  that  of  atom-diatom  scattering.  To  simplify 
the  presentation,  only  the  example  of  a  nonreactive  scattering  with  a  nonvibrating  diatom 
will  be  discussed.   The  extension  to  the  reactive  and/or  vibrating  cases  is  relatively 

straightforward.  The  scattering  amplitude  for  such  a  scattering  process  is  [126] 

"(2/  +  1W' 


fjmjJ'm'j{^A)  =  Yl 


J  1  V  m\ 


i1-1' 


(jlmjO\jlJm,j)x 


TfMjM'J  (j'l'J™j\j'l'mj,mv)x  M 

where  (jlm,j0\jljmj)  and  {j'l'  Jmj\j'l'mjim\i)  are  Clebsch-Gordan  coefficients  [25]  and 
^m|,(0>^)  are  the  spherical  harmonics  [25].  J  is  the  orbital  quantum  number  of  the 
conserved  total  angular  momentum,  and  j  and  rrij  are  the  orbital  and  the  azimuthal 
quantum  numbers  of  the  diatomic  angular  momentum  in  the  entrance  channel  with  their 
primed  analogues  in  the  exit  channels.  The  T-matrix  jV^  .,m,  relates  to  the  corresponding 


S-matrix  SJ-    ,.,  so  that 

jut)  j  m. 


T  =  i 

jm,j'm' 


Sjmij'm'.  -  h'tijj1 


(23) 


Note  that  both  matrices  are  a  function  of  the  quantum  number  ./.  The  whole  scattering 
processes  is  now  labeled  by  the  quantum  numbers  I,  ???./,  I'  and  my.  The  proliferation 
of  angular  momentum  indices,  coefficients,  and  functions  is  a  direct  consequence  of  the 
coupling  between  the  orbital  angular  momentum  of  the  projectile  moving  around  the 
target  and  the  internal  angular  momentum  of  the  target  rotating  around  its  CM.  The  use 
of  this  scattering  amplitude  to  obtain  the  corresponding  DCS  's  and  ICS'  is  cumbersome 
and  is  seldom  attempted  in  this  representation.  A  drastic  simplification  is  achieved  if  the 
full  problem  is  represented  in  the  a  rotating  body-fixed  CM  frame  attached  to  the  target 
(the  helicity  representation  already  introduced  in  chapter  2)  instead  of  the  representation 
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in  the  space-fixed  CM  frame.  In  the  helicity  representation,  the  scattering  amplitude  is 
more  concisely 

fjMJ'M'iW)  =  —  i  E  ('2J  +  ^ 

{kjk?)*       j=0  (24) 

s]MjM.[DJMM,(<f>,e,o)]*;  mo. 

where  now  M  and  M'  are  the  azimuthal  quantum  numbers  with  respect  to  the  rotating 


z — axis  and  DJ^IM,((f),8,x)  are  the  elements  of  the  Wigner  D  matrices  [25].  This 
expression  bears  a  strong  resemblances  to  that  for  the  atom-atom  scattering.  Furthermore, 
it  reduces  to  the  latter  when  j  =  j'  =  0  because  then  J  =  I,  M  =  M'  =  0  and 
DQ0((f) ,  0 ,  x)  =  Pi{cos0)  [25].  The  T-  and  S-matrices,  and  the  corresponding  scattering 
amplitudes  in  different  representation  do  not  have  the  same  value  since  they  correspond  to 
different  processes.  Explicit  relationships  between  properties  in  different  representations 
can  be  obtained,  but  are  intricate  as  the  reader  might  suspect.  By  repeating  the  same  steps 
as  those  made  for  the  atom-atom  scattering,  the  partial  DCS  in  both  angular  quantum 
numbers  in  the  helicity  representation  is 


(25) 


1=0 

(0  ?  0) 

with  dJMM,(9)  =  DJMM,{Q,0,Qi).  Note  that  the  resulting  DCS  is  not  a  function  of  the 
azimuthal  scattering  angle  <f>  as  anticipated  in  chapter  2.  The  partial  ICS  in  both  angular 
quantum  numbers  is 

oc 

ffjM-*j'M'  =  U  E  (2J  +  l)SiM  iM>  (26) 
A:j  J=0 

However,  these  two  detailed  cross  sections  in  both  angular  quantum  numbers  are  not 
experimentally  measured  even  with  the  state-of-the-art  technology.  Less  detailed  partial 
DCS  and  ICS  in  only  the  orbital  quantum  numbers  are  defined  as 

~liT{0)  ~  (2JTT)  ^     dn    {0)  •  (27) 

v  J        '  MM' 
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and 


1 


(28) 


MM' 


where  the  denominator  (2j  +  1)  accounts  for  the  rotational  degeneracy  of  the  entrance 
channel.  These  expressions  are  the  same  in  both  the  space-fixed  and  the  helicity 
representation  because  the  effect  of  the  azimuthal  quantum  numbers  have  been  cancelled 
by  the  previous  sum.  Finally  the  total  DCS  and  the  ICS  are  defined  as 


respectively,  and  obviously  are  the  least  detailed  cross  sections  for  this  type  of  scattering. 
It  is  easy  to  prove  again  that  all  these  expressions  transform  into  their  atom-atom 
counterparts  when  j  =  j'  =  0.  Further  properties  of  these  expressions,  such  as  the 
detailed  balance  equation  and  the  optical  theorem,  can  be  easily  deduced.  They  can  be 
fond  in  Ref.   13.  The  cross  sections  for  the  case  of  a  reactive  and/or  vibrating  rotor 


follow  directly  from  the  previous  expression  and  will  be  given  in  a  later  section. 

The  cross  sections  for  approximate  time-independent  methods  follows  directly  from 
the  previously  discussed  exact  expressions.  The  RIOSA  cross  sections  for  both  the 
reactive  and  the  non  reactive  processes  can  be  found  in  Ref.  28,  and  the  IOSA  cross 
sections  for  charge  transfer  processes  in  Ref.  35  and  36. 


(29) 


(30) 


jj 


Classical  and  Semiclassical  Cross  Sections 


Coordinate  Transformations:  Center  of  Mass  and  Laboratory  Frames 


The  transformation  form  Lab  coordinates  to  their  CM  counterparts  is  commonplace 
in  all  quantum  and  SC  calculations  [13].  Both  the  dynamics  and  the  calculation  of  the 
measured  properties  are  totally  done  in  the  latter  frame.  The  reason  for  that  selection  is 
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that  in  the  CM  frame  the  uninterested  and  trivial  evolution  of  the  CM  of  the  whole  system 
is  eliminated  from  the  very  beginning.  Although  employed  in  quantum  calculations,  the 
transformation  itself  is  classical  in  spirit.  In  time-dependent  quantum  calculations  with 
fast  wave  packets  [3],  the  average  positions  and  momenta  allow  a  kind  of  quasi-classical 
treatment  which  brings  about  classical  transformations.  This  situation  also  includes  our 
QCSD-END  theory.  But,  including  in  a  time-independent  quantum  calculation,  the  actual 
quantum  coordinates  are  treated  classically  for  the  transformations  [13].  In  the  case  of 
SC  calculations,  the  classical  trajectories  of  this  the  theory  easily  allow  such  kinds  of 
transformations  [85,  86,  91]. 

It  is  not  intrinsically  necessary  to  change  to  CM  coordinates  in  the  END  theory. 
However,  we  usually  perform  such  a  transformation  for  the  final  state  because  of  the 
two  following  reasons: 

1.  All  the  SC  techniques  necessary  to  obtain  the  END  cross  sections  have  been  derived 
in  the  CM  frame.  Instead  of  transforming  such  complicated  expression  back  to  the 
END  Lab  frame,  it  is  easier  to  transform  the  final  END  state  to  the  CM  frame,  employ 
the  SC  expressions,  and  transform  the  resulting  properties  back  to  the  Lab  system. 

2.  Most  of  the  old  and  many  of  the  new  quantum  and  SC  calculations  have  been  reported 
in  the  CM  frame,  and  for  sake  of  comparison  with  the  END  theory  it  is  necessary 
to  transform  the  END  results. 

For  a  given  calculation  (classical,  SC  or  quantum)  the  transformation  form  one  frame 
to  the  other,  or  vice  versa,  is  simple.  The  use  of  the  CM  frame  in  those  calculations 
has  given  rise  to  the  so-called  CM  properties  (e.g.,  CM  cross  sections)  which  can  not 
be  directly  compared  with  experimental  results.  Since  many  of  these  studies  are  not 
reported  in  full  detail,  a  final  transformation  to  the  Lab  frame  can  not  be  accomplished. 
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On  the  other  hand,  it  is  in  principle  impossible  to  transform  experimental  (Lab)  results  to 
the  CM  frame  since  the  experiments  can  not  give  all  the  intrinsic  dynamical  information 
necessary  to  apply  the  transformation  formulas.  If  an  experiment  is  to  be  compared 
with  preexisting  CM  calculations  then  some  iterative  procedures,  which  combine  both 
experimental  and  theoretical  data,  must  be  applied  [127,  128]. 

The  transformation  of  positions  and  velocities  (or  momenta)  from  a  CM  to  a  Lab 
frame,  or  vice  versa,  is  a  simple  matter  known  from  textbooks  on  classical  mechanics 
[61].  However,  the  transformation  of  some  derived  properties  (scattering  angles,  cross 
sections,  etc.)  from  a  few  known  parameters  (mass  change  during  the  collision,  energy 
loss,  etc.)  is  a  more  involved  issue.  The  most  complete  presentation  of  the  subject  is  due 
to  R.  K.  B.  Helbing  [129]  whose  main  findings  are  presented  below.  Additional  aspects 
are  discussed  in  Ref.   130  and  131. 

A  Lab-to-CM  transformation  begins  with  the  position  transformations.   Then,  by 

derivation  and  algebraic  manipulations,  the  velocity  and  momenta  transformations  are 

obtained.  The  emphasis  is  made  on  the  last  two  transformations  ("velocity  space")  since 

the  actual  positions  of  the  particles  during  an  experiment  is  rather  uncertain.  For  a  general 

colliding  system,  the  CM  transformations  for  the  velocities  are  simply 

V/  =  v0  +  u, 

(31) 

V/'  =  v0  +  u/ 

where  v  and  u  are  the  particle  velocities  in  the  CM  and  Lab  frames,  respectively;  and 
v0  the  velocity  of  the  CM  of  the  nuclei  in  the  system.  The  index  i  =  t  or  p  denotes 
either  the  target  or  the  projectile.  The  primed  and  unprimed  variables  are  for  initial 
and  final  time,  respectively.  With  this  notation,  the  polar  CM  and  Lab  scattering  angles 
0  <  ^Lab  <  7T  and  0  <  Bqm  <  ^  are  respectively  defined  such  that 
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or,  equivalently, 
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lvpl 

|Vp'| 

cos6>£nfc=  \  '„  "/  .  (34) 


<*>s0O/  =  t^TT  ■  (35) 


In  physical  terms,  they  are  the  angles  between  the  initial  and  final  directions  of  the 
projectile  in  each  frame.  If  the  initial  travelling  direction  of  the  projectile  is  along  the 
Lab  z-axis  then  the  scattering  angle  0^  will  coincide  with  the  final  spherical  coordinate 
9  of  the  projectile.  In  the  case  of  two  normal  beams,  it  is  sometimes  convenient  to  set 
positive  or  negatives  signs  to  9  Lab  if  the  final  projectile  velocity  has  a  positive  or  negative 
projection  onto  the  initial  secondary  beam  direction  [127].  The  definition  of  the  azimuthal 
scattering  angles  -jLab  and  jcm  is  more  cumbersome  if  totally  general  expressions  are 
desired.  Helbing's  definition  in  the  LAB  case  is  [129] 

|T0  x  T| 

^\7Lab\=  (To.T)  (36) 

where  the  unit  vectors  Tu  and  T  are  in  the  direction  of  v0  x  v  and  v  x  v',  respectively. 
The  range  an  sign  of  this  angle  is  determined  by  the  conditions 

0  <  7  <  +7T  <-»  det  (v,  v0,  v')  >  0  , 

(37) 

-7r  <  7  <  0  det  (v.  v0.  v')  <  0  . 
The  definition  of  jcm  can  De  obtained  by  simply  changing  the  Lab  velocities  for  their 
CM  counterparts  in  the  above  expressions.  In  the  case  of  a  dynamics  on  a  predetermined 
PES  (i.e.  a  dynamics  excluding  the  electronic  dynamics),  it  can  be  proven  that  the  angle 
j Lab  is  the  difference  between  the  final  azimuth  of  the  projectile  and  the  initial  azimuth 
of  the  target  in  the  Lab  frame  [129].  If  the  initial  target  have  zero  azimuth  then  the  angle 
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7L„fc  is  the  net  increase  in  the  azimuth  of  the  projectile  at  final  time.  The  two  scattering 
angles  have  been  defined  in  terms  of  intrinsic  dynamical  variables  being  independent 
of  both  the  position  and  orientation  of  the  coordinate  axes.  This  justifies  the  somewhat 
cumbersome  definition  of  7  angles.  It  is  possible  to  define  the  same  scattering  angles  for 
the  final  target,  although  they  are  of  less  practical  value. 

In  an  END  calculation,  the  scattering  angles  in  both  frames  can  be  calculated  by 
the  direct  application  of  the  above  formulas  to  the  final  state.  The  transformation  of 
the  CM  angles  to  the  Lab  ones  can  be  displayed  as  a  numerical  mapping.  However, 
to  obtain  explicit  formulas  for  such  angle  transformations,  it  would  be  necessary  to  use 
the  above  definition  of  the  scattering  angles  and  of  the  CM-Lab  transformation,  and  to 
appeal  to  the  conservation  laws  ruling  the  dynamics  (specially,  the  momentum  and  energy 
conservation  laws).  In  Ref.  129,  those  explicit  formulas  are  shown  for  the  case  of  a  PES 
classical  dynamics.  They  are  not  difficult  to  derive  but  they  involved  tedious  vectorial 
and  trigonometric  manipulations.  Some  of  these  expressions  reduce  to  those  for  more 
simple  cases  found  in  the  textbooks  [61]  after  adapting  the  notation.  The  application 
of  the  formulas  to  an  END  calculation  may  only  be  approximate  since  they  do  not  take 
into  account  the  electron  dynamics.  When  the  END  dynamics  neither  imply  considerable 
electron  transfer  nor  high  electron  excitations,  the  previous  equations  are  almost  exact. 
It  might  be  possible  to  derive  the  analogous  END  formulas  by  incorporating  the  electron 
dynamics  into  the  conservation  laws.  That  derivation  would  be  somewhat  cumbersome 
and  it  is  not  attempted  here.  Although  approximate  in  an  END  context,  the  above 
equations  give  some  insight  about  the  CM-Lab  scattering  angle  transformation,  specially 
about  its  relationship  to  the  energy  AE,  and  mass  A???,  change  . 
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Classical  Total  Cross  Sections 

Initial  conditions  and  calculation  strategy 


The  most  familiar  derivations  of  classical  cross  sections  are  done  for  total  cross 
sections,  /'.  e.  without  any  concern  of  the  final  internal  state  of  the  projectile  and 
target.  It  is  important  to  remember  here  that  it  is  impossible  to  describe  charge  transfer 
or  electron  excitation  processes  in  a  pure  classical  way.  Therefore,  the  next  examples 
will  be  concentrated  on  classically  derived  cross  sections  which  only  involve  explicitly 
nuclear  degrees  of  freedom. 

The  calculation  of  a  classical  cross  sections  stems  from  the  calculation  of  the  system 
trajectory.  In  classically  describing  a  scattering  process,  a  Lagrangian  or  a  Hamiltonian 
scheme  can  be  adopted.  In  either  case,  the  solution  of  the  system  dynamics  requires  the 
knowledge  of  its  initial  conditions,  i.e.  the  initial  positions  and  velocities  (momenta).  (It 
is  theoretically  possible  to  solve  the  problem  by  knowing  all  the  initial  and  final  positions, 
or  all  the  initial  and  final  velocities  (momenta),  or  any  combination  of  both  initial  and 
final  positions  and  velocities  (momenta).  This  scheme  is  sometime  used  in  SC  derivations 
[85,  86,  91]  but  it  is  rare  in  pure  classical  contexts).  For  a  system  consisting  of  Nnuc\ 
nuclei,  its  is  necessary  to  specify  3Nnuct  initial  positions  and  3Nnuci,  initial  velocities 
in  the  Lagrangian  formulation,  or  3Nnuc}  initial  positions  and  3Nnuri  initial  conjugate 
momenta  in  the  Hamiltonian  one.  In  either  case,  this  set  of  6Nntiri  total  initial  conditions 
can  be  split  into  the  following  groups  of  variables 

1.  The  initial  positions  and  velocities  (or  conjugate  momenta)  of  the  CM's  of  the 
projectile  and  the  target  (12) 

2.  The  initial  orientation  and  angular  velocities  (or  conjugate  angular  momenta)  of  the 
projectile  and  target  (12).  The  initial  orientation  will  be  collectively  denoted  by  o 
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from  now  on. 

3.  The  remaining  internal  positions  and  velocities  (or  conjugate  momenta)  of  the  pro- 
jectile and  target  (GNnuci  -  12.  These  initial  conditions  will  be  collectively  denoted 
by  i  from  now  on. 

A  given  trajectory  is  a  function  of  all  these  initial  conditions,  the  explicit  definition  of 
those  initial  internal  conditions  will  be  discussed  in  chapter  7.  For  a  system  under  study, 
specific  values  of  the  initial  conditions  must  be  set  to  simulate  a  given  experimental 
situation.  The  full  investigation  involves  series  of  calculations  in  which  some  initial 
conditions  are  necessarily  the  same.  The  scheme  of  such  calculations  is  as  follows: 

1.  The  initial  target  and  projectile  velocities  (or  momenta),  and  their  internal  initial 
conditions  t  are  set  according  to  the  experimental  setup.  The  initial  velocities 
(momenta)  should  be  in  accordance  with  the  collision  energy,  meanwhile  the  internal 
coordinates  should  correspond  to  the  reactants  initial  states. 

2.  It  is  customary  in  scattering  theory  to  place  the  target  in  the  center  of  the  coordinate 
system  and  to  choose  the  initial  direction  of  the  projectile  as  the  positive  z-direction. 
The  initial  separation  of  the  two  partners  should  be  set  to  a  large  value  in  molecular 
terms  (the  actual  experimental  value  is  never  precisely  known).  For  sake  of  ease 
during  serial  calculations,  a  fix  z-  separations  of  the  reactants  is  adopted  in  the 
present  study. 

3.  Then,  some  relevant  initial  orientations  of  both  the  target  and  the  projectile  are 
selected.  Batches  of  different  calculations  are  done,  each  of  them  with  the  same 
initial  orientations  for  the  projectile  and  the  target. 

4.  For  a  given  orientation  o,  different  calculations  are  performed  by  varying  the  lateral 
separation  of  the  reactants.  This  is  the  impact  parameter  b,  always  chosen  in  the 
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y  direction  in  the  present  study.    This  initial  condition  is  taken  to  be  positive 

(0  <  b  <  oc,) 

It  will  be  see  in  the  next  section  that  the  cross  sections  can  be  defined  for  each  orientation 
o,  so  that  the  final  cross  sections  is  averaged  over  such  orientations. 

The  calculation  strategy  shown  above  is  not  unique,  and  equivalent  other  ones  can  be 
conceived.  However,  this  has  proven  to  be  the  most  convenient  for  the  END  simulations. 

Total  cross  section  derivation 

The  derivation  of  a  classical  total  cross  section  follows  from  an  interpretation  of  its 
definition  in  terms  of  classical  mechanics.  Curiously,  the  purely  classical  scattering  theory 
is  less  known  than  its  SC  and  quantum  counterparts.  Obviously,  a  careful  reexamination 
of  the  subject  is  essential  in  the  context  of  the  END  theory.  Except  for  the  simple  cases 
shown  in  some  textbooks  and  books  [13,  61,  4],  the  advanced  classical  scattering  theory 
is  dispersed  among  different  works  (Ref.  [132-134]  are  the  most  relevant  to  the  present 
discussion).  The  derivation  outlined  below  is  a  substantial  reformulation  of  the  consulted 
sources. 

In  figures  7.1,  7.20,  and  7.35,  chapter  7,  different  collisions  are  depicted  showing 
different  projectiles  and  targets  with  the  collective  orientations  o  and  internal  initial 
conditions  /.  The  projectile  center  of  mass  position  is  specified  by  the  coordinates 
(ro, 6,  ie.  the  z  separation,  the  impact  parameter,  and  the  azimuth  on  the  x-y 
plane  with  respect  to  the  z  axis.  The  coordinate  ro  is  very  large  on  the  molecular 
scale  and  its  actual  value  is  not  accurately  known  in  a  given  experimental  setup.  The 
impact  parameter  can  also  be  increased  to  a  macroscopic  value  but  that  situation  will  be 
equivalent  to  no  collision.  Therefore,  the  practical  values  of  the  impact  parameter  are 
on  the  microscopic  scale.  It  is  assumed  that  there  are  far  more  target  molecules  than 
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projectiles  so  that  a  given  projectile  can  always  be  coupled  with  a  target.  Of  course, 
many  target  molecules  are  without  a  projectile  counterpart.  At  a  given  initial  time  t\, 
many  of  these  pairs  are  in  the  shown  initial  conditions,  although  they  might  differ  in  the 
separation  j-q.  At  the  final  time  t.2,  all  these  projectiles  will  have  a  certain  probability 
to  reach  the  detector  placed  at  (r,0,-y).  More  precisely,  each  individual  projectile  will 
have  a  probability  density  U(r,  0,  7:  0,  /,)  =  U(rO,  7:  rob,  70,  t-j,  t\.  o,  /)  to  be  found  in  the 
volume  (IV  =  r2  sin  Odrd.Od'y  at  time  t<i  after  having  the  initial  conditions  (ro,b,<po)  at 
time      so  that 

2lT  7T  00 

I  d-y  J  dO  I  d  rr2  sin  0  U{r,  0,  7:  o,  /.)  =  1  .  (38) 
b      0  b 

Since  the  values  of  both  rg  and  r  are  uncertain,  they  are  put  outside  of  the  formalism 
under  certain  assumptions.  First,  the  value  of  rn  will  be  fixed  to  the  same  large  value 
for  all  the  pairs.  Secondly,  the  value  of  r  is  supposed  to  be  almost  the  same  for  all 
the  pairs,  differing  only  microscopically.  Because  of  the  last  assumption,  a  less  detailed 

probability  P{0,  7:0.  a)  =  P(0, 756,70,  '*0!rj*2j*l)°j  0 

00 

P(0,  7:  o,  /)  =  Id  rr2  sin  0U(r,  0,  7:  o.  i)  (39) 
0 

can  be  introduced  since  all  the  particles  will  be  almost  at  the  same  radius  r  at  time  t-i- 
Notice  that  sinfl  has  been  incorporated  into  the  new  probability  so  that 

J  r/7  I  dO  P(6,r,o,t)  =  1  .  (40) 
b  0 

Each  collision  pair  can  be  seen  as  an  independent  "scattering  experiment,"  all  of  them 
making  up  a  big  "statistical  ensemble."  Therefore,  if  in  a  short  time  A*  No  projectiles 
are  sent  to  be  scattered  and  d.N(b,  70: 1,  o)  of  them  have  the  initial  conditions  (b,  70;  a,  o) 
then  the  probability  dp(b, 70;  t, o)  =  d.p(b,  70;  l,  o:  r0,  *i)  to  find  an  individual  pair  with 


127 

such  initial  conditions  is 

d,N(kl0:t,o) 
d  p(b,  70:  t,  o)  =  —  

fbdbdj0\  (41) 

In  the  last  line,  it  has  been  assumed  that  both  the  projectiles  and  the  targets  are  randomly 
distributed  on  the  collision  transverse  area  Aq.  Then,  the  total  number  of  projectiles 
scattered  with  the  noted  initial  conditions  dN(b,  70;  1,  o)  during  the  time  At  is 

dN(b,  70:  t,  0)  =         b  d.bd<yo)     ,  (42) 
\Ao  /,.„ 

and  the  number  of  projectiles  per  unit  time  (rate)  d.N(b,  70: 1,0)  scattered  is 

dAT(&,7o;i,o)  =  f  —  b)  d.bdlQ 

\A0   jin  (43) 

=  dbd'ro  . 

where  To  is  the  beam  intensity.  Finally,  the  number  per  unit  time  dN{0,^;  1,0)  of  these 

particles  reaching  the  detector  placed  in  the  direction  (#,7)  is  then 

dN(0,  7:  t,  o)  =  d.N{9,  7:  l,  o:  r,  t2) 

(44) 

=  IqP{0,  7:  l.  0)  dbdjodOdj  . 
An  implicit  assumption  used  to  obtain  the  last  equation  is  that  there  exists  a  stationary 

flux  between  the  incoming  particles  to  be  scattered  and  the  outgoing  scattered  particles 

(cf.  Ref.  61).  The  differential  contribution  of  these  scattering  processes  with  initial 

conditions  (b,yo;t,,o)  to  the  total  DCS  is 


d3a 


(0, 7:  t,  o)  dbd-yo  =  ,'P^:7;''°)  dbd-yo  .  (45) 

sin  0 


OiWbdjo 

In  order  to  obtain  the  total  DCS  for  the  orientation  o,  it  is  necessary  to  integrate  the  last 


expression  over  all  the  initial  conditions  (6,70) 

27T  OC 

%}^)-  f^fdb[^^]{0.r,.o) 

=  ^~E  fdjo  fdbP(d,T,L,o). 
sin  0  I  J 

b  b 
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The  last  equation  has  been  derived  mainly  from  statistical  considerations.  However, 
to  go  further  it  is  necessary  to  make  explicit  the  probability  density  P{6,r)\  i,o).  That 
is  accomplished  by  calling  the  classical  mechanics  into  play.  By  finding  the  classical 
trajectory  with  initial  conditions  (ft,  70),  its  possible  to  obtain  an  explicit  expressions  for 
the  final  polar  0  and  azimuthal  <&  angles  of  the  projectile. 

G  =  0(6, 70:  i, o:r0,r:t,2.t\)  =  0(6,7o;t,o)  .  (47) 

and 

$  =  $(&,  7o;  t)  0;  r0,  r:  t2,  *l )  =  $(6-  7o:  '•  °)  -  (48) 

These  are  the  classical  polar  and  azimuthal  deflection  functions,  respectively.  Their 
ranges  are  —00  <  0  <  00  and  —  00  <  <3>  <  00  when  the  ±  sign  accounts  for  the 
direction  of  rotation.  The  lack  of  the  traditional  boundaries  [0.7r]  and  [0.27r],  as  for  0 
and  7,  indicates  that  the  projectile  can  rotate  many  times  around  the  deflection  axes  as 
dictated  by  its  classical  trajectory.  Because  of  the  imposition  of  the  classical  mechanics, 
the  probability  density  becomes 

P(8,  7:  l,  o)  =  S[6  -  9(b,  7o:  t,  o)]fi[y  -  ^(b,  70:  t,  o)}  (49) 

being  nonzero  only  when  the  following  congruence  conditions  are  satisfied 

9  =  ±[0(6, 70: 1, 6)  -  2irn]\  0  <  6  <  tc  ,  (50) 

and 

7  =  ±[$(&,7o;t,o)-27rra];  0  <  7  <  2n  .  (51) 

There,  the  integers  n  and  m  account  for  the  number  of  turns  rotated  by  the  projectile 
around  the  respective  deflection  axes.  It  is  worth  noting  that  different  initial  conditions 
(branches)  (6/, 70.,)    i  =  1,  2,  3,  ...  :  (t,o)  can  satisfy  the  above  relations.  This 
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physically  means  that  the  projectile  can  be  travelling  in  the  direction  (0,j)  at  time  t.2 
starting  form  different  initial  conditions.  The  deflection  functions  can  be  thought  of  as 
a  general  transformation 


[0(6, 70:  t.o).$(fe,70:  t,o)]  =  (6,70) 


(52) 


with  the  Jacobian  matrix  J 


J  = 


'30(6,70)" 

"30(6,7o)' 

36 

37o 

'3$(6,7<>)' 

'3$(6,7o)' 

[  36 

37o  J 

(53) 


where  the  initial  conditions  (/..  o)  have  been  omitted  for  brevity.  In  the  second  line,  it  has 
been  introduced  the  widespread  short  notation  for  each  derivative  despite  the  fact  that 
both  0  and  7  are  fixed  values  not  functions.  A  justification  of  this  notation  abuse,  aside 
from  brevity,  is  that  each  derivative  will  actually  be  evaluated  when  the  above  congruence 
conditions  are  satisfied.  Therefore,  the  DCS  becomes  (cf.  Ref.  134  and  132) 

2-  oc 


da(0,  7:  l,  o) 


I  dj0  I  db  b6[6  -  0(6. 70:  l,  o)]S[-y  -  $(6. 7o:  1,  o)]  .  (54) 
b  b 


To  further  evaluate  this  integral,  it  is  necessary  to  invert  both  6  functions  to  the  (6.70) 
domain  by  (see  appendix  A  ), 

6[6  -  9(6,70)]%  -  $(6. 70)]  =  Yl  l(let  Wl"1^6  -  W-TO  ~  70./)  -  (55) 


where  (let  (.7,)  is  the  transformation  Jacobian  evaluated  at  the  branch  i 


det  (Ji)  = 


(56) 
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where  again  the  initial  conditions  (t,  o)  have  been  omitted.  Then,  the  DCS  becomes  (cf. 
Ref.  134  and  132)  In  the  case  of  a  central  interaction  potential,  the  projectile  will  not 

2tt  oc 

rf70  /  d6  6|det(Ji)r1«(6-6i)«(7D-T»w) 

0  (57) 

=  J-^^det^)"1  . 
sin  (J 

i 


do  [p.  7:  o,  /,) 


change  its  initial  azimuth  70  and  will  always  remain  in  the  plane  containing  its  initial 
velocity  (momentum)  vector  and  the  target  center  of  mass.  Therefore, 

0  =  ±[0(6:  i,  o)  -  2*n]\  0  <  6  <  tt  ,  (58) 

7  =  7o:  0  <  7  <  2tt  ,  (59) 

and 

J=(($    °A  (60) 


with 


0  1 


det(Ji)  =  (  ^  (61) 


The  previous  DCS  then  simplifies  to 


1 


sin  0  ^  If  00' 


(62) 


'  \\0b)b, 

The  expression  just  derived  for  the  classical  differential  cross  section  has  a  great 
theoretical  value.  However,  it  has  scarcely  been  used  for  calculations  because  the 
numerical  evaluation  of  its  Jacobian  is  rather  cumbersome.  A  proposed  histogram 
procedure  can  partially  avoid  this  difficulty,  but  even  in  that  case  the  task  remains 
difficult  (see  Ref.  132  and  references  therein).  It  will  be  shown  in  the  next  section 
that  this  problem  can  be  easily  overcome  since  the  practical  expression  in  use  is  similar 
to  that  of  a  central  potential  even  though  the  interaction  may  not  be  of  that  sort 
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Effect  of  the  orientation  average  on  the  total  differential  cross  section 


It  must  be  remembered  that  the  total  differential  cross  section  refers  only  to  the  initial 
orientation  o.  The  measured  differential  cross  section  is  an  average  over  all  the  possible 
orientations  initial  orientation  o.  This  can  be  denoted  by 


^(».T..»> >•*«•<.),  <«> 


where  the  normalization  factor  is  Ao  =  J  do.  The  details  of  this  averaging  procedure 
will  be  discussed  in  chapter  7  and  appendix  E.  For  the  present  discussion,  the  above 
expression  suffices.  If  the  general  formula  of  the  DCS  is  substituted  into  the  average 
integral,  it  follows  that 


oc  2* 

>•  r  '>  =  £ ./ do  5S5  I'""' I '"">  *  "  e("' *  '• 0)' x  (64) 

b  o 

6[-y  -  $(6,7o;i,o)]  . 


As  mentioned  before,  the  DCS's  are  independent  of  the  scattering  angle  7.  Taking  into 
account  the  congruence  between  the  angles  7  and      it  holds  that  dj  =  ±r/$.  Therefore, 
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the  differential  cross  section  can  be  rewritten  (cf.  132)  as 


2tt 


0  

2- 

0 


2tt 


0  

2~ 

I) 


2ir 


2  77 


=  sL/ f/0^/  M6  /  r/7°  /  **W-W,W,o)]x 
b       o  o 
<5[7  -  $(fe,7o;t,o)] 

oc  2tt 

b  b 

Appealing  again  to  the  properties  of  the  5  functions  (see  appendix  A) 

-l 

6(b  —  bj);  70  =  constant 


86 
Ob 


yo,b=bi 


da 


2tt 


'00 
56 


-i 


(65) 


(66) 


(67) 


^- 0(6,70)]  =  Yl 

i 

the  differential  cross  section  becomes 

0  ^  ' 

This  expression  can  further  be  simplified  by  a  closer  examination  of  the  orientation 
variables  o.  One  of  them  can  always  be  chosen  as  an  azimuthal  angle,  say  x,  with 
respect  to  the  frame  z-axis.  It  is  easy  to  see  that  if  the  angles  70  and  x  are  changed 
by  the  same  amount  then  the  dynamics  will  not  change.  In  other  words,  the  dynamics 
rather  depends  on  x  -  7o  than  on 


70 


(68) 


alone.  Thus,  if  the  integral  in  70  is  performed  first  then  the  result  will  be  independent  of 
X,  and  the  remaining  integration  in  x  will  become  trivial.  This  procedure  can  be  inverted 
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by  taking  the  70  integration  to  be  trivial  and  keeping  the  integration  in  \  in  full.  By 
adopting  the  latter  point  of  view,  the  differential  cross  section  becomes 


I  ^  sin  0 


'00' 
Ob 


-1 
fc=fc, 


da 


(69) 


=  TT  f  do^-{9-o,t) 


where 


do 


sin  0  ^ 


'08' 
Ob 


(70) 


b=b, . 


Note  that  as  result  of  the  previous  discussion,  the  dependence  on  7  has  been  eliminated. 
This  is  the  equation  used  in  the  evaluation  of  a  classical  DCS.  This  expression  has  the 
clear  advantage  of  having  a  an  ordinary  derivative  instead  of  the  original  Jacobian. 

Classical  integral  cross  sections 


The  classical  ICS  can  be  easily  derived  by  integrating  the  previous  classical  DCS. 
For  internal  conditions  1,  and  orientation  o,  the  classical  integral  cross  section  a(i„o)  is 


(t(l,o)  =  I 


n 

2tt 


b  0 


M 
Ob 


(71) 


=  2\l 


h  dh  . 


Note  that  from  the  third  to  the  fourth  line  the  integration  in  0  has  been  changed  to  one 
in  h.  Therefore,  bmn  r  is  the  highest  impact  parameter  for  which  the  above  congruence 
condition  can  be  satisfied.  In  most  cases,  bmax  is  infinite  but  in  practical  calculations  it 
is  a  finite  value,  large  on  the  molecular  scale. 
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Laboratory  and  center-of-mass  differential  cross  sections 


In  the  previous  derivations,  not  specific  selection  of  the  reference  frame  has  been 
made  (that  is  the  reason  the  angles  0  and  7  bear  no  label  so  far).  However,  the  derivation 
can  equally  be  repeated  in  both  the  Lab  and  the  CM  frame  yielding,  respectively 


Note  that  both  b  and  (the  missing)  70  are  the  same  in  both  frames  since  they  are  relative 
coordinate  between  the  projectile  and  the  target. 

General  features  of  classical  differential  cross  secrions 

The  first  understanding  of  cross  sections,  either  classical,  SC,  or  quantum,  came  from 
the  study  of  some  model  systems  with  one  predetermined  PES.  A  brief  exposition  of  this 
type  of  approach  in  the  case  of  classical  mechanics  is  presented  above.  Further  details  can 
be  learned  form  the  abundant  examples  of  Ref.  [82].  Most  of  those  traditional  examples 
involved  systems  with  a  central  projectile-target  interaction.  Collisions  involving  atoms 
and  atomic  ions  do  lie  in  that  category.  The  use  of  one  PES  along  with  classically 
mechanics  will  implies  that  neither  electronic  excitation  nor  charge  transfer  can  be 
taken  into  account.  It  is  assumed  in  those  methods  that  the  central  potential  between 
the  projectile  and  the  target  V(r)  is  known  as  a  function  of  their  relative  separation 
r.  Therefore,  the  application  of  standard  classical  mechanics  techniques  will  give  the 


(72) 


(73) 
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following  results  for  the  deflection  function  in  the  CM  frame  [61,  13] 


0CA/(£,L)  =tt  -2b 


oc 

dr 


~2 
r  T 


b\'2  rini1/2 


E 


x. 


(74) 


=  7T  -  2bE 


dr 


r2 


1/2 


[E-^-V(r)] 

where  E  is  the  collision  energy,  rm  the  relative  separation  at  the  classical  turning  point, 
and  //.  the  projectile-target  reduced  mass.  The  derivative  (||)  can  be  readily  obtained 
form  these  expressions. 

Different  model  potentials  have  been  tested  to  calculate  classical  DCS.  The  archetypal 
examples  of  the  hard  sphere  and  the  repulsive  Coulomb  (Rutherford  scattering)  potentials 
can  be  found  in  Ref.  [82].  For  the  case  of  atomic  collisions,  purely  repulsive,  purely 
attractive,  and  both  attractive  and  repulsive  potentials  have  been  tested.  In  the  last  case, 
the  potentials  are  attractive  in  the  long  separation  range  and  repulsive  in  the  short  one, 
exhibiting  a  characteristic  "well"  at  intermediate  separations.  A  well-known  example  of 
attractive  and  repulsive  potentials  are  the  Lennard-Jones  n-6  potentials 

where  the  parameters  e  and  ro  are  the  depth  and  the  position  of  the  "well  bottom".  The 
first  exponent  is  usually  7?  =  12  although  other  values  are  possible.  These  potentials 
belong  to  the  category  of  two-parameter  potentials.  Studies  of  the  deflection  function 
from  such  potentials  have  been  done  usually  in  terms  of  the  effective  potential 

VL(r)  =  V(r)  +  — T  (76) 

i.  e.  the  actual  potential  plus  a  centrifugal  term.  In  the  case  of  attractive-repulsive 
interactions,  the  centrifugal  term  can  overcome  the  attractive  well  for  high  values  of  L 
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(high  value  of  impact  parameter  b)  making  the  effective  potential  purely  repulsive.  The 
main  features  of  the  defection  functions  from  these  potentials  are  [13,  4] 

1 .  Purely  attractive  potentials:  the  deflection  function  is  monotonically  decreasing  from 
7T  to  0  as  the  impact  parameter  goes  from  0  to  oo.  Only  one  branch  contributes  per 
each  value  of  the  scattering  angle. 

2.  Purely  attractive  potentials:  the  deflection  function  is  initially  decreasing  form  a  0 
value  at  0  impact  parameter.  However,  at  an  intermediate  impact  parameter  the  CM 
energy  matches  the  maximum  of  Vi(r)  the  projectile  begins  to  follow  an  stable  orbit 
around  the  target.  This  phenomenon  is  called  orbiting  or  spiraling  [61,  13].  During 
orbiting,  the  deflection  function  decreases  indefinitely  to  — oo  rendering  a  singularity. 
Beyond  this  critical  impact  parameter,  the  deflection  function  increases,  going  to  0 
at  infinite  impact  parameter.  Because  of  the  orbiting  singularity,  an  infinite  number 
of  branches  can  contribute  to  a  given  scattering  angle. 

3.  Attractive-repulsive  potentials:  at  relatively  high  energies,  the  deflection  function 
starts  behaving  similarly  to  a  purely  repulsive  one.  In  other  words,  the  repulsive 
part  of  the  potential  prevails  at  low  impact  parameters.  However,  the  deflection 
function  reaches  a  zero  value  (glory  angle)  at  a  finite  impact  parameter  (glory 
impact  parameter).  At  that  point,  the  repulsive  and  attractive  parts  to  the  potential 
counterbalance  each  other,  and  the  projectile  is  not  scattered.  Beyond  this  point, 
the  attractive  part  dominates  making  the  deflection  function  negative  and  decreasing. 
This  attractive  effect  weakens  at  even  higher  impact  parameters  so  that  the  deflection 
function  reaches  a  minimum  at  the  so-called  rainbow  angle.  Beyond  this  point,  the 
deflection  function  increases,  going  to  0  value  at  infinite  impact  parameter.  Because 
of  this  pattern,  three  branches,  one  repulsive  and  two  attractive,  can  contribute  to  a 
scattering  angle  below  the  absolute  value  of  the  rainbow  angle.  Beyond  that  point, 
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only  the  repulsive  branch  can  still  contribute.  Therefore,  the  classical  differential 
cross  section  has  a  sudden  decrease  in  intensity.  By  analogy  with  some  optical 
phenomena,  the  region  of  three  contributing  branches  is  called  the  lit  region,  whereas 
that  of  only  one  branch  is  called  the  dark  region.  If  the  energy  is  relatively  high, 
a  similar  behavior  is  observed  but  the  rainbow  angle  degenerate  to  an  orbiting 
singularity  in  the  deflection  function.  The  number  of  branches  are  then  infinite. 

The  features  previously  discussed  refer  of  course  to  classical  calculations  with  central 
PES.  However,  they  also  manifest  in  more  complicated  situations  (e.g.non-central  poten- 
tials, multi-surface  dynamics)  as  will  be  seen  in  the  systems  studied  in  chapter  7. 

Accuracy  of  the  classical  total  differential  cross  section:  classical  singularities 

Many  classical  cross  sections  calculations  have  been  done  with  either  model  or  ab 
initio  potentials.  The  comparison  of  these  total  classical  cross  sections  with  their  quantum 
and  experimental  counterparts  is  a  very  established  subject  in  the  literature  [82].  It  is 
generally  recognized  that  far  from  some  singularities,  to  be  explained  below,  classical 
differential  cross  sections  do  make  a  qualitatively  acceptable  prediction,  the  classical 
values  always  being  smaller  than  the  corresponding  quantum  and  experimental  ones. 
However,  the  overall  performance  of  the  classical  DCS  is  not  satisfactory.  The  main 
reason  is  the  occurrence  of  some  singularities  at  certain  scattering  angle  values.  These 
singularities  or  "effects"  are  not  present  in  quantum  calculations  or  experimental  results. 
By  inspecting  the  general  definition  of  the  total  DCS.  eq.  70,  it  is  possible  to  discern 
the  following  classical  effects: 

1.    Rainbow  effect:  It  occurs  when  the  conditions 


(77) 
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in  eq.  70  is  satisfied  by  and  impact  parameter  6ram6ow  This  effect  manifests  as 
a  sharp  peak  in  a  plot  of  a  classical  DCS  w.r.t.  the  scattering  angle  0.  The  peak 
appears  at  the  values  of  0  when 

6  =  ±[e(brainbow)  -  27m];  0  <  0  <  tt  .  (78) 

is  satisfied.  Taking  into  account  the  qualitative  description  of  the  previous  section, 
a  rainbow  singularity  happens  at  the  impact  parameters  when  the  attractive  or 
the  repulsive  part  of  the  projectile-target  interaction  reaches  an  extreme  value  (the 
attractive  rainbow  effect  is  the  most  common).  There,  two  branches  contributing  to 
the  DCS  coalesce  into  one.  In  physical  terms  this  means  that  an  increasing  number 
of  scattered  particles  will  end  up  at  the  same  scattering  angle.  This  infinite  peak  is 
not  observed  experimentally  but  a  finite  peak  somewhat  shifted  from  the  classical 
rainbow  angle  is  usually  observed. 
Glory  effect:  It  occurs  when  either  the  condition 
0  =  9  = 


or 


-.7  =  1,  2,  ... 

(79) 


•  j  =  1-  2.  ... 

(80) 


=  >(*U,)-2™ 
sin  [6  =  0]  =  0  , 

«  =  0  =  ±[e(biglory)-2*n 
sin  [0  =  7r]  =  0  , 

is  satisfied  in  eq.  70  with  finite  values  of  the  finite  impact  parameters  fy,7/ori/  .  j  = 

1,  2,  ...  or  bfnioriJ  .  j  —  1,  2          The  first  conditions  belong  to  the  forward 

glory  effect  and  the  second  to  the  backward  glory  effect.  Both  effects  manifest 
as  an  infinite  value  of  the  DCS  at  0  =  0.  The  forward  glory  effect  happens  at 
impact  parameters  when  the  projectile-target  interaction  changes  from  attractive  to 
repulsive.  The  projectile  at  those  impact  parameters  feels  a  null  effective  force  and  is 
not  deflected.  The  backward  glory  effect  happens  at  relatively  low  impact  parameters 
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when  the  projectile  is  exposed  to  the  repulsive  part  of  the  interaction.  The  collision 
energy  must  be  also  very  low  to  allow  a  back  scattering.  The  backward  glory  effect 
is  far  less  common  then  its  forward  counterpart.  The  physical  reason  for  both  glory 
effects  is  that  as  soon  as  the  scattering  angle  goes  to  either  0  or  it,  the  solid  angle 
dil  =  sin  0d.0d.ry  goes  to  zero;  therefore,  a  finite  flux  of  outgoing  particles  are  being 
sent  to  an  infinitely  small  solid  angle.  The  infinite  value  of  the  glory  effect  is  not 
observed  experimentally  because  the  measured  DCS  is  always  finite,  including  at 
zero  scattering  angle. 

3.    Small  angle  effect:  It  occurs  when  the  condition 

lim  0  =  ±[&{b)  -  27m]  , 

(81) 

sin  [0  =  0]  =  0  , 

it  is  satisfied  in  eq.  70.  This  effects  manifests  as  an  infinite  value  of  the  DCS  at 
0  =  0  but  with  higher  intensity  than  the  glory  effect.  This  effect  is  caused  by  the 
unscatterd  projectiles  at  high  impact  parameters.  Again  this  effect  is  not  observed  in 
quantum  calculations  or  experimental  measurement. 

This  classical  effects  "happens"  in  situations  when  classical  mechanics  is  most  likely 
to  fail  from  a  quantum  mechanical  point  of  view.  For  instance,  the  classical  rainbow 
effects  is  not  really  observed  because  the  definite  classical  trajectories  coalescing  at  the 
rainbow  impact  parameter  are  not  appropriate  to  describe  a  quantum  phenomenon.  If  this 
trajectories  are  replaced  by  interfering  partial  waves  then  the  classical,  infinite  peak  will 
become  into  a  shifted,  finite  peak.  The  relationship  between  these  classical  effects  and 
the  real,  quantum  mechanics  DCS  is  shown  by  the  SC  theory.  This  theory  also  provides 
some  mathematical  techniques  to  correct  this  unphysical  effects  in  a  classical  calculation. 
This  topic  will  be  discussed  by  the  end  of  this  chapter. 
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The  rainbow  effect  can  not  be  seen  in  the  classical  ICS  since  the  integration  procedure 
over  the  impact  parameter  b  washes  this  singularity  off.  However,  the  classical  ICS 
diverges  for  elastic  processes.  This  lack  of  convergence  can  be  linked  to  the  glory  and 
small  angle  effect  previously  discussed.  The  convergency  in  the  elastic  classical  ICS  can 
be  restored  if  some  SC  techniques  are  applied. 

Classical  Partial  Cross  Sections 

So  far,  only  total  classical  cross  sections  has  been  described.  Partial  differential  cross 
sections  are  concerned  with  the  final  state  of  the  target  and  the  projectile.  The  term  final 
state  refers  to  the  internal  degrees  of  freedom  of  the  two  collision  partners,  which  have 
been  collectively  denoted  by  t  at  initial  time.  The  description  of  the  internal  state  at  a 
given  time  is  attained  by  knowing  the  values  of  either  all  the  internal  generalized  position 
and  velocities,  in  the  Lagrangian  formulation,  or  all  the  internal  generalized  position 
and  their  conjugated  momenta  in  the  Hamiltonian  one.  Many  different  but  equivalent 
selections  of  internal  variables  can  be  made  freely,  and,  in  fact,  classical  mechanics  does 
not  favor  any  of  them  from  a  purely  theoretical  point  of  view.  The  selection  of  a  given 
set  of  internal  positions  and  velocities  (or  momenta)  might  be  made  on  the  basis  of  the 
ease  of  their  transformations,  the  accuracy  of  their  description  for  a  given  problem,  or 
their  convenience  for  a  numerical  implementation. 

The  simple  example  of  an  atom-diatom  scattering  processes  is  again  used  to  simplify 
the  presentation.  The  vibrational  degree  of  freedom  is  considered  frozen  and  will  not 
be  explicitly  shown.  By  generalizing  the  arguments  used  in  the  derivation  of  the  total 
differential  cross  section,  it  is  easy  to  prove  that  the  classical  partial  cross  section  for 
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this  scattering  system  (cf.  134) 

d3a 


2-  2?r 


d0dljdlm_ 


0         0         0  0 


In  this  case,  the  orientation  variables  are  do  =  d(f>jd<f>m  with  normalization  Ao 
The  deflection  functions  0  and  $  are  now 

e  =  e(6,7o,0},^;i2°,Po,<2,<i)  =  e(6,7o,^,^) , 


(82) 


4/t- 


(83) 


and 


(84) 


and  the  final  actions 


//  =  //(&,  70-  <t>y  A :      P°,  <2,  «i)  =        70.  ^-     )  • 


and 


^=^(^70,44;JR0!JP°5<2,*l)=4(6)70,^^m) 


(85) 


(86) 


A  characteristic  feature  of  the  present  classical  mechanics  treatment  is  that  the  labeling  of 
the  cross  sections  is  by  the  continuous  variables  Ij  and  Im  through  their  partial  derivatives. 
By  similar  arguments,  as  those  used  in  the  total  cross  section  case,  the  functionality  in 
70  can  be  removed").  A  more  practical  expression  is  therefore 

<93rr 


oc         2tt  2n 

dbb 


b        b  o 

x^-e)*^ -//)*(/„-//) . 


(87) 


where  now 


(88) 


11.  In  the  opinion  of  Ref.  34,  this  may  not  be  true  for  other  quantization  axes. 


142 


and 


//  =lf(b,,<t>j,<f>m) 


(89) 
(90) 


(91) 


The  last  two  integrals  can  be  evaluated  first  at  a  constant  value  of  the  impact  parameter 
h.  Therefore,  by  invoking  once  more  time  the  delta  function  properties  (see  appendix 
A,  it  is  possible  to  write 

~  //)*(/»  -  /£)  =  S(<j>j  -  ^)6(<j>m  -  ^)|de<(j(^,4;i))|_1  ,  (92) 


where  the  determinant  det 


det 
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J  [fife  b) 
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IS 


do' 


J  /  if  if 


HJL\b 


oil 

0o' 


(JUL)  (  QiL  \ 

y'KJr'.il-.i,    V3*m.J i'iLb 


I 


(93) 


This  is  again  the  "Van  Vleck's  determinant"  [92]  already  shown  in  eq.  131,  chapter 
2.  Now  this  determinant  has  appear  in  a  purely  classical  context.  Note  that  the  impact 
parameter  b  is  taken  as  a  constant  in  the  last  expression.  The  differential  cross  section 


is  now 


<93o- 


oc 

H-7"')  =  4^W dbbSiO-e^detiJi^b))^  .  (94) 


By  performing  the  remaining  integration,  the  final  result  is  obtained  as12 


0ttdljdlm\ 


\     J    m)  sin0^ 


0±\ 

Ob  \bk 


(95) 


12.  Note  that  in  Ref.  134  this  final  expression  is  not  derived. 


143 

where  the  classical  probability  Pciass\Jj '» Im\^i  \  is 


P,    /V  -  — 


dl{  \  {  dl{X 


(96) 


and  the  index  fc  denotes  the  different  branches  rendering  a  diatomic  molecule  with  final 
actions  /■  and  /•  and  a  projectile  asymptotically  travelling  in  the  0  direction. 

In  order  to  obtain  classical  differential  cross  sections  from  the  last  expression  a  series 
of  classical  trajectories  must  be  run  with  fixed  initial  values  of  R°,  P°,  I]  and  4,  and 
varying  values  of  0  <  b  <  oo,  0  <  <j>j  <  2tv  and  0  <  (f>m  <  2-n.  As  in  the  total  cross 
section  case,  the  evaluation  of  the  "Van  Vleck  determinant"  is  a  cumbersome  task  but 
there  is  no  simple  way  to  circumvent  its  evaluation  here.  Furthermore,  a  continuum  of 
values  of  r-  and  /•  can  be  classically  obtained.  Therefore,  to  obtain  realistic  results  for 
the  differential  cross  section,  it  is  imperative  to  abandon  the  pure  classical  description 
and  impose  the  SC  quantizations  rules  to  both  actions 

Ij=njh  (97) 

and 

Im  =  nmh  (98) 

where  n}  =0.  1,  2,  ...  and  7?.„,  =  -rij,  -rij  +  1.  ...  ,rij  -  1.  n,  are  the  orbital  and  the 
azimuthal  quantum  numbers,  respectively.  This  is  almost  the  SC  prescription  explained 
in  detail  in  chapter  2. 

Expressions  for  less  resolved  differential  cross  sections  can  be  obtained  by  successive 
integration  of  the  original  expression  above.  An  integration  in  only  /,„  renders  the 
differential  cross  section  ^jj-  (see  Ref.  134  and  references  therein  for  both  theoretical 
and  experimental  results  about  it).    An  integration  in  both  /,„  and  //  renders  the 
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unresolved,  total  differential  cross  section  ^  as  in  the  previous  section.  A  generalization 
of  these  expressions  to  the  case  of  a  non  rigid  rotor  target  is  relatively  simple  to  obtained 
and  it  is  omitted.  The  final  result  resembles  the  purely  classical  part  of  the  SC  S-matrix 
presented  in  chapter  2. 

In  some  approaches,  there  is  no  interest  to  express  the  classical  cross  sections  in 
terms  of  the  action-angle  formalism.  There,  the  direct  inspection  of  some  less  elaborated 
positions  and  conjugate  momenta  are  of  primary  importance  (see  Ref.  135-138).  The 
disadvantage  of  these  approaches  is  that  the  relationship  to  quantum  mechanics  is  indirect 
and  that  the  selections  of  variables  by  the  different  authors  make  the  comparison  of  their 
results  somewhat  difficult.  In  one  study  of  atom-molecule  collisions  [136],  the  DCS  is 
expressed  in  terms  of  the  usual  impact  parameter  b  and  the  initial  projectile  azimuth 
70  plus  some  particular  internal  variables  for  the  molecular  target.  They  are  the  initial 
molecular  angular  momentum  modulus  j  =  |j|,  their  spherical  polar  and  the  azimuthal 
angles  a  (i  in  a  space  fixed  frame;  and  the  angle  6  between  the  bond  vector  and  the 
projection  of  the  angular  momentum  j  onto  the  plane  of  rotation.  The  differential  cross 
section  is  derived  by  appealing  to  the  Liouville  theorem  in  classical  mechanics  [61]. 13 

The  DCS  turns  out  to  be 

0ba  pf 


dOd<f>da'dp'dj'  8tt2p 


b  sin 


<9(/).7o,a,/3,<S) 


8tt2  sin  0  sin  fi'  d(e,<f>,a',/3'J') 
The  integration  over  all  the  variables  except  0  and  j'  leads  to  [139] 


(99) 


0 


of  on 


(100) 


13.  This  is  also  the  case  of  Ref.  137.  The  use  of  this  approach  has  the  advantages  to  simplify 
the  derivation  of  a  classical  cross  section  but  it  has  the  disadvantage  to  not  show  the  many 
theoretical  and  experimental  assumptions  around  it.  This  is  the  reason  it  has  not  been  employed 
in  the  previous  section  on  total  differential  cross  sections. 


where  the  differential  cross  section 
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dj'dSl 


for  the  initial  molecular  orientation  [a,  ft] 


is 


E 


dj'dil  ^  4?r sin6 

J  k 


d(j'J) 


(101) 


with  a(2  =  2nsm9d9.  This  expression  is  equivalent  to  the  previously  mentioned  5^7- 
differential  cross  section  in  the  action-angle  scheme.  This  formula  is  preferred  when  the 
action-angle  transformation  are  not  desirable  and  when  direct  relationship  between  the 
variables  in  the  Jacobian  are  relevant.  Similar  expressions  can  be  found  in  Ref.  137. 


Singularities  in  the  classical  partial  cross  sections:  rotational  rainbows 


The  knowledge  of  singularities  in  the  partial  differential  cross  section  is  less  extensive 
than  that  in  the  total  cross  sections.  Conclusive  but  not  exhaustive  examples  of  these 
phenomena  are  known  from  theory  and  experiments  [139,  134,  37].  In  the  context 
of  action-angle  differential  cross  section,  the  occurrence  of  singularities  can  be  found 
whenever  the  partial  derivatives  (§f),  ^g^-J,  or  (f^)  are  zero-  Tne  first  case  seems 
to  be  analogous  in  effect  and  origin  to  the  previous  angular  rainbow  discussed  for  total 
differential  cross  sections.  However,  studies  of  this  singularity  are  not  complete  (see  for 
example  Ref.  85).  This  subject  will  be  addressed  in  more  detail  in  the  END  cross  section 
The  singularities  arising  from  the  other  two  derivative  are  not  called  rainbows  and  have 
been  studied  in  detail  in  the  context  of  the  SC  theory  and  will  be  discussed  in  a  later 
section.  A  complete  analysis  of  the  singularities  in  the  non  action-angle  differential  cross 
section  has  been  done  in  Ref.  139.  Obviously,  there  will  be  a  singularity  in  the  cross 
section  whenever  the  Jacobian 


d(6-7o) 
d(j'.O) 


(102) 
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is  infinite.  In  principle,  this  might  happen  whenever  at  least  one  of  the  four  partial 
derivatives  is  infinite,  a  situation  leading  to  four  types  of  singularities  or  "rainbows". 
However,  its  is  easy  to  prove  by  two-variable  calculus  that  when  one  derivative  is  singular 
the  other  three  are  also.  In  other  terms,  if  the  an  extrema  exists  for,  say,  j'  =  j'(b,  70) 
subject  to  the  constraint  of  a  constant  6  then  it  holds  that  (§jr)^  =  =  ®  ^or  some 

particular  values  {br-7o.r)',  Dut  this  immediately  implies  that  the  function  0  =  #(6,70) 
subject  to  the  constraint  of  a  constant  f  has  also  an  extremum  (§5)^  =  =  ^ 

at  the  same  point,  making  the  fourth  derivatives  zero.  If  plots  are  made  of  this  classical 
differential  cross  sections   ^r— ■ — '-  both  as  a  function  of  j  at  constant  0  and  vice 

oj  ail  J 
versa  then  strong  singularities  will  be  shown  in  both  plots  at  the  points  j'r  =  /(6r;7o,r) 

and  9r  =  #(frr-7o,r),  respectively.   These  singularities  will  survive  in  the  observable 

differential  cross  section   aj>aQ —    provided  that  the  averaging  over  the  orientation 

does  not  wash  out  this  effect.   This  singularity  has  been  called  "rotational  rainbow" 

"a2<r(fl,j';q,/?) 


[140]  for  its  manifestation  in  a 


of  on 


vs.  j'  plot.  Theoretical  and  experimental 

9 


examples  of  this  phenomenon  can  be  found  in  Ref.  139  and  references  therein.  Those 
examples  show  a  more  complicated  relationship  to  the  details  of  the  potential  energy 
surface  and  are  not  necessarily  related  to  a  transition  from  a  repulsive  to  an  attractive 
part  of  the  potential.  Of  course,  the  experimental  results  do  not  show  a  singularity  but  a 
strong,  bound  peak  which  can  be  ascribed  to  a  classical  singularity.  A  more  general  view 
of  this  subject  comprising  the  singularities  from  both  types  of  differential  cross  sections 
is  not  known  in  the  literature,  and  it  will  not  be  attempted  here. 

Semiclassical  Cross  Sections 

The  relationship  between  the  quantum  DCS,  presented  in  the  first  sections  of  this 
chapter,  and  their  classical  counterparts,  presented  in  the  preceding  sections,  is  effected 
by  the  SC  theory.  This  undertaking  is  not  only  explanatory  since  the  SC  theory  also 
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provides  useful  mathematical  techniques  to  correct  the  unphysical  singularities  in  the 
classical  DCS.  In  essence,  the  SC  approach  to  the  DCS  [13,  82]  consists  in  replacing 
the  discrete  sums  in  the  quantum  expressions  by  integrals  and  then  in  evaluating  them 
in  the  limit  of  h  — >  0.  This  last  operation  involves  the  use  of  the  stationary  phase 
approximation  [81]  and  other  more  sophisticated  techniques  related  to  it.  The  derivation 
of  the  SC  DCS  from  the  exact  quantum  ones  is  more  a  mathematical  problem  than  a 
physical  one.  Except  for  the  simplest  scattering  cases,  the  mathematics  involved  is  rather 
intricate.  Furthermore,  the  SC  treatment  of  some  complicated  scattering  situations  seem 
to  be  unknown. 

Most  of  the  knowledge  about  the  SC  DCS  is  about  elastic  scattering  of  atoms  and 
will  be  presented  first.  Despite  its  original  range  of  application,  these  SC  methods  can  be 
extended  to  treat  inelastic  scattering  with  the  END  theory  as  will  be  seen  in  chapter  6.  The 
first  prescribed  SC  treatment  for  the  rainbow  effect  was  formulated  by  Ford  and  Wheeler 
[141]  and  was  later  extended  by  M.  V.  Berry  [142].  This  prescription  can  be  applied 
when  the  rainbow  singularity  is  either  unique  or  far  away  form  other  rainbow  peaks.  The 
rainbow  angle  must  be  far  away  from  a  possible  glory  angle  as  well.  This  whole  situation 
is  extremely  common  and  it  will  be  exemplified  by  the  scattering  systems  in  chapter  7. 
The  case  of  two  or  more  rainbow  peaks  close  to  each  other  constitutes  a  much  more 
complicated  mathematical  problem.  These  situations  have  been  exhaustively  studied  by 
Connor  in  a  series  of  papers  [143-147]  in  which  the  catastrophe  theory  [148]  played 
and  important  role.  System  exhibiting  this  type  of  rainbow  effect  are  fortunately  rare 
although  an  example  is  shown  in  chapter  7.  However,  the  implementation  of  Connor's 
SC  techniques  is  rather  cumbersome  as  will  be  briefly  discussed  in  chapter  6.  The  SC 
treatment  of  the  glory  effect  and  the  small  angle  effect  are  mathematically  different  from 
that  in  the  rainbow  effect.  A  thorough  treatment  of  both  effects  has  been  given  by  M. 
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V.  Berry  [142].  These  techniques  are  being  implemented  in  the  framework  of  the  END 
theory  as  well  [115].  However,  they  will  not  be  explained  in  detail  here  since  they  are 
not  used  in  the  systems  studied  in  chapter  7.  Further  details  can  be  found  in  Ref.  [1 15]. 

The  knowledge  about  SC  DCS  for  inelastic  scattering  process  is  very  narrow.  A 
method  proposed  by  Miller  [85],  which  apparently  has  never  been  tried,  will  be  discussed 
in  chapter  6.  Another  known  example  is  the  application  of  the  SC  techniques  to  the 
IOSA  approximation  done  by  Schinke  and  Bowman  [37]  in  the  context  of  the  rotational 
rainbows.  This  effort  seems  to  be  of  little  relevance  for  the  END  theory. 

Finally,  there  exist  SC  methods  to  correct  the  singularities  in  the  derivatives  of  the 
Van  Vleck's  determinant  of  the  SC  S-matrix,  eq.  131  and  93  [82].  These  techniques  are 
called  "non-generic"  [82]  as  opposed  to  the  "generic"  treatments  of  rainbows  presented 
above.  These  methods  are  of  no  use  within  the  END  theory. 


CHAPTER  6 
THE  END  CROSS  SECTIONS 

The  END  S-Matrix 

General  Overview 

The  derivation  of  cross  sections  for  the  QCSD  END  theory  can  be  now  undertaken. 
The  point  of  view  adopted  here  is  that  the  QCSD  END  wave  functions  and  its  TDVP 
propagation  are  quantum  in  nature.  It  is  very  important  to  bear  in  mind  that  the  full 
QCSD  END  theory  is  a  model,  approximated  but  quantum  theory.  Therefore,  a  quantum 
derivation  of  the  END  properties  can  be  done  by  adapting  the  quantum  formalism 
explained  in  the  beginning  of  chapter  6.  After  this  quantum  stage  is  completed,  the 
SC  limit  of  h  — ►  0  will  be  finally  applied  to  be  in  accordance  with  the  END  dynamical 
equations,  eq.  35.  In  applying  that  limit,  an  special  care  will  be  exerted  to  retain  as 
much  quantum  dynamical  information  as  the  model  allows.  At  this  stage,  the  previously 
presented  CS  and  SC  theories  will  be  heavily  invoked. 

As  seen  in  the  previous  chapter,  the  key  element  in  the  formulation  of  quantum  cross 
sections  is  the  S-matrix.  The  definition  of  the  exact,  quantum  mechanical  of  the  S-matrix 
SH™b  is  in  terms  of  the  evolution  operator,  eq.  9  is  [4,  3] 

SlZb  =  )im  (^fclexP 
r— »oc 

(t  =  t2-h) 

where  Htntal  is  the  Hamiltonian  of  the  whole  system,  and  the  ipa,  ■(/>„  are  the  initial  and 
final  wave  function  describing  the  process.  In  turn,  these  function  can  be  expressed  as 
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n 


1>a) 


(1) 
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[3]  4>n  =  v>„(f>a  and  i/jj,  =  w^b,  where  wa  and  wj  are  two  wave  packets  describing  the 
translational  degrees  of  freedom,  and  <■/>„  and  <•/>*,  are  two  stationary  eigenstates  describing 
the  reagents  and  the  products,  respectively.  The  labels  a  and  b  are  collections  of  quantum 
numbers  denoting  the  internal  quantum  states  of  reagents  and  products,  respectively.  The 
meaning  of  the  S-matrix  is  very  clear:  it  is  the  probability  amplitude  to  find  the  system 
in  the  state  b  at  time  after  being  in  the  state  a  at  time  t\.  By  writing  the  evolved 
wave  function  V'a(')  at  final  time  as 


■if>a{t)  =  exp 


i>a  •  (2) 


n 

the  S-matrix  can  be  rewritten  in  a  form  which  omits  the  evolution  operator 

SlZi  =  Km  fa|lM*)>  •  (3) 

t— >oo 

The  QCSD  END  wave  function  is  not  evolved  by  the  exact  evolution  operator  but  by  a 
nonlinear,  approximate  TDVP  scheme.  Therefore,  the  definition  of  a  END  S-matrix  in 
the  form  of  eq.  1  is  impossible  unless  an  effective,  nonlinear  operator  ffMD{t2  —t\)  is 
used  to  replaced  the  exact  evolution  operator  Ufa  -  ti),  jftlD{ti  -  t\).  However,  that 
approach  seems  to  be  not  very  useful.  However,  a  END  S-matrix,  or  an  END  analogue 
of  the  S-matrix,  can  be  easily  formulated  in  the  lines  of  eq.  3 

S^hD=  KmU>rD\tf*D(t)).  (4) 

r— »oc 

Here,  ip%ND{t)  will  be  the  QCSD  END  wave  function,  eq.  18,  which  has  been  evolved 
with  the  END  dynamical  equations,  eq.  35;  and  V>f A  D  will  be  a  wave  function  describing 
the  state  of  the  product  in  a  way  compatible  with  the  END  theory.  Conceptually,  the  END 
S-matrix  is  the  probability  amplitude  to  find  the  system  the  END-equivalent  state  b  at 
time  t2  after  being  in  the  END-equivalent  state  a  at  time  t\  after  evolving  with  the  END 
dynamical  equations.  The  term  "END-equivalent"  does  not  mean  something  artificially 
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created  but  the  END  closest  approximation  to  the  exact  quantum  states.  The  END  S- 
matrix  will  be  an  approximation  to  the  exact,  quantum  S-matrix.  This  approximation 
might  exhibit  some  departures  from  its  exact  counterpart  The  most  conspicuous  of  this 
departure  is  the  failure  of  the  END  propagation  scheme  to  satisfy  the  detailed  balanced 
principle,  eq.  17,  as  explained  in  chapter  3.  However,  this  limitation  poses  no  serious 
problem  when  the  END  theory  is  applied  to  the  systems  studied  in  chapter  7.  Having 
defined  the  END  S-matrix,  the  definition  of  the  END  cross  sections  will  stem  from  it. 

The  END  Cross  Sections  I:  Atom-Atom  Scattering 

The  Atom-Atom  END  Wave  Function 

The  first  step  in  this  derivation  is  to  rewrite  the  END  wave  function  in  the  CM  frame. 
This  is  only  necessary  for  purposes  of  interpretation  at  initial  and  final  times.  The  actual 
END  propagation  is  always  done  in  the  Lab  frame.  The  QCSD  END  wave  function  is. 

eq.    18,  is  again 

9END{X,x,t)  =  Fnuc/[X;R(t),P(0]/e/[x;z(i),R(i)]x 


jltotalV) 


(5) 


exp 

where  all  its  components  have  been  previously  discussed  in  chapter  3.  For  the  case  of  two 
colliding  atoms  (or  for  a  diatomic  molecule)  the  nuclear  part  consists  of  two  Gaussian 
wave  packets  (cf.  19) 


Fnuc/(X;R,P)  =  n>xp{-«A-[Xk  -  Rk(')f  +  ^Pk(<)  •  [Xk  -  Rk(/)]j 

k-l  J 


(6) 


The  electronic  part  fci[z(t),  R(i!)]  is  the  Thouless  single  determinant  wave  function.  The 
total  phase  jtotai(t)  is  the  action  A(t)  of  the  END  generalized  Lagrangian  L(R,  P,z): 

ltotai{t)  =  A(t)  =  I  dfL[R(t%P(t%z(lf)]  (7) 

where  /  =  ii  —  t\. 
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So  far,  Gaussian  wave  packets  of  finite  coefficients  a*,  and  the  real  finite  value  of  h 
are  being  used.  The  nuclear  coefficients  can  be  explicitly  defined  as  those  of  a  canonical 
CS  (cf.  eq.   34  and  35) 

o-k  =  -^1    A:  =  1.2  (8) 

where  m*  and  are  the  mass  of  and  the  angular  frequency,  respectively  associated 
with  the  nucleus  k.  Those  frequencies  can  in  principle  have  any  value.  However,  since 
the  END  theory  assumes  frozen  wave  packets,  both  and  Uk  will  not  vary  during  the 
time  evolution.  This  selection  of  Gaussian  parameters  also  makes  the  "triple"  SC  limit 
used  in  chapter  3 

h  -+  0  , 

a*  -»  oo  ,  (9) 

akh  — *  finite  constant  , 
reduce  to  the  first  one  alone  as  previously  anticipated. 

The  transformation  to  the  CM  coordinates  is  effected  by  adapting  to  the  present 
situation  the  Jacobi  coordinates  mentioned  in  chapter  2.  This  is 

X0  =  —  (miXi  +  ?n2X2)  . 

M  (10) 

x  =  X2  -  Xi  . 

with  a  similar  transformation  for  the  parameters  of  the  average  nuclear  positions 

R-o(0  =  — (miRi(/)  +  m2R2(0)  • 

M  (11) 

r(t)  =  Ra(<)  -  Ri(0  , 
where  M  is  the  total  mass  (M  =  m\  +  m2).  Obviously,  X0  (Ro)  and  x  (r)  refer  to  the 

nuclear  CM  and  the  nuclear  relative  positions,  respectively.  This  transformation  is  set 

into  F„,(r/(X:R.P)  in  order  to  write  this  function  as  a  product: 

FBttc/(X;R,P)  =  Fo(Xo:R0,Po)Fm,(x:r,p)  .  (12) 
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After  some  few  algebraic  steps,  omitted  for  brevity,  it  is  easy  to  find  that  this  factorization 
can  be  achieved  only  if  the  condition:  u>\  =  ui?  =  uj  is  imposed.  In  that  case,  it  is 
obtained  that 


F0(Xo:  R0.  Po)  =  expi  -a0[X0  -  R*(*)]2  +  £Po(*)  ■  [X0  -  Ro(*)]  }  .  (13) 


and 


Fint(x:  r.p)  =  exp|-«/([x  -  r(f)]2  +  £p(t)  •  [x  -  r(*)]J  ■  (14) 

Here,  the  new  momentum  parameters  Po(t)  ("total  nuclear  momentum")  and  p(t) 
("relative  nuclear  momentum"  )  are 

Po(*)  =  Pi(*)+Pa(*)  (15) 


and 


p(i)  =//(r2  -Ri)  =//t  ,  (16) 

respectively,  where  //  is  the  translational  reduced  mass  (//  =  „"|'+"n,2)-  The  transformed 
nuclear  coefficient  turn  out  to  be 

"°  =  !F  (l7) 

and 

""  =  W-  (18) 

The  electronic  part  of  the  wave  function  undergoes  the  same  transformation.  However, 
that  part  is,  aside  from  electronic  parameters,  a  function  of  relative  nuclear  positions 
only.  Therefore,  its  form  will  not  be  affected  by  this  transformation.  A  similar  partition 
of  the  total  phase  means  that 

7(*)=7&(*)+7in*(*).  (19) 
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where  7o(/)  contains  only  the  nuclear  CM  variables  and  7mt(*)  the  remaining  nuclear 
(relative)  variables  along  with  the  electronic  parameters.  These  terms  will  be  explicitly 
given  in  the  SC  limit  in  the  next  section. 

By  the  previous  procedure,  the  total  QCSD  END  wave  function  has  been  divided 
into  two  parts:  one  part  totally  in  terms  of  the  CM  nuclear  coordinates  and  parameters 
and  another  in  terms  of  the  remaining  (relative)  nuclear  and  electronic  coordinates  and 
parameters.  The  CM  part  is  a  canonical  CS  with  a  trivial  time  evolution  that  of  the 
system  CM.  This  part  can  be  totally  separated  together  with  its  phase  7o(£)  from  the  rest 
leaving  the  internal  END  wave  function 

*f£D(t)  =  ^[r(0,P(01/d[«W.r(0]«p(p««w)  (20) 

alone.  In  most  of  the  cases,  it  is  convenient  to  transform  the  Cartesian  nuclear  coordinates 
and  parameters  in  F,-,^(x:r,p)  into  a  spherical  polar  representation.  Because  of  the 
symmetry  of  the  problem,  the  dynamics  will  be  constrained  to  a  plane  (this  is  also  true  in 
a  full  quantum  treatment).  For  the  case  of  a  diatomic  molecule,  the  nonrotating  coordinate 
system  is  oriented  with  the  z-axis  normal  to  the  dynamics  plane  ((9  —  |)  whereas  the 
azimuthal  angle  <p  is  free  to  vary  in  its  full  range,  0  <  </?  <  2fl\  In  the  case  of  a  two- 
atom  scattering,  the  coordinate  system  is  oriented  with  the  z-axis  in  the  direction  of  the 
incoming  projectile.  The  expression  is  the  same  but  with  ip  replaced  by  the  polar  angle 
0  (0  <  0  <  7r).  In  either  case,  it  is  obtained  that 

Fint(x,  tp, :  r,  <p)  =exp{-a/(  [x2  +  r2(t)  -  2xr(t)cos((p  -  <p(t))]  }  x 

exp^fi[r(t)xcos(<p  -  fi(t))  -  rr]|x  ^1) 
xr<p(t)sin(<p  —  (p(t)) 


exp<;  -ii 


where  0  <  x  (r)  <  oo  is  the  (parametric)  relative  position  of  the  two  atoms, 
0  <  r(t)  <  oo  and  -oo  <  </?(/)  <  oo  are  the  (parametric)  linear  and  angular  velocities. 
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The  first  two  lines  in  this  equation  would  form  a  canonical  CS  for  the  atomic  relative 
positions  if  some  angular  term  could  be  separated  out.  The  third  line  would  be  a  pure 
angular  function  if  some  linear  term  could  also  be  separated  out.  However,  the  coupling 
between  the  angular  and  the  linear  variables  is  a  real  effect  and  there  is  not  an  exact  way 
to  decuple  them  (a  situation  similar  to  that  in  molecular  spectroscopy  theory).  Note  that 
except  for  the  assumption  of  a  unique  frequency  u,  all  this  steps  are  exact.  Furthermore, 
a  unique  frequency  for  a  two-atom  system  is  not  a  problem  because  it  is  related  to  the  one 
vibrational  mode  of  the  system.  In  the  description  of  a  diatomic  molecule,  this  frequency 
can  be  set  to  the  real  vibrational  frequency  of  the  system  at  the  initial  time.  However, 
in  the  description  of  an  atom-atom  scattering,  this  frequency  can  not  be  assigned  to  a 
vibration. 

Uncoupling  of  the  Angular  and  Linear  Coordinates 

Further  analysis  of  this  problem  is  difficult  unless  some  approximations  are  introduced 
into  the  above  internal  function.  In  the  same  spirit  as  that  of  the  molecular  spectroscopy 
theory,  the  following  approximation  will  be  considered  (cf.  eq.  36): 

Fint(x,  (p, ;  r,  (p)  w  Fvih{x:  r)Frot(<p;  (p)  ,  (22) 

where 

Fvib(x;  r)  =  Iexp|-a/([.x  -  r(t)f  +  pir(t)[x  -  r(t)]\  (23) 

and 

Frot(<p:(p)  =exp{-2aflrl[l  -  cos(tp  -  (p{t))]}x 

exp{^fir%(p(t)sin(<p  -  £(«)) 

The  -  factor  in  Frih  cancels  the  x2  in  the  spherical  volume  x2 sinddxdOdtp  during 
integration.  In  the  case  of  a  diatomic  molecule,  the  terms  tq  and  t-q  are  the  separation 
and  the  linear  velocity  at  equilibrium,  respectively.    In  the  scattering  case,  they  are 
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an  arbitrarily  large  separation  and  the  final  linear  velocity,  respectively.  Notice  that  the 
vibrational  part  has  a  time  variation  only  through  the  parameter  r(t),  and  the  rotational  part 
only  through  <p{t).  This  approximate  separation  into  vibrational  and  rotational  degrees  of 
freedom  might  be  justified  in  the  following  way.  First,  the  exact  internal  END  function 
is  rewritten  as 

Fint{x,  (p. :  r.  (p)  =exp<  -afl[x  -  r(t)}2  +  pir(t)[x  -  r(t)]  >  x 


exp{-2a/1xr(i)[l  -  cos(<p  -  <p{t)j\}x 


exp^  —  fi[xr(t)cos(tp  —  <p(t))  —  1]  f  x 


(25) 


xrip(t)sin(ip  —  </?(/)) 

Then,  the  main  part  of  the  third  factor  can  be  exactly  expanded  as 

fi.r(t)x 


expl  -n[xr(t)cos(ip  -  tp(t))]  \  =  £Y(2Z  + 


/=0 

oc 


n 


Pt[cos(<p-lp(t))] 


(26) 


^i\2l  +  l)jl[kr(t)x]Pl[cos(<p-$(t))] 
1=0 


where  the  j'Js  are  the  spherical  Bessel  functions  [27],  the  Pjs  are  the  Legendre  functions 
[27],,  and  kr(t)  =  ^jp.  If  either  .x  or  kr(t)  — ►  oo  then  it  holds  the  asymptotic  form  [27], 


kr{t)x 


sin 


kr(t)X 


In 


(27) 


If  /).  is  taken  as  very  small  then  the  above  limit  can  be  applied.  Also  in  that  situation  , 
the  Gaussian  terms  make  the  total  function  be  significant  only  if  y?  ~  <p(t)  and  x  ~  r; 


then  Pj[cos((p  -  <£(/))]     «     1  [27],  and  from  this 

h  small 


expl  -n[xr(t)cos((p  -  £(/))]  \     «     V»:'(2I  +  1)— — -sin 

[  n  \   h  small  f— t  kr(t)X 


1=0 


kr(t)x  -  - 


(28) 


Then,  the  approximate  replacement 


xr(t)     w  r{t,y 

h  small 


(29) 
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is  introduced  in  the  second  and  fourth  factor  of  the  exact  internal  function,  eq.  25, 

kr(t)x  »  k%  (30) 

in  the  sine  argument  of  the  expansion,  and 

kr{t)^k°r  (31) 

in  the  sine  denominator.  By  putting  all  together  and  discarding  the  constant  terms,  the 
separation  in  eq.  22  is  obtained. 

The  study  of  the  mechanical  behavior  of  this  approximate  function  in  the  full  classical 
limit  (  h  — >  0  )  can  also  justify  this  separation.  In  that  limit  ,  we  can  even  substitute  the 
approximate  rotational  function  in  an  integrand  for  its  expansion  up  to  quadratic  terms 
Frotiv-  $)     ~    exp{  -o1,rl{ip  -  v?(/)]2  \  x 

h  .small         K  J 

(i    2-  1  (32) 

exp  1  ^//To^(^^  ~  f 

and  to  enlarge  the  integrations  limits  of  (p  from  [0,  2tt]  to  [— oc.  oo],  For  the  same 

reason,  the  integration  limits  of  x  can  be  expanded  from  [0,  oo]  to  [— oo.  oo]  as  usual 

in  molecular  spectroscopy  theory14.  For  an  angular  operator  A,  its  average  value  in  the 

approximate  internal  function  is 


(Fint 

A 

Fint) 

{Frot 

A 

Frot) 

(Fjnt\Fjnt) 

(Frot\Fr„t) 

(A) 


Then,  in  the  SC  limit,  it  is  easy  to  prove  that 


(33) 


hm(Lx)  =  hm  (L,,)  =  0  .  (34) 

n— >0  n— *0 


lim(L2)  =  fl.rfo(t)  ,  (35) 

n— »U 


14.  It  is  not  possible  to  use  the  stationary  phase  approximation  to  evaluate  these  integrals  because 
the  phase  will  cancel  out  in  the  integrands.  However,  the  method  suggested  above  turned  out  to 
be  equivalent  to  the  Laplace  approximation  for  integrals  [81]. 
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and 


lim(Lz)  =  firo<p{t) 

ft— >0 


(36) 


These  expressions  are  the  classical  values. 

To  evaluate  the  energy  and  the  Lagrangian  of  this  function,  the  discussion  can  be 
simplified  by  treating  the  electrons  through  an  effective  potential  V(x  —  rg)  expanded  in 
a  Taylor  series  around  its  minimum  tq.  Using  a  Hamiltonian  in  spherical  coordinates 

;2  /  n2       o  n  \  | 


Hint  = 


2/i  \<9.1 


X  (9.7: 


2 1  txl 


(37) 


it  can  be  obtained,  after  some  manipulations,  the  total  energy 


lim  Ejnt  =  lim 

ft->0  fc-»0 


<  finl 

Hint 

Fint) 

<  Fint 

Fint) 

(38) 


2//r2(*) 


(L2)  +  V[r(<)  -  r0] 


and  the  Lagrangian 

lim  LinJr(i),^),r(0,^0 

n— »0  L 


[fir(t)]r(t)  + 


,,,rlip{t)  <p(t)  -  Eint  (39) 


where  <  L2  >  has  been  given  above.  Notice  that  these  results  are  in  accordance  with  a 
classical  mechanics  description.  The  potential  V[r(t)  -  tq]  can  be  expanded  up  to  second 
order,  with  its  second  derivative  set  w  =  \f^,  and  r(t)  can  be  approximated  by  the 
constant  r0  in  the  momentum  of  inertia.  Thus,  the  resulting  equations  describe  the  time 
evolution  of  a  harmonic  oscillator-rigid  rotor  model  system.  The  relationship  between 
the  rotational  function  and  the  rotational  CS  will  be  investigated  later. 
The  Atom-Atom  END  S-Matrix 

Now,  it  is  possible  to  evaluate  the  END  S-matrix  for  a  atom-atom  scattering  according 
to  eq.  4.  In  this  case,  the  final  normalized  wave  function  ^fn^D(t)n 

^^[ra(t),pa(^]/r/[za(^).ra(<)]exp(^7„„(/)) 


Na 


(40) 
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where  Nn  is  a  total  (nuclear  plus  electronic)  normalization  constant,  and  a  is  the  label 
of  the  initial  state,  i.  e.  a  indicates  that  the  present  function  has  evolved  from  the  initial 
state  a.  That  label  comprises  the  quantum  number(s)  of  the  initial  electronic  state  and 
the  values  of  the  parameter  R(t\)  and  P{ti).  The  state  to  project  on  is  constructed  as 

,END\  ^^[rb.Pb]/,/[zb.rb]fc 


{*!SD\ 


(41) 


i.e.  a  frozen  Gaussian  wave  packet  F,,,/(ri,.pb)  with  arbitrary  final  scattering  positions 
and  momentarb  and  pb  carrying  a  SCF  electronic  function  /r/[zb.i"b]6  and  with  total 
normalization  constant  AV  Then,  the  S-matrix  elements  are  (the  infinite  time  limit  is 
implicitly  assumed  henceforth) 


Sf^i  =  Aniiri(rh,ph,rR,pa)Aci(rh,zh.ra,z&)expy--yj,,t 

where  the  nuclear  amplitude  is  [114] 

^n»r/(rb-Pb.ra.pa)  =  (  —h  1  m  ) 


Nh  , 

nurl 


N"  , 


T]  Mkexpl  — ^ — 


m  -  si 


with 


Mk  =expi  -- 


(42) 


(43) 


(44) 


and 


c  _  [Rl  +  Rl 


R\.  = 


(45) 


The  nuclear  amplitude  is  similar  to  the  Gaussian  semiclassical  generalized  amplitude 
by  Heller  [97].  The  electronic  amplitude  is 


A>/(rb.Zb-ra-za) 


,/(?/(rb,zb)|/f,(ra,za) 


el 


*3 


) 


(46) 
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being  a  quantum  amplitude.  Notice  that  in  general,  the  electronic  functions  are  at  different 
nuclear  positions.  If  the  classical  limit  is  applied,  then  the  nuclear  amplitude  will  be  non 
zero  only  if  the  positions  and  momenta  of  the  final  state  are  the  same  as  those  from  the 
evolution.  Then,  it  is  obtained  that 

Jim  S^hD  =  6(rh  -  ra)£(pb  -  pa)Ac,(rh,  zb,  ra,  za)exp  (jrlint^j  (47) 

Now,  it  is  the  proper  time  to  consider  in  detail  the  phase  involved  in  the  last  expression. 
In  the  SC  limit,  the  total  phase  itotal(t)  becomes 


Jim  jtotai(t)  =  lim  j0(t)  +  lim  ^nt{t)  (48) 

ft  — >0  Ti^O  h—>0 


There,  the  nuclear  CM  phase  7o(/)  in  that  limit  is 


'2 

Um7o(«)=  / dt'  P0(t')-Ro(t')-E0(t2-t^ 


2M 

(t  =  t2-h  ^oo) 
Also,  the  internal  phase  jint(t)  becomes 

t2 


1  2  (49) 

Po(^)2 


limTmfW  =  I  dt'  [p(t')  ■  r(t')  +  id(t')]  -  Eint(t2  -  h) 


(50) 


(51) 


h 

{t  =  t2  -h-+00) 

with  the  electronic  part  jci(t)  in  the  atomic  basis  being 

id  =  -ImTr{zA'(z,  r)"1  Ia^f)  +  2fA°(r) 

+  [r- VrA(r)]r(2.r)} 
where  the  electronic  matrices  A,  T,  and  A  are  defined  in  Ref.    [1].    Note  that  the 

dependance  of  these  matrices  with  respect  to  the  internal  parameters  z  and  r  has  been 

explicitly  shown.  In  a  bundle  of  END  trajectories  only  differing  in  the  impact  parameter, 

the  internal  energy  and  the  time  difference  t2  -  h  are  the  same.  Therefore,  the  last  term 
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of  the  internal  phase  can  be  omitted  in  actual  calculations  since  only  differences  between 
phases  are  experimentally  observed.  However,  that  term  will  be  kept  in  theoretical 
derivations  to  maintain  a  direct  relationship  to  the  action  functional.  From  the  standpoint 
of  classical  mechanics,  both  7o(/)  and  jint(t)  as  actions  belong  to  the  Fi(qf,qf°) — type 
of  generating  functions  [61],  which  implies  that 

iim7o(*)  =  7o(Q?,cr;*) 

(52) 

(t  =  t2  -  ti  -»  00) 

and 

KmjrtW  =  7mf(q?,qT;<) 

(53) 

(t  =  t2      t\     >  Co) 

where  the  {Q,}  and  {q,}  are  the  CM  (nuclear)  and  internal  (both  nuclear  and  electronic  ) 
canonical  positions  at  the  trajectory  extrema,  respectively.  This  general  functionality  for 
both  phases  must  be  considered  in  theoretical  derivations.  However,  in  actual  calculations 
of  the  S-matrix,  all  its  components  can  be  ultimately  written  as  a  function  of  only  one 
canonical  position,  say,  the  impact  parameter  b.  This  is  so  because  all  the  final  canonical 
position  can  be  written  as  functions  of  the  initial  canonical  position  and  momenta,  and 
many  of  these  are  the  same  for  a  bundle  of  trajectories  (e.g.  the  initial  transversal 
separation  of  the  two  particles,  all  the  electronic  parameters,  the  initial  nuclear  and 
electronic  canonical  momenta)  Then,  the  S-matrix  elements  can  be  written  in  a  more 
convenient  form 


lim iS%d(b)  =  Ael(b)abexp 

n— »U 


Tlint{b) 


(54) 

It  is  interesting  to  compare  the  END  S-matrix  in  the  classical  limit  with  that  in  Miller's 
semiclassical  theory  [91].  For  the  case  of  a  single  PES  (an  elastic  non-transfer  atom- 
atom  process),  the  SC  S-matrix  is,  after  adapting  the  original  notation  to  the  present  one, 
(cf.   chapter  2) 

?SC 


Jim \S^h(b)  =  exp 


T7semi(b) 


(55) 
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where  the  semiclassical  phase  is 


Tsemi 


(b)  =  -Jdt'r(t').p(t') 


(56) 


Note  that  there  are  no  electronic  terms  in  the  pre -exponential  factor  and  in  the  phase  of 
the  SC  version.  The  nuclear  part  of  the  SC  phase  is  the  negative  of  the  END  nuclear 
phase  but  with  the  roles  of  the  positions  and  momenta  in  reversed  order.  This  is  because 
the  SC  S-matrix  is  obtained  in  the  momentum  representation.  The  nuclear  part  of  the 
END  phase  indeed  corresponds  the  SC  phase  in  the  position  representation  [85].  A 
formulation  of  the  END  theory  in  the  momentum  representation  will  render  in  the  SC 
limit  the  same  expression  as  that  of  the  semiclassical  theory  plus  additional  electronic 
terms.  Although  a  momentum  representation  treatment  of  the  nuclear  Gaussian  wave 
packets  is  relatively  simple,  a  similar  treatment  of  the  electronic  wave  functions  may  be 
cumbersome.  However,  a  simple  relationship  between  the  two  representations  can  be 
obtained  along  the  following  lines.  Consider  the  sums  J^P\  '  if  where  {pc,  }  and  {qc,  } 


are  the  nuclear  canonical  momenta  and  position  at  the  initial  (c  =  0)  and  final  (r.  =  oo) 
time,   at  initial  time,  it  is 


where  p  is  the  total  nuclear  momentum  and  Z°  the  relative  transversal  separation  of  both 
nuclei  (here  thought  to  be  in  the  z-coordinate  in  accordance  to  the  convention  in  chapter 
5).  In  a  bundle  of  END  trajectories,  only  h  is  the  differing  initial  position.  However  as  the 
limit  t  =  t-2  -  t\  — >  oo  is  approached,  all  the  above  variables  remained  finite  except  Z° 


(57) 


=  pZ"  +  phO"  , 


lim  Xu  = 


large,  number  . 


(58) 


Then, 


(59) 
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which  is  the  same  for  all  the  trajectories.  At  final  time,  it  can  be  written 


XX  qT  =P?r°°+p?6°c 


(60) 


Similarly,  when  the  time  limit  is  approached,  all  the  above  variables  remained  finite 
except  r°° 


lim  r00  =  large  number  . 

t—*oc 


(61) 


Then 

lim       p?0  •  q?°  «  p^r^  =  large  number  .  (62) 

t— >oc  * 

i 

The  value  of  r00  (the  detector  position)  is  the  almost  same  for  all  the  trajectories.  If 
it  is  assumed  on  the  basis  of  a  large  initial  nuclear  momentum  that  pf  is  almost  the 
same  for  all  the  trajectories,  then  the  quantity  lim  V)  (p?°  ■  q?°  -  pP  •  qP)  can  be  added 
to  the  phase  in  the  S-matrix  expression.  Then  the  following  equalities  up  to  a  phase 
factor  can  be  written 


=  Aelexp 


{  w(qf-qr)  +  E(Pix  qr-p?  q?) 


(63) 


Aeiexp 


The  transformed  internal  phase  j'int (pP,  p?0)  without  the  electronic  and  the  energy  terms 
is  identical  in  its  nuclear  part  to  the  above  semiclassical  phase  jSc-  Note  that  this 
transformed  phase  is  a  F4(pP,p?°)  generating  function  in  the  nuclear  variables.  In  some 
theoretical  derivation  it  is  better  to  transform  the  original  END  S-matrix  expression  in 
its  F4  version  to  take  advantage  of  its  derivative  properties  [61] 


dp?  q' 


(64) 
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END  Cross  Sections  for  the  Atom-Atom  Scattering 


Now,  it  is  possible  to  derive  the  END  expressions  for  the  DCS  and  ICS.  This  can 
be  done  by  the  following  route.  First,  the  partial-wave  definition  of  the  differential  cross 
section  for  the  central-field  inelastic  process  is  recalled  form  chapter  5,  eq.  10, 


da(0) 


a^b 


(65) 


where  fnb{Q)  is  the  scattering  amplitude 

1 


rJ2(2l  +  l)Sab(l)Pi(cose), 


(66) 


i[2irkakbsin$]^  /=0 

where  Pi(cosO)  is  a  Legendre  function,  and  /  is  the  angular  quantum  number  associated 
with  the  relative  motion.  Then,  the  exact,  quantum  S-matrix  is  replaced  by  its  approximate 
END  analogue  and  the  resulting  expression  is  treated  in  the  SC  limit  for  sake  of 
consistency 


da{0) 
dil 


end 


ah 


=  hm  —77 


^(2l  +  l)Scafm(co^) 


/=0 


(67) 


In  the  SC  limit,  the  connection  between  the  quantum  number  /  and  the  final  nuclear 
angular  momentum  L^uc  is  through  the  Langer  condition  [13] 


L£c  =  |L£e|  =  ft(J  +  l/2) 


(68) 


The  relationship  of  I  with  the  impact  parameter  b  is  through  the  conservation  of  the  total 
(nuclear  plus  electronic)  angular  momentum  [1] 


t  U  _roc 
^total  —  ^total 

fcka  •  b+L°  +  s°  =  H(l  +  l/2)nnuc  +  L%  +  s£ 


(69) 
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where  n^uc  is  a  unit  vector  in  the  direction  of  L^,c,  and  Lei  and  sei  are  the  (expectation 
value  of  the)  electronic  orbital  and  spin  angular  momenta  respectively.  Since  by  symmetry 
all  these  vectors  are  normal  to  the  scattering  plane,  we  obtain 

[M-J£)  +  M-4F)]  i 


/  =  kab  + 


If  the  conditions 


(70) 


0  y£  0  or  7T 


(71) 


and 


I  sin0  >>  1  =>  /  >>  - 
2 


(72) 


are  satisfied,  then  the  Legendre  polynomial  can  be  replaced  by  its  asymptotic  expansion 
in  that  range  [27] 


Pi(cosO) 


irlsinf) 


cos 


2  4 


(73) 


Then,  the  sum  in  the  scattering  expression  can  be  approximated  as 

9 


s  —  lim 

h->o 


7r  sin  9 


1/2  ^  (2/  +  1)  ,  m 

,1/2  Arl\l)C0S 

1=0 


exp 

7r  sin  0 


1/2 


I  dl  ?Uei(/J)a6{eXp[iX+(0]  +  exp[ix-(0]}  • 


(74) 


where  the  original  sum  has  been  converted  into  an  integral,  and 


X±(l)  = 


r, 


(75) 


Invoking,  one  more  time,  the  SC  limit  of  h  — >  0,  this  last  integral  can  be  evaluated  by 
stationary  phase  techniques  [81].  The  result  is 


I 


s  = 


(sinfl)' 


E 


Aei(lj)abexp 


iX±(lj)  + 


in 


(76) 
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if  the  roots  lj  of  the  stationary  condition 


lj)±6  =  0 


(77) 


01        h  01 

are  well  separated  from  each  other.  Taking  advantage  of  the  equality  up  to  a  phase  of 
the  S-matrix  elements,  this  expression  is  equivalent  to 

dxW)  _  197,',,, 


at  ilwW"-0 

But,  since  /  is  related  to  the  canonical  moment  /  through 


h  2 


(78) 


(79) 


then 


1  r)V  0-y- 


h  01 


(80) 


which  through  the  F4  nature  of  7t'nf  renders 

±<p{t  -»•  00)  =  0  +  27rn;  7;,  =  0,  ±1,  ±2. 


(81) 


as  expected  (i.e.  the  absolute  value  of  final  angular  position  is  congruent  to  the  selected 
scattering  direction).  Note  that  (p(t  — >  00)  results  form  the  full  electronic  plus  nuclear 
dynamics  throughout.  The  ±  sign  can  be  ascribed  to  repulsive  or  attractive  scattering, 
respectively.  The  differential  cross  section  thus  becomes 

2 

iir 


dn{0) 


END 


1 

E 

j 

£ 

j 

■E 

'lx"(/,)l 


+ 


j;o6 


(82) 


'dacl(ey 

'dacl{9)~ 

! 

j-.nb 

k:ab\ 

cos[x±(bj)  -x±(h)} 
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This  expression  can  be  simplified  even  more  if  in  the  above  relationship  between  /  and  h 
it  is  recognized  that  at  the  present  level  of  END  the  change  in  sei  is  null  and  the  change 
in  Lei  is  usually  small.  Then 


da(0) 

dn 


END 


=  E 


d<TC,(0) 

dn 


+ 


j:ab 


2E 

j<k 


I 

~darl(0)~ 

~darl(0)~ 

dn 

j;ab 

dn 

k:ab  ^ 

(83) 


cos[x±{bj)  -  x±{h)] 


where 


dod{6) 

dn 


j:ab 


sinO 


(84) 


and  Pel(b)ab  =  \Ael{b)J  . 

The  situation  when  at  the  least  two  of  the  roots  lj  are  very  close  or  coalesce  into  one 
corresponds  to  a  rainbow  singularity  in  classical  mechanics  as  discussed  in  chapter  5.  In 
such  a  case,  the  scattering  amplitude  integral  can  not  be  evaluated  by  the  simple  stationary 
phase  but  by  more  sophisticated  SC  techniques.  This  gives  rise  to  the  transitional  and 
the  uniform  approximations  for  the  rainbow  singularities  [142-147].  For  instance,  the 
END  scattering  amplitude,  ff^bD{0),  in  the  uniform  SC  approximation  for  an  isolated 
rainbow  angle  [142,  143,  146]  is 


f^hD(o)=fn'D(o)+fFD(o). 

where  the  one-repulsive-branch  amplitude  f§ND{6)  is 


(85) 


~dad(0)~ 

J 

dn 

exp  <  % 

3:n^b  [ 

X3.+  (0)  ~  ^ 


) 


(86) 


and  the  two-attractive43ranch  amplitude  fi^D(0)  containing  the  rainbow  angle  is 


fEND  {VA)(Q,  I 


i[Ah2(6)--ir 


{st,2(mll24M-^)-iS^(d)0/Ui,(-^,2)}  . 


(87) 
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where 


A1)2;a^(0)  =  -[Xl,_(0)+X2,-(0)], 


Si*  .-»(') 


~darl{8)~ 

2 

± 

~dacl(0)~ 

2 

2;  a^b 

dn 

1: 

1;  n-*fc 


(88) 


and  /H(-£i,2)  ar|d  ^4v''(— ^1.2)  are  the  Airy  function  and  its  first  derivative  [27].  The  Airy 
function  occurs  in  many  instances  of  the  SC  theory  as  can  be  seen  in  Ref.  [82].  The 
DCS  resulting  from  the  previous  expressions  does  not  exhibit  the  infinite  rainbow  peak 
of  the  classical  theory  at  a  scattering  angle  0fass.  Instead,  a  finite  peak  at  almost  the  first 
maximum  of  the  Airy  function  occurs  at  a  scattering  angle  0fc.  This  "semiclassically 
corrected"  rainbow  is  approximately  given  by  the  equation  [13] 


(esrc  -  efaas\ 


■1.019  x  q 


1/3 


(89) 


where 


1 

2k! 


dti2 


(90) 


6, 


and  bT  is  the  impact  parameter  at  the  rainbow  singularity.  turns  out  to  be  lower  than 
its  classical  counterpart  in  the  present  example.  The  term  "uniform"  ascribed  to  the  SC 
approximation  given  by  eq.  85  through  88  denotes  the  fact  the  DCS  arising  from  it  goes 
uniformly  (continuity  in  the  first  derivatives)  to  the  simpler  expression  of  eq.  83  when 
applied  far  away  from  the  rainbow  singularity.  The  transitional  SC  approximation  can 
be  obtained  form  the  previous  one  if  the  limiting  value  of  the  amplitude  f\2D{9)  near 
rainbow  singularity  is  forcefully  applied  at  all  the  values  of  0  [142,  143,  146] 

27Tfer 


J  1,2;  a->b 


kn  sin  0 


*  exp  {» [x-(M  -  f  ] }  A  .  1 0fa88  -  6 


|V2 


1/3 


(91) 


I'M  '  \  <?r 

This  expression  is  only  exact  near  the  classical  rainbow  and  does  not  go  uniformly  to  the 
exact  expression  of  the  DCS  far  from  this  singularity,  eq.  83.  In  eq.  91,  0^c  do  exactly 
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happens  at  the  first  maximum  of  the  Airy  function  and  its  exactly  given  by  eq.  89.  Also, 
gclass  correSp0ncjs  to  an  inflection  point  in  the  Airy  function.  Of  course,  the  transitional 
approximation  less  uniform  counterpart  but  it  si  easier  to  implement. 
Finally,  if  the  above  condition  of  the  scattering  angle 

d^Oor-K  (92) 

is  not  satisfied  then  the  SC  approximation  to  the  glory  and  the  small  angle  singularities 
can  be  applied  [149]. 

The  derivation  of  the  integral  cross  sections  starts  from  its  partial-wave  expression 
for  a  central-field  inelastic  process  given  in  chapter  5 

oc 

Ora_f^)  =  ^(2i  +  l)|5a_6(0|2.  (93) 
1=0 

By  transforming  the  sum  into  an  integral  and  by  replacing  semiclassically  I  with  b,  it 
is  obtained  that 

oo 

"  b 

oc 

=  2tt  /  dbbPel(b)ab 
0 

This  expression  has  no  singularities  except  for  the  elastic  case  in  which  lim  Pei{b)na  =  1  . 

b— >oc 

SC  approximations  can  be  again  applied  to  overcome  this  problem  [142]. 

The  END  Cross  Sections  II:  Atom-Diatom  Scattering 
The  Atom-Diatom  END  Wave  Function 

The  next  stage  in  this  study  is  to  derive  the  END  cross  sections  for  an  atom-diatom 
process.  This  is  the  first  scattering  process  in  which  the  rotational  and  vibrational  degrees 
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of  freedom  of  a  molecule  will  manifest  themselves.  The  END  nuclear  part  of  a  three 
center  system  is  now 

Fnuc/(X:R,P)  =  flexp  j-a,[Xk  -  Rk(/)]2  +  £pk(*)  •  [Xk  -  Rk(t)}\  (95) 
k=l       ^  1  * 

with 

afc  =  -^-fc  =  l,  2,  3  (96) 

To  be  more  specific,  a  non-rearrangement  process  is  considered.  The  projectile  nucleus 
is  label  3  as  usual.  The  rearrangement  process  will  follow  a  similar  treatment.  As  in  the 
previous  section,  the  Jacobi  coordinate  transformation  is  introduced 

X0  =  — (miXi  +  7712X2  +  7713X3)  , 

Xad  =  X3  — (miXi  +  7712X2)  .  (97) 

x  =  X2  -  Xi  , 

where  M  is  the  total  mass  (M  =  mi  +  7712  +  7713)  and  mj  is  the  mass  of  the  diatomic 
fragment  (mj  =  mj  +  7712).  In  this  transformation,  X0  is  the  nuclear  CM  position,  Xad 
is  the  atom-diatom  relative  position,  and  x  is  the  relative  position  of  the  diatom  atoms.  A 
similar  transformation  for  the  parameters  of  the  average  nuclear  position  can  be  written. 
The  inverse  transformation  is 

7713  m2 

Ri  =  R0  rrRad  r  , 

M 

771  777/ 

R2  =  Ro  -  TjRad  +  —  r  ,  (98) 

R3  =  Ro  +  "^Rad 

By  repeating  the  same  algebra  as  that  in  the  atom-atom  scattering,  we  can  achieve  the 

separation  of  the  CM  degrees  of  freedom  from  the  remainder  if  we  impose  the  condition: 

uj  =  uj\  =  ol>2  =  W3.  Then,  we  obtain 

FnMc/(X;  R.  P)  =F0(Xo:  R0.  P0)F^(Xad:  Rad.  Pad)  x 

(99) 

F/(x:r,p)  , 
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where 


F0(X0:  R0.  Po)        =  exp|-a0[X0  -  R0(')]2  +  £Po(0  •  [X0  -  Ro(*)]}  , 

^(XadlRad.Pad)  =  eXP(-arf[Xad  -  Rd(*)]2  +  ^Pad(')  ■  [Xad  -  Rad(0]} 


and 


h 

'(100) 


Fd(x:  r.p)  =  expi  -a„[x  -  r(t)}2  +  ±p(t)  ■  [x  -  r(t)]  1  .  (101) 


Here,  the  momentum  parameters  Po(*)  ("total  nuclear  momentum"),  Pad(0  ("atom 
diatom  relative  momentum"  ),  and  p(/)  ("atoms  in  the  diatomic  relative  momentum")  are 
Po(/)   =Pi(<)  +  Pa(<)+Ps(«). 

(102) 


PadW  =  ^P3(<)-^[PlW+P2W], 


and 


P(/)=//.(r2-R1)  =/if  ,  (103) 
where  u  is  the  diatomic  reduced  mass  (//.  =  "'V7'2  ).  The  transformed  nuclear  coefficients 


are 


°°  =  ~2h  '  (l04) 

Oarf  =  -  (105) 


and 


(106) 

where  //„,,  is  the  atom-diatom  reduced  mass        =  =  '"''+""_'"''),  The  Gaussian 

associated  with  the  atom-diatom  relative  motion  will  be  treated  as  its  analogue  in  the 
atom-atom  scattering.  On  the  other  hand,  the  Gaussian  associated  with  the  diatomic 
internal  motion  will  be  treated  as  the  rotational-vibrational  uncoupled  function  of  the 
previous  section 

Fd(x-r,p)xFUx-,r)Frdot(<p;P)  (107) 
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The  electronic  part  of  the  wave  function  and  the  total  phase  undergo  the  same  transfor- 
mations as  those  in  the  previous  section. 

In  the  case  of  a  rearrangement,  the  above  transformation  is  used  up  to  the  time  of  the 
interchange.  Thenceforth,  a  similar  transformation  is  used  in  terms  of  the  final  projectile 
and  molecular  fragments.  . 

The  Atom-Diatom  END  S-Matrix 

In  this  case,  the  state  to  project  on  is  constructed  as 

lTfemf  _  Fa(,{Rh,Ph}FvJjn(x,0^)frI[zh,rh} 

Jfb  (108) 

i.e.  a  frozen  Gaussian  wave  packet  ^(R^.  P^d)  w'tn  arbitrary  atom-diatom  relative 
positions  R^d  momenta  P^d  carrying  a  quantum  rovibrational  function  for  the  diatom 
Fvj(x,0,  <p)  and  a  SCF  electronic  function  /r/[zb,rb]  with  total  normalization  constant 
Nb.  The  final  label  b  (or  the  initial  label  a)  comprises  the  final  (initial)  position  and 
momenta  R^da)  and  P^',  the  vibrational  quantum  number  v^'\  and  the  rotational 
quantum  numbers  ft  )  and  mP .  The  diatom  rovibrational  function  is  [19] 

FvJ,m(x,0,<p)  =  -Sv(x)Yl>m{0,<p)  (109) 
x 

where  Sv(x)  is  an  harmonic  oscillator  eigenfunction  of  frequency  uj,  and  Y^m(0,  ip)  is 
a  spherical  harmonic.  Then,  the  S-matrix  elements  are  (omitting  some  arguments  for 
brevity) 

S^b°  =  ^(RSd,PL,RSd,Pad)^^t^p(^7m^  -  (HO) 

where  the  atom-diatom  amplitude  Aad(B^d,  P£d,  Rad.  P*d)  and  the  electronic  ampli- 
tude Af,  are  the  analogues  of  Anttc/(rb,Pb,ra,Pa)  and  Ael  from  the  previous  section, 
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respectively.  The  vibrational  amplitude  Avu,  is 
AVJ  =  I  dx  ±Sv(x)Fvib(x;r,r)x2 


=  J  dx  Sv(x)exp<  -a^x  -  r(t)]  +  -/ir(t)[x  -  r(t)] 


(HI) 


(«>■')' 


a, j 


-exp 


where  the  canonical  coherent  state  parameter  avi  is 


El 


vib 


UJ 


(112) 


with  E%ib  the  classical  vibrational  energy  at  final.  In  the  non-rearrangement  case,  the 
parametric  frequency  u>  can  be  set  to  the  diatomic  frequency  at  the  initial  time.  In  the 
rearrangement  case,  the  initial  value  of  u  must  be  changed  to  that  of  the  final  diatomic 
molecule.  The  rotational  amplitude  Arnf  is 

4oT^m=  I  dipdOsmeY^^FUO,?) 

/  x  (113) 

=  himP/M()(/?)J  ■ 

where  Pimo{P)  is  the  rotational  CS  resolution,  eq.  81  for  a  diatom.  In  the  SC  limit 
of  h  — >  0,  the  atom-diatom  amplitude  An(j  will  go  to  a  delta  function  and  we  can  write 
similarly  to  the  atom-atom  case 


linj iS%d  =  ilft(I)i4&(IKf  (I)a6exp 


h 


(114) 


where  I  denotes  all  the  classical  initial  conditions:  the  projectile  impact  parameter,  and 
the  diatom  angular  orientations.  Also  in  that  limit,  the  internal  phase  7,-n*is 


to 


lira7int(t)  =  I  dt'  [Pad(t')  •  Rad(t')p(*')  ■  r(t')  +  iel(t')]  -  Eint(t2  -  h)  . 

(t  =  t2-h  ->oo)  . 

The  expression  for  the  electronic  phase  jct  will  be  given  later.  As  before,  the  internal 
energy  Eint  term  can  be  omitted. 
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It  is  very  instructive  to  compare  the  END  S-matrix  in  the  classical  limit  with  that  of  the 
semiclassical  theory  [85,  86,  91].  For  the  classical  actionsn,  I,  and  M  associated  with 
the  vibrational,  total  angular  and  the  helicity  angular  diatomic  motions  with  conjugated 
angles  qn,  qi,  a.ndq\,f,  respectively,  the  semiclassical  S-matrix  is  (adapting  the  notation 
to  ours) 

D 


exp 


(116) 


where  J  is  the  total  angular  momentum  of  the  system,  D  is  the  Van  Vleck's  determinant 


dn{t2)    dl(t2)  0M{t2) 


dqn(tl)    dqiih)  OqM{h) 


(117) 


ar)d  Ja^b  is  tne  SC  action 


'2 

7f5h (J)  =  -  I  dt[RadPad  +  qnh  +  qjj  +  qM m]  (11 8) 

h 

By  examining  these  two  versions  of  the  S-matrix,  we  notice  the  following  differences 

1 .  There  are  no  electronic  terms  in  either  the  pre-exponential  factor  or  the  phase  in  the 
semiclassical  S-matrix 

2.  The  semiclassical  S-matrix  and  its  subjacent  dynamics  are  in  terms  of  the  above 
action-angle  variables.  In  the  a  END  dynamics  there  is  no  attempt  to  use  such 
variables  since  a  transformation  to  them  becomes  increasingly  cumbersome  for  more 
complicated  systems. 

3.  The  semiclassical  rovibrational  amplitude  is  given  by  the  classical  Van  Vleck's 
determinant  whose  numerical  evaluation  is  complicated.  On  the  other  hand,  the 
END  rovibrational  amplitude  is  obtained  via  a  CS  mapping  of  the  classical  motion 
onto  the  quantum  states.  The  evaluation  of  the  CS  amplitudes  is  quite  simple. 

4.  Finally,  the  dynamical  schemes  are  very  different.  In  the  semiclassical  dynamics, 
not  all  the  trajectories  going  to  a  given  direction  contribute  to  the  S-matrix  but 


175 

only  those  ending  with  integer  values  of  the  actions.  This  is  the  cumbersome  root- 
searching  problem  of  the  semiclassical  scheme.  In  the  END  dynamics,  there  is  no 
such  a  problem.  Every  trajectory  ending  in  a  given  direction  will  definitely  contribute 
to  the  S-matrix  via  a  coherent  state  amplitude. 

The  END  Cross  Sections  for  the  Atom-Diatom  Scattering 

In  the  most  convenient  helicity  representation,  the  scattering  amplitude  is,  eq.  24, 

fnajaManbjbMh(0)  =   1  r  £  (2  J  +  l)dJMiMa(9)Sab(J)  (1  19) 

i[2nkakbsind\*  /=0 

where 

n,  /,  and  M  (120) 

are  the  vibrational,  total  angular,  and  helicity  angular  quantum  numbers  (which  corre- 
spond SC  to  the  previously  defined  actions),  and  the  dJM  M  (8)  s  are  the  central  part  of 
the  rotation  matrices  DffiMi(<f>,6,x)'s  (Wigner  D  functions)  [25].  The  presence  of  the 
above  matrices,  the  sum  over  ./  instead  of  /,  and  the  more  complex  phase  make  the  SC 
evaluation  of  this  sum  more  difficult.  Furthermore,  it  seems  that  a  close  resemblance  of 
the  final  expression  to  the  pure  classical  result,  as  in  the  atom-atom  scattering  case,  can 
be  derived  for  some  special  cases.  The  analysis  is  partially  hindered  by  the  absence  of 
SC  techniques  to  be  applied  to  this  inelastic  scattering  as  discussed  in  the  last  section 
of  chapter  5.  The  study  of  this  more  complex  expression  can  be  done  in  the  following 
paragraphs. 

Initial  nonrotating  target:  approximate  treatment 

If  the  initial  target  is  not  rotating,  having  or  not  vibrational  motion,  then  M\  =  0. 
For  the  same  reason,  the  total  angular  momentum  is  at  the  initial  time  totally  due  to  the 
relative  motion  of  the  two  fragments./  =  /.  If  the  initial  velocities  of  the  three  atoms 
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are  all  in  the  same  then,  by  conservation  of  the  total  angular  momentum,  the  dynamics 


H+  +  H2  system  studied  in  chapter  7.  Also,  it  must  be  verified  that  M2  =  0  even  though 
there  is  rovibrational  excitation.  In  such  a  case  [25], 


If  the  diatom  contribution  in  the  dynamics  is  small  compared  with  that  of  the  relative 
motion  of  the  two  fragments,  we  can  neglect  that  contribution  in  the  phase.  This  is 
the  classical  analogue  of  the  sudden  approximation  [134]  discussed  in  chapter  2.  If  we 
also  neglect  the  electronic  phase,  as  in  the  previous  section,  we  obtain  an  expression 
formally  identical  to  that  of  the  atom-atom  scattering  which  can  be  treated  in  the  same 
way.  The  evaluation  of  the  cross  sections  and  the  treatment  of  the  rainbow,  glory,  and 
small  angle  singularities  can  be  done  identically.  The  special  case  of  a  homonuclear 


and  undergoes  an  identical  treatment. 

If  the  initial  velocities  of  the  three  atoms  are  not  in  the  same  plane  then  the  dynamics 
is  of  course  not  constrained  onto  that  plane.  In  other  words,  the  final  projectile  is  scattered 
off  that  plane  and  its  asymptotic  motion  is  described  by  the  two  scattering  angles  9  and  ip. 
M2  can  acquire  any  value  but  if  the  body-fixed  approximation  [134]  is  applied  then  it 
holds  that  M?  «  0.  If  the  electronic  and  the  diatom  contributions  are  further  neglected 
in  the  phase,  it  is  obtained  that 


is  constrained  on  that  plane.  This  is  the  situation  of  the  [a,  j3  =  0°]  orientations  in  the 


SO(0)  =  PJ(CO8*). 


(121) 


shares  the  same  characteristics  so  far  explained 


lim  jint  = 


J 


dt'  nad  Rad  +R2ad8ld  +  R2ad&in 


ad 


(122) 


177 

If  the  third  term  is  also  neglected  in  the  phase,  the  DCS  can  be  derived  as  that  of 
the  dynamics  in  the  plane.  This  has  been  the  theoretical  approach  used  in  the  systems 
studied  in  chapter  7. 

The  motivation  of  using  all  these  approximations  is  to  obtain  analytical  expressions 
similar  to  those  of  the  atom-atom  scattering.  These  expressions  closely  resemble  the 
classical  result  and  the  treatment  of  its  singularities  is  well-known.  It  is  important  to 
remember  that  these  approximations  become  exact  for  high  impact  parameter  collisions. 
The  combination  of  the  above  sudden  and  body-fixed  approximations  is  the  classical 
analogue  of  the  quantum  infinite  order  approximation  (IOSA)  discussed  in  chapter  2. 
However,  these  approximations  have  been  introduced  only  to  evaluate  semiclassically 
the  differential  cross  sections:  the  END  evolution  does  not  invoke  them  and  the  full 
dynamics  is  still  reflected  in  the  S-matrix  of  the  cross  section. 

Initial  rotating  target:  approximate  treatment 

It  is  obvious  from  the  previous  discussion  that  this  case  is  even  more  difficult  to  treat. 
No  END  study  has  been  attempted  on  this  initial  condition  yet.  If  we  crudely  approximate 
the  rotational  matrix  drM  M  (0)  s  by  the  Legendre  function,  as  before,  approximate  the 
total  angular  momentum  by 

J  =  l  (123) 

and  apply  all  the  other  approximations  of  the  previous  case,  then  we  obtain  the  same 
equivalent  expressions.  Of  course,  these  approximation  are  more  drastic  in  this  context. 

Exact  treatment 


Now  the  question  arises  about  how  to  SC  evaluate  the  differential  cross  section  with- 
out any  approximation.  In  terms  of  the  traditional  semiclassical  theory,  that  evaluation 
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is  known  [85].  It  implies  the  use  of  the  SC  limit  of  the  dJM  Mi{6)  matrices  [150]  and 


the  evaluation  of  the  resulting  integral  by  stationary  phase  with  respect  to  J.  The  final 
expression  for  the  cases  without  singularities  is  known  [85]  and  its  implementation  does 
not  seems  to  be  very  difficult.  However,  it  seems  that  this  expression  has  never  been  used 
and  its  extension  to  the  cases  with  singularities  is  unknown.  Aside  from  these  concerns, 
the  use  of  that  expression  is  problematic  in  our  END  context  because  it  depends  on  the 
pure  semiclassical  phase  which  is  not  the  same  as  that  of  the  END  theory.  Furthermore, 
this  expression  could  be  more  properly  used  if  the  nuclear  dynamics  were  entirely  done 
in  terms  of  action-angle  variables,  and  a  root-searching  algorithm  were  employed  to  se- 
lect the  proper  trajectories.  This  scheme  of  work  is  not  advocated  here  and  has  been 
systematically  avoided  from  the  very  beginning.  If  that  effort  is  discarded,  the  previously 
described  approach  can  be  adopted. 


The  END  Average  Energy  Loss 

The  derivation  of  the  END  average  energy  loss  stems  from  the  previous  derivation 
of  the  differential  cross  section.  An  example  is  shown  below  for  a  non-transfer,  atom- 
atom  (or  equivalently  reduced  case)  scattering  process;  the  transfer  case  can  be  treated 
in  the  same  way.  In  a  classical  END  description,  the  denominator  of  the  energy  loss, 
eq.   5,  becomes 


Other  END  Scattering  Properties 


(124) 
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At  the  same  time,  the  numerator  turns  out  to  be 


(125) 


where 


AE*T  =  Y^P^bAE^h-  (126) 
ft 

Notice  that  the  AE'a_^hs  are  the  (time-independent)  energy  eigenvalues  of  the  final  target 
in  the  basis  set  being  used.  Therefore,  AEfT  is  immediately  interpreted  as  the  average 
energy  transferred  by  the  projectile  to  the  target  in  the  branch  i.  For  processes  with  low 
electron  transfer  and  excitation  probability,  this  transferred  energy  is  correct  within  the 
numerical  accuracy.  But  for  very  mixed  processes  (i.e.  those  with  comparable  transfer 
and  non-transfer  probabilities)  the  correctness  of  this  value  and  of  its  physical  meaning 

is  questionably.  The  final  expression  for  the  energy  loss  is 

^  t„r,xlAi-:,xr 


sinS(^) 


E 


  UJ-  (127) 

ft,/',w  Af:,w 

(dff\NT 

Note  that  the  numerator  is  identical  to  the  classical  differential  cross  section  withAEf 
as  an  additional  factor.  A  subsequent  average  over  all  the  orientations  completes  the 
energy  loss  calculations. 

A  semiclassical  version  of  this  expression  can  be  easily  obtained  by  applying  the  SC 
procedures  of  the  DCS. 


CHAPTER  7 
CALCULATION  RESULTS 

General  Considerations 

In  this  chapter,  the  previously  derived  formalism  to  quasi-classically  and  semiclas- 

sically  describe  a  scattering  process  within  the  END  theory  will  be  numerically  tested. 
Three  gas  phase  scattering  systems: 

H+  +  H2  (1) 

H+  +  CH4  (2) 

and 

H+  +  H20  (3) 

experimentally  studied  by  P.  Toennies  and  collaborators[36,  151,  152]  have  been  selected. 
The  choice  of  these  beam  experiments  is  made  for  several  reasons.  First  of  all,  these 
measurements  rendered  time-of-fiight  (TOF)  spectra  and  ICSs  and  DCSs  for  both  the 
transfer  and  the  non-transfer  channels.  This  wealth  of  information  about  a  chemical 
reaction  is  not  usually  attained  in  beam  experiments.  Secondly,  the  somewhat  high, 
in  chemical  terms,  collision  energies  of  30  eV  in  the  first  two  experiments  and  of  46 
eV  in  the  last  one  are  within  the  range  of  validity  of  the  SC  and  quasi-classical  theory 
developed  in  this  thesis.  Furthermore,  the  possibility  of  subtle  quantum  effects,  such  as 
tunneling,  not  tractable  within  the  present  formalism  are  unlikely  to  happen  in  that  energy 
regime.  Furthermore,  the  use  of  excited  state  PESs  is  mandatory  if  an  accurate  dynamical 
description  is  desired  at  those  energies.  These  excited  states  are  automatically  generated 
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by  the  single  determinant  electronic  wave  function  of  the  END  formalism.  This  certainly 
guaranties  a  proper  treatment  of  the  dynamics. 

In  the  case  of  the  first  system,  the  TOF  spectra  is  relatively  simple  and  allowed 
the  experimental  group  to  evaluate  vibrationally  resolved  ICSs  and  DCSs.  These  highly 
detailed  properties  are  successfully  reproduced  by  the  present  END  formalism  as  will 
be  seen  in  the  next  section.  The  other  two  experiments  did  not  rendered  vibrationally 
resolved  ICSs  and  DCSs  because  of  the  complexity  of  their  respective  TOF  spectra. 
However,  the  successful  END  reproduction  of  their  properties  for  such  complex  systems 
is  far  from  trivial.  These  two  last  systems  also  exhibit  a  great  deal  of  chemical  features 
which  are  pictorially  described  in  the  next  sections.  Unfortunately,  these  experiments  did 
not  yield  any  rotationally  resolved  property.  A  test  of  the  rotational  part  of  the  present 
formalism  is  left  for  future  investigations.  However,  some  properties  not  measured 
in  these  experiments  are  also  theoretically  investigated  in  the  next  sections.  They  are 
compared  with  independent  experimental  work  cited  below. 


system  of  reactants  exhibits  four  distinct  processes,  namely,  the  no-transfer  (NT)  inelastic 
channel  with  the  products 


The  Proton-Hydrogen  Molecule  System 


Experiments  and  Previous  Theory 


From  a  theoretical  point  of  view,  the 


Hf  +  H2Hz  (v;  =  0)  . 


(4) 


Ht  +  H2H3  (vf)  . 


(5) 


the  charge  transfer  (CT)  channel,  yielding 


Hi  +  H2H+  (vf)  , 


(6) 
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the  rearrangement  (R)  or  "reactive"  channels  with  products 


+  H1H3/2  (vf)  , 


(7) 


and 


3/2  M  : 


(8) 


and  the  collision-induced  dissociation  (D)  channels,  producing 


+  #3/2  > 


(9) 


or 


+  H2  +  H3. 


(10) 


Such  detail  is  not  possible  to  observe  in  the  experiments  used  here  for  comparison.  In  fact, 
the  established  theoretical  methods  usually  make  simplifying  assumptions  that  eliminate 
from  consideration  some  of  the  channels.  For  instance,  constraints  on  the  range  of  some 
interparticle  distances  will  prevent  the  dynamics  to  reach  the  dissociative  channels. 

The  END  calculations  are  compared  with  results  from  experimental  studies  on  the  NT 
product  channel  showing  vibrational  (rotational)  excitation  of  the  H2  molecule  [153-156] 
and  on  the  charge  transfer  (CT)  channel  [157].  DCSs  both  for  scattered  protons  and 
hydrogen  atoms  have  been  measured  at  collision  energy  of  30  eV  in  the  laboratory  frame 
(20  eV  in  the  center  of  mass  frame). 

A  number  of  theoretical  models  has  been  applied  to  this  system.  The  trajectory 
surface  hopping  model  (TSHM)  [158,  104]  (see  chapter  2)  was  used  for  comparison  with 
a  TOF  experiment  [157].  Disagreements  were  attributed  to  unspecified  inadequacies  of 
the  chosen  potential  energy  surfaces.  In  particular,  the  experimental  results  show  a  more 
pronounced  angular  dependence  of  the  DCSs  for  charge  transfer  than  do  the  theoretical 
ones.  A  quite  extensive  and  elaborate  three-dimensional  quantum  mechanical  study  of 
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this  system[36]  employing  the  DIM  surface  suggested  by  Ellison[22],  and  invoking  the 
infinite  order  sudden  approximation  (IOSA)  [36]  (see  chapter  2),  has  been  carried  out  with 
some  better  agreement  with  experiments  than  that  of  TSHM.  Still  there  are  discernible 
differences  between  some  of  the  results  of  this  study,  which  will  be  referred  to  as  IOSA  for 
short,  and  experiment.  Particularly,  the  position  of  the  rainbow  angle,  and  vibrationally 
resolved  differential  cross  sections  deviate  from  the  experimental  results.  As  explained 
in  chapter  2,  the  IOSA  method  employs  Jacobi  internal  coordinates  consisting  of  the 
distance  R,  between  the  projectile  and  the  center  of  mass  of  the  target  molecule,  the 
bond  distance  r  of  the  diatomic,  and  an  orientation  angle  7,  are  used  in  this  approach. 
The  discretization  of  7,  the  determination  of  the  limits  of  R  and  r,  and  their  influence 
on  the  results  are  said  to  represent  a  considerable  effort.  Yet,  it  appears  that  the  value 
chosen  for  rmax  of  2.2  A  excludes  any  of  the  processes  involving  proton  exchange,  or 
total  breakup,  both  of  which  take  place  at  this  energy.  Furthermore,  RmdX  =  4.7  A  seems 
a  bit  too  small  a  product  separation  when  one  of  the  fragments  is  charged.  Thus,  even 
the  three-dimensional  quantum  mechanical  treatment  on  two  coupled  surfaces  involves 
a  rather  constrained  dynamics. 

In  view  of  these  difficulties,  it  is  interesting  to  perform  a  END  study  of  this  system 
with  a  full  dynamics  of  electrons  and  nuclei.  Particularly,  since  the  END  allows  for  all 
possible  product  channels  and  does  not  employ  PESs. 

Initial  Conditions  and  Final  State  Analysis 

The  present  END  calculations  were  performed  with  the  ENDyne  program  package 
and  its  auxiliary  programs  EVOLVE,  PROJECT  and  ECROSS  [2]  to  evaluate  cross 
sections  other  final  properties.  Parameters  defining  the  initial  conditions  of  the  reactants 
are  depicted  in  fig.  7.1.  The  nuclei  originally  of  the  Z/2  molecule  are  labeled  1  and 
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2,  respectively  and  the  H+  projectile  is  labeled  3.  The  electronic  state  is  described  in 
a  pVDZ  [4slp]/(2slp)  basis  [159]  centered  on  each  of  the  three  nuclei.  This  basis  has 
shown  to  be  adequate  in  earlier  END  studies  on  hydrogenic  systems[7].  The  H2  molecule 
is  initially  in  its  electronic  ground  state  and  at  its  equilibrium  geometry  as  given  by  the 
single  determinant  approximation  in  the  given  basis.  It  is  initially  at  rest  with  its  center  of 
mass  at  the  origin  of  the  laboratory  frame.  The  classical  description  of  the  nuclei  means 
that  the  nuclei  are  stationary  in  the  vibrational  ground  state.  The  H+  projectile  is  placed 
15  a.u.  from  the  target  with  a  momentum  corresponding  to  Ejab  30  eV  in  the  z-direction. 
A  number  of  END  trajectories  are  then  calculated  for  varying  initial  orientation  [a,  /3] 
of  the  target  (see  fig.  7.1)  and  for  different  values  of  the  projectile  impact  parameter  b. 
The  values  of  the  polar  angle  a  of  the  bond  vector  are  chosen  in  steps  of  15°  from  0° 
to  180°,  and  it  was  found  sufficient  to  consider  only  the  values  0°,  45°,  and  90°  for  the 
azimuthal  angle  j3  of  the  bond  vector.  The  impact  parameter  b  assumes  values  in  steps  of 
0.1  a.u.  from  0.0  to  2.0  a.u.  and  in  steps  of  0.2  a.u.  from  2.0  to  6.0  a.u.  .  Advantage  can 
be  taken  of  the  symmetry  so  that,  say,  results  of  an  orientation  [a,  90°]  are  equivalent 
to  those  of  the  orientation  [180°  -  a,  90°].  Still,  the  full  study  involves  about  1,120 
fully  dynamical  trajectories.  Each  trajectory  evolution  ran  for  900  a.u.  of  time  in  order 
to  achieve  full  separation  of  the  product  fragments.  The  calculations  were  performed  on 
an  IBM  RS/6000-580  computer.  The  version  of  the  ENDyne  code  used  in  this  study 
allowed  a  total  evolution  to  be  carried  out  in  about  two  hours  of  CPU  time.  For  example, 
in  the  case  of  the  orientation  [75°,  0°]  with  an  evolution  time  of  900  a.u.,  the  CPU  time 
decreased  steadily  from  2.5  hours  for  b  =  0.0  a.u.  to  2.0  hours  for  b  =  6.0  a.u.  . 
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Figure  7. 1 :  Initial  conditions  for  the  H+  +  Hj  system  for  the  END  calculations,  a  and  B  are 
the  polar  and  the  azimuthal  angles,  respectively,  of  the  bond  vector  in  the  depicted  Lab  frame. 

Each  ENDyne  run  produces  the  final  state  of  the  system  of  product  species,  i.e.  the 
final  electronic  wave  function  and  the  final  nuclear  positions  and  momenta.  From  the 
END  evolution  selected  properties  can  be  calculated  with  the  previously  cited  auxiliary 
programs.  For  instance,  the  electronic  charge  distribution,  say,  as  given  by  the  Mulliken 
population  is  readily  obtained  by  the  program  EVOLVE.  An  analysis  of  the  electronic  state 
is  essential  in  terms  of  its  components  that  describe  the  various  possible  distributions  of 
electronic  charge  among  the  separate  product  species.  The  program  ECROSS,  introduced 
in  this  thesis  work,  calculate  the  END  cross  sections  according  to  the  theory  developed  in 
chapter  6.  Inspection  of  the  END  nuclear  trajectories,  interparticle  distances,  and  atomic 
charges  (Mulliken  populations)  as  function  of  time  permits  the  determination  of  the  type 
of  process  (CT,  NT,  etc).  ).  The  scattering  angle  0Lah  can  be  calculated  according  to  eq. 
32.  The  vibrational  final  state  can  be  obtained  by  using  the  canonical  CS  resolution  into 
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the  harmonic  oscillator  eigenstates,  eq.  9,  chapter  4,  reproduced  below 

Pn(a)  =  fi.Tp{-H2}^i-  .  (11) 

This  procedure  is  accomplished  by  matching  the  final  END  vibrational  energy  E^D 
with  the  classical  energy  associated  with  the  canonical  CS  E^a8s,  30, 

vEND  _  jna 
&vib      —  aclas.i 

(12) 

=  /?.u;|q;|2. 

In  this  way,  the  squared  modulus  of  the  CS  parameter  a  is  obtained  and  subsequently 
used  in  eq.  11.  The  END  vibrational  energy  E^  D  derives  directly  from  the  electron 
nuclear  dynamics,  since  the  total  nuclear  energy  is  calculated  throughout  each  trajectory 
and  at  final  separation  can  be  evaluated  for  the  molecule  in  question.  Subtracting  the 
center  of  mass  translational  energy  leaves  the  kinetic  energy  of  the  rovibrational  motion. 
In  the  present  case,  the  rotational  energy  estimated  from  the  angular  momentum  and  the 
moment  of  inertia  at  equilibrium  is  found  to  be  negligible.  The  final  electronic  state  of 
the  product  molecule  comes  from  projecting,  say,  the  total  H+  +  H-2  electronic  state  onto 
that  of  Hi-  Then,  the  electronic  energy  of  this  projected  state,  possibly  an  excited  state, 
minus  the  ground  state  energy  in  the  given  basis  yields  the  excitation  energy,  which, 
when  added  to  the  rovibrational  kinetic  energy  gives  the  energy  E  available  for  quantum 
vibration  and  rotation  of  the  molecule. 

END  Results 

The  principal  assumption  in  the  END  theory  applied  to  this  system  is  that  the  TDVP 
yields  an  appropriate  approximation  to  the  time-dependent  Schrodinger  equation.  The 
approximations  then  consist  only  of  the  choice  of  wave  function  {e.g.  single  determinant 
and  classical  nuclei)  and  that  of  a  basis  set.  There  are  no  further  assumptions  about 
the  system  of  electrons  and  atomic  nuclei.  The  electron-nuclear  dynamics  within  these 
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approximations  is  exact  within  a  given  numerical  precision.  This  approach  is  capable  of 
describing  details  of  the  "microdynamics"  on  electronic  time  scales,  far  beyond  what 
is  observable  with  current  experimental  techniques.  Nevertheless,  such  details  give 
interesting  and  potentially  useful  informations  about  short-time  processes.  Furthermore, 
END  does  not  exclude  any  of  the  possible  processes.  In  table  7.1,  the  initial  conditions 
[a,  fi]  for  the  H+  +  H?  system  are  grouped  according  to  which  processes  are  generated. 
In  summary  a  number  of  observations  can  be  made: 

i.  The  dynamics  starting  from  a  target  orientation  [a,  fi]  is  similar  in  all  respects  to 
that  of  an  orientation  [180°  -  a,  /?].  This  is  expected  in  view  of  the  rather  isotropic 
interaction  between  the  projectile  and  the  target. 

ii.  Effects  due  to  anisotropy  of  the  interaction  are  mostly  apparent  for  impact  parameters 
below  2.0  a.u.  .  For  instance,  the  rotational  excitation,  a  clear  manifestation  of  such 
effects,  is  important  in  this  range. 

iii.  The  occurrence  of  dissociation  and  rearrangement  is  more  prominent  for  the  [a,  0°] 
orientations  than  for  others,  and  these  two  channels  become  less  important  as  a  goes 
to  0°  or  180°. 

iv.  Initial  [a,  0°]  orientations  lead  to  dissociation  and  rearrangement  for  impact  param- 
eters less  than  1.0-1.5  a.u.,  while  [<•>,  45°]  and  [a,  90°]  produce  the  same  processes 
for  impact  parameters  below  0.5-0.8  a.u.  . 

In  order  to  illustrate  some  detailed  END  results  for  the  processes  listed  in  table  7.1, 
figures  7.2  through  7.7  depict  evolutions  for  2000  a.u.  of  time.  These  figures  refer  to  the 
initial  target  orientation  [90°,  0°]  and  impact  parameter/?  =  0.3,  1.0,  and  1.6  a.u.,  which 
lead  to  dissociation,  rearrangement,  and  NT  and  CT  scattering  processes,  respectively. 
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Table  7.1:  Type  of  process  produced  by  various  initial  conditions  as  given  by  target 
orientation  and  projectile  impact  parameter.  D  means  dissociation,  R  rearrangement, 
and  NT  &  CT  non  transfer  inelastic  and  charge  transfer  scattering,  respectively. 


END  product  analysis 

[a,  /5]  target 

Impact  parameter 

Type  of  process 

orientation  (deg) 

range  (a.u.) 

[90°,  0°] 

L             '  J 

0.0  -  0.5 

D 

0.6  -  1.1 

R 

1.2  -1.4 

D 

1.5  -6.0 

NT  &  CT 

[90°,  45°] 

0.0  -  0.5 

D 

0.6  -  6.0 

NT  &  CT 

[90°,  90°] 

0.0  -  0.6 

D 

0.6  -  6.0 

NT  &  CT 

[60°,  0°] 

0.0 

R 

0.1  -  0.2 

D 

0.3  -  1.0 

R 

1.1  -  1.3 

D 

1.4  -  6.0 

NT  &  CT 

[60°,  45°] 

0.0 

R 

0.1  -0.6 

D 

0.7  -  6.0 

NT  &  CT 

[60°,  90°] 

0.0 

R 

0.1  -  0.3 

D 

0.4  -  6.0 

NT  &  CT 

[30°,  0°] 

0.0  -  0.1 

NT  &  CT 

0.2  -  0.9 

D 

1.0  -  6.0 

NT  &  CT 

[30°,  45°] 

().()  -  6.0 

NT  &  CT 

[30°,  90°] 

0.0  -  6.0 

NT  &  CT 
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The  figures  7.2,  7.3,  and  7.4  show  the  trajectories  of  the  three  nuclei  (in  the  vz-plane), 
and  the  figures  7.5,  7.6  and  7.7  give  the  Mulliken  populations  versus  time. 

In  the  dissociation  case,  the  incoming  projectile  transfers  a  great  deal  of  momentum 
inducing  the  target  to  dissociate.  In  this  case  the  outgoing  projectile  also  carries  a 
significant  amount  of  charge  from  the  target  molecule.  The  rearrangement  case  trajectories 
and  atomic  charges  depict  a  rovibrationally  excited  product  molecule.  The  details  in  fig. 
7.8  of  the  evolution  of  the  three  internuclear  distances  for  the  NT  &  CT  case  indicate 
that  the  first  change  in  the  target  molecule  bond  distance  is  the  so  called  bond  "dilution", 
first  found  in  a  calculation  by  Giese  et  al.  [160]  and  also  in  other  treatments[161,  157] 
using  classical  nuclei  . 

In  the  CT  scattering  case  the  rovibrational  excitation  of  the  target  molecule  occurs 
simultaneously  with  the  electron  transfer.  It  is  noteworthy  in  this  context  that  Niedner 
et  al.  based  on  their  theoretical  analysis  of  the  experimental  results  proposed  a  two-step 
mechanism  for  the  CT  scattering.  An  initial  step  consists  of  a  vibrational  excitation  of 
the  //i  molecule  to  Vf  >  4  followed  by  a  second  step  of  electron  transfer  from  the  excited 
molecule.  The  END  dynamics  does  not  support  this  picture. 

Another  dynamical  quantity  of  interest  is  the  scattering  angle  0^  which  enters 
into  the  expressions  for  the  classical  differential  cross  sections.  This  magnitude  can  be 
calculated  directly  form  eq.  32,  or  from  one  of  its  many  variants 


(p2_    2  2)1/2 

cos0ia6  =  ^  ly>     .  (13) 

V 


where  p  =  (p_r  py  p:  )  with  p  =  \p\  is  the  final  momentum  of  the  fragment  going  to 
the  detector  (usually  the  fastest). 
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Figure  7.2:  x  vs.  z  position  for  the  three  centers  (nuclei)  in  a  END  H+  +  Hi  trajectory 
belonging  to  the  orientation  [90°,  0°]  for  which  the  dynamics  remains  in  the  xz  plane.  The  total 
evolution  time  is  2000  a.u.  The  process  shown  is  for  a  dissociation  (D)  at  impact 
parameter  b  =  0.3  a.u.  The  dissociation  of  the  original  target  is  clearly  depicted 
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Figure  7.3:  The  same  as  in  Fig.  7.2  but  for  a  rearrangement  process  (R)  at  b  =  1.0  a.u. 
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Figure  7.4:  The  same  as  in  Fig.  7.2  but  for  a  non  transfer/charge  transfer  (NT/CT)  at  b  =  1 .6  a.u. 
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Figure  7.5:  Mulliken  population  of  a  spin  electrons  vs.  time  for  the  three  centers 
(nuclei)  in  a  END  H+  +  H2  trajectory  belonging  to  the  orientation  [90°,  0°].  The 
process  shown  is  for  a  dissociation  (D)  at  impact  parameter  b  =  0.3  a.u. 
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Figure  7.6:  The  same  as  in  Fig.  7.5  but  for  a  rearrangement  process  (R)  at  b  =  1.0  a.u. 


Figure  7.7:  The  same  as  in  Fig.  7.5  but  for  a  non  transfer/charge  transfer  (NT/CT)  at  b  =  1.6  a.u. 
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Figure  7.8:  Relative  nuclear  distances  vs.  time  for  the  orientation  [90°,  0°]  and  impact 
parameter  b  =  1 .6  a.u.  The  bond  "dilution"  of  the  Ht  as  the  projectile  approaches,  the 
initial  vibrational  excitation  (correlated  to  the  CT  process,  see  Fig.  7.7), 
and  the  vibrational  excitation  after  the  collision  can  readily  be  discerned. 


Figure  7.9  shows  the  scattering  angle  as  a  function  of  impact  parameter  for  some 
representative  initial  reactant  orientations.  Impact  parameter  values  in  this  figure  apply 
only  to  NT  &  CT  scattering  {i.e.  no  breakup  or  rearrangement).  The  maximum  in 
the  range  of  b  from  2.0  to  3.0  a.u.  can  be  identified  with  the  primary  rainbow  angle. 
Analogously  to  the  case  of  ion-atom  collisions  [13,  4]  this  rainbow  angle  corresponds  to 
the  maximum  of  the  attractive  part  of  the  interaction  between  projectile  and  target.  The 
value  of  the  classical  rainbow  angle  is  minimum  for  the  [90°,  0°]  initial  target  orientation, 
and  shows  a  monotonic  increase  for  a  going  to  either  to  0°  or  180°,  or  for  /3  approaching 
90°.  For  the  [90°,  90°]  and  for  all  the  [a,  0°]  trajectories  a  scattering  angle  of  0°,  the  glory 
angle[13,  4],  arises  for  impact  parameters  smaller  than  those  of  the  primary  rainbow.  As  is 
the  case  for  ion-atom  collisions  this  glory  singularity  in  the  classical  cross  section  occurs 
where  the  interaction  changes  from  repulsive  to  attractive.  For  trajectories  with  other 
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initial  target  orientations  a  non  zero  minimum  in  the  scattering  angle  replaces  the  glory 
angle  giving  rise  to  a  so  called  secondary  rainbow.  This  was  first  described  in  a  DECENT 
calculation  by  Giese  et  al.  [160]  and  also  found  in  the  TSHM  calculations  by  Niedner  et 
a/. [157].  This  secondary  rainbow  is  associated  with  the  projectile  being  scattered  out  of 
the  original  jcz-plane.  More  precisely  its  x  and  y  components  of  momentum  pass  through 
zero  for  close  but  different  values  of  the  impact  parameter.  Therefore,  a  zero  scattering 
angle  cannot  occur  (see  eq.  13)  when  the  projectile  goes  from  the  region  of  repulsive  to 
the  region  of  attractive  interaction.  However,  the  corresponding  scattering  angle  is  small, 
which  causes  a  blurring  of  the  rainbow  and  glory  characteristics  Analysis  of  the  NT 
and  CT  probabilities  as  discussed  below  shows  that  the  rearrangement  and  dissociation 
processes  are  far  more  efficient  in  transferring  electronic  charge  than  is  the  scattering. 
It  is  noteworthy  that  the  CT  probability  as  well  as  the  transfer  of  energy  into  vibrations 
both  reach  a  maximum  at  the  impact  parameter  of  the  primary  rainbow. 

Vibrational  resolution  of  various  dynamical  properties  is  achieved  by  subjecting  the 
END  trajectories  to  the  analysis  using  the  canonical  CS.  The  result  of  that  procedure 
for  the  case  of  weighted  probabilities  averaged  over  all  target  orientations  is  shown  in 
fig.  7.10.  The  straight  line  represents  />^;  P;  =  b,  since  the  sum  over  all  probabilities 
must  add  to  unity.  The  vibrational  resolution  of  the  NT  channel  permits  the  calculation 
of  the  classical  vibrationally  resolved  NT  integral  cross  sections,  which  show  excellent 
agreement  [162]  with  experiment. 

The  END  vibrational  energy  transfer  averaged  over  all  molecular  orientations  is 
depicted  in  fig.  7.11  as  a  function  of  scattering  angle  together  with  the  IOSA  [36], 
the  TSHM,  and  the  experimental  results  [157].  There  is  a  satisfactory  agreement  with 
experiment.  The  dip  in  the  END  results  reflects  the  absence  of  some  contributions  to 
the  energy  transfer.    Addition  of  more  trajectories  would  tend  to  make  this  dip  less 
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pronounced. 

As  discussed  in  chapter  5  and  6,  the  purely  classical  DCS  for  this  system  is  (cf.  eq. 
83  and  84,  chapter  6) 

dn  ^smO\[d0Lah/db][n^h=hi\  ■  (  } 

The  classical  DCS  calculated  in  this  manner  provide  a  good  initial  estimate  of  the 
experimental  results  in  spite  of  their  typical  singularities  discussed  in  chapter  5.  For 
instance,  the  average  of  the  END  results  over  the  target  orientations  yields  a  classical 
rainbow  angle  Q™as8  at  8.8°  as  compared  to  the  experimental  value  somewhere  between 
6°  and  7°.  The  TSHM  result  is  close  to  10°. 


Figure  7.9:  Laboratory  scattering  angle  0iab  vs.  impact  parameter  b  for  some  representative 
orientations  [a,  /?].  The  case  depicted  correspond  only  to  the  NT/CT  scattering  (no  dissociation 
of  rearrangement)  for  sake  of  simplicity.  The  primary  rainbow  angle  can  be  seen 
for  2.0  a.u.  <  b  <  3.0  a.u.  in  all  cases.  In  the  orientations  with  (3  =  0°,  a  (zero) 
glory  angle  can  be  observed  at  impact  parameters  lower  than  that  of  the  primary 
rainbow.  In  the  other  orientations,  a  (nonzero)  secondary  rainbow  angle  can  be  seen. 
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Figure  7.10:  Orientation-averaged  weighted  probability  vs.  impact  parameter.  All  the  channels 
shown  along  with  bJ2,  Pi(b)  =  b  as  the  upper  straight  line.  CT  is  the  total  charge  transfer  via 

either  dissociation  or  rearrangement  or  pure  scattering,  D  is  non  transfer  dissociation,  and 
Vf  =  0,  1,  2,  3,  4  ,  final  vibrational  state  of  the  H2  molecule  in  the  NT  scattering  case.  The 

CT  probability  is  a  continuous  function  of  the  impact  parameter  but  is  low  at  high  impact 
parameter.  Observe  the  predominance  of  the  dissociation  and  charge  transfer  processes  at  low 
impact  parameters,  and  the  higher  vibrational  excitation  at  the  impact  parameters  of  the  rainbow. 


Figure  7.11:  H2  NT  vibrational  energy  transfer  AEv,b  vs  laboratory 
scattering  angle  0]ab.  Orientation-averaged  results  from  END,  IOSA 
[36],  and  THSM  [157]  calculations  along  with  experimental  data  [157]. 
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SC  corrections  yield  cross  sections  that  better  agree  with  experiment  as  will  be  seen 
below.  The  transitional  SC  approximation  for  the  END  theory,  eq.  85,  86  and  91, 
is  employed  for  the  primary  rainbow.  The  treatment  of  the  secondary  rainbow  is  less 
straightforward.  As  discussed  in  the  last  section  of  chapter  5,  there  exists  in  the  literature 
SC  treatments  of  elastic  isotropic  scattering  exhibiting  a  maximum  and  a  minimum  in 
the  deflection  function  [143-145,  163].  The  direct  application  of  either  the  uniform  or 
the  transitional  Airy  approximation  to  both  rainbow  angles  has  been  discussed  in  the 
cited  works,  but  fails  when  they  are  too  close  to  each  other  as  in  the  present  case. 
Approaches  based  on  catastrophe  theory  [148],  such  as  the  uniform  and  transitional 
Pearcey  approximation  [163]  are  the  correct  SC  treatment  for  both  rainbow  angles,  but 
it  is  implementation  is  too  cumbersome  in  this  context.  Therefore,  no  corrections  have 
been  made  for  the  secondary  rainbow.  Other  studies[160,  157]  have  adopted  the  same 
philosophy,  and  the  averaging  procedure  of  the  END  smooths  effects  of  the  secondary 
rainbow,  anyway. 

Figure  7.12  displays  the  total  NT  DCS  for  laboratory  scattering  angles  of  2°  through 
12°.  END  is  compared  to  IOSA  [36],  TSHM,  and  the  experimental  result  [157].  The 
latter  has  been  normalized  to  the  END  results  by  matching  the  experimental  DCS  at  the 
experimental  rainbow  to  the  END  total  DCS  at  the  END  rainbow  angle.  The  fig.  7.13 
through  7.18  similarly  show  the  vibrationally  resolved  NT  DCSs  for  v  =  0, 1.2,3,4,5. 
The  agreement  of  the  END  results  with  experiment  is  superb  with  respect  to  position 
of  the  primary  rainbow,  overall  shape,  and  vibrational  resolution.  Actually,  the  position 
of  the  END  primary  rainbow  in  all  cases  agree  better  with  experiment  than  does  the 
so  called  full  quantum  mechanical  study  using  a  DIM  surface  and  the  IOSA.  The  latter 
predicts  values  somewhat  greater  than  do  either  TSHM  or  END. 


198 


Scattering  Angle  0,  .  (deg) 


Figure  7.12:  Total  non  transfer  differential  cross  sections  vs  laboratory  scattering  angle, 
orientation  averaged  results  from  END,  IOSA  [36],  and  THSM  [157]  along  with  experimental 
data  [157].  The  latter  have  been  normalized  to  the  END  results  by  matching  the 
experimental  total  NT  differential  cross  section  at  the  experimental  rainbow  angle. 
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Figure  7.13:  The  same  as  in  Fig.  7.12  but  for  the  final  vibrational  state  vf  =  0. 
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Figure  7.14:  The  same  as  in  Fig.  7.12  but  for  the  final  vibrational  state  Vf  =  1. 


Figure  7.15:  The  same  as  in  Fig.  7.12  but  for  the  final  vibrational  state  vf  =  2. 
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Figure  7.16:  The  same  as  in  Fig.  7.12  but  for  the  final  vibrational  state  vf 
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Scattering  Angle  0,  ,  (deg) 


Figure  7.17:  The  same  as  in  Fig.  7.12  but  for  the  final  vibrational  state  vf 
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Figure  7.18:  The  same  as  in  Fig.  7.12  but  for  the  final  vibrational  state  Vf  =  5. 


1      '      1  1 

 END 

H  +  H2+(vf  =  all) 

IOSA 

 TSHM 

•  -  ■  -  Expt/END 

■  -  Expl/IOSA 
a  —  Eipt/TSHM 

Scattering  Angle  8.  .  (deg) 
Figure  7.19:  Charge  Transfer  total  differential  cross  sections  vs.  laboratory  scattering  angle. 
Orientation-averaged  results  from  END,  IOSA  [36],  and  THSM  [157]  calculations 
along  with  experimental  data  [157]  normalized  to  the  three  calculations. 


The  END,  IOSA,  and  TSHM  total  CT  DCSs  are  given  in  Fig.  7.19  together  with 
the  experimental  one,  which  has  been  reproduced  three  times  for  ease  of  comparison 
by  normalizing  it  in  turn  to  the  three  theoretical  curves.  The  END  results  again  show 
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satisfactory  agreement  with  experiment.  The  END  transfer  cross  section  does  better 
overall  than  the  structureless  TSHM  results.  It  also  seems  to  give  a  better  account  of  the 
low  angle  portion  than  does  IOSA,  particularly  in  showing  the  proper  decrease  down  to  2°. 

The  END  description  might  be  judged  less  satisfactory  at  greater  scattering  angles. 
The  decrease  of  the  theoretical  curve  is  less  rapid  than  the  experimental  one.  The  reason 
for  this  behavior  is  understood.  For  scattering  angles  greater  than  the  primary  rainbow, 
the  repulsive  interactions  determines  the  differential  cross  section.  As  the  scattering 
angle  increases  further  and  the  impact  parameter  decreases,  the  dissociative  region  is 
reached.  END  shows  no  dissociation  for  6  <  12°.  Beyond  the  primary  rainbow  angle 
the  CT  probability  function  first  decreases  but  then  steeply  increases  into  the  region 
where  dissociation  dominates.  This  situation  is  particularly  pronounced  for  the  [a,  90°] 
orientations,  which  show  less  repulsion  and  permits  the  projectile  to  get  close,  interchange 
a  considerable  amount  of  charge,  and  then  scatter.  When  energy  losses  higher  than  3  eV 
are  excluded  the  CT  differential  cross  section  assumes  a  reasonable  fall-off  for  the  higher 
scattering  angles.  This  makes  sense  for  the  purpose  of  comparison,  since  it  appears  that 
such  contributions  cannot  be  seen  by  experiment  157].  None  of  the  theories,  including 
multi-trajectory  method[164],  reproduces  the  sharp  fall-off  of  the  experimental  differential 
cross  section  at  very  low  scattering  angles.  The  END  results  down  to  1°  is  no  different. 
This  increase  in  the  calculated  differential  cross  section  for  charge  transfer  seems  to 
have  its  origin  in  the  secondary  rainbow,  and  particularly  involve  trajectories  with  [a, 
90°]  target  orientations.  Such  a  pronounced  discrepancy  between  theory  and  experiment 
deserves  further  study.  A  vibrational  resolution  of  the  transfer  DCS.  similar  to  that  in  the 
non-transfer  DCS,  was  attempted  but  it  was  not  very  satisfactory.  A  detailed  discussion 
on  this  issue  is  provided  in  chapter  8. 

An  intriguing  feature  of  the  studies  of  this  simple  ion-molecule  system  is  the  quite 
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different  absolute  magnitudes  of  the  total  transfer  cross  section  produced  by  the  various 
theoretical  approaches.  Unfortunately,  the  TOF  experiment  referred  to  throughout  this 
study  [157]  did  not  yield  absolute  results,  which  means  that  independent  investigations 
must  be  consulted  for  comparison.  Past  experiments  on  the  CT  pprocesses  of  H+  +  H? 
measured  only  ICS,  and  most  of  those  experiments  were  not  carried  out  at  energies 
close  to  fiab  =  30  eV.  Some  experiments  at  30  eV  actually  failed  to  detect  any  transfer 
whatsoever[165].  Therefore,  the  value  used  here  for  comparison  is  one  interpolated  from 
data  compiled  by  Phelps[166].  This  data  collection  contains  quite  a  few  experimental 
results  for  3.1G  eV  <  <  10, 000  eV.  Among  these  data,  the  experiment  closest  to  our 
collision  energy  is  the  one  by  Gealy  et  al.  [167].  The  fitted  values  are  also  consistent  with 
those  in  the  classical  works  by  Cramer  [165]  and  Koopman[168].  Table  7.2  compares 
the  interpolated  experimental  CT  cross  sections  with  the  available  theoretical  ones.  The 
END  values  are  the  classical  ones  obtained  by  (cf.  eq.  94) 

a([a,0\)  =  I  P{b,[a,/3])bdb  (15) 

followed  by  an  average  over  orientations.  The  integration  limits  are  chosen  to  correspond 
to  the  scattering  angle  interval  of  interest.  It  is  not  possible  to  ascertain  whether  the 
experimental  values  include  dissociation  and  rearrangement  contributions  to  the  total  CT 
process.  Therefore,  Table  7.2  contains  the  three  different  columns: 

i-    0  <  ^lab  <  12°  the  span  of  scattering  angle  in  the  experiment  of  Niedner  et  a/.[157]. 
END  does  not  predict  dissociation  or  rearrangement  in  this  range. 

ii.  The  full  range  of  scattering  angle  but  excluding  the  contributions  from  dissociation 
and  rearrangement,  i.e.  scattering  CT  integral  cross  section. 

iii.  The  full  range  of  scattering  angle  with  all  contributing  processes  included  (dissocia- 
tion, rearrangement,  and  scattering),  i.e.  the  full  CT  integral  cross  section. 
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Table  7.2:  The  integral  charge  transfer  cross  section  in  A2  calculated  in  three  different  ways, 
IOSA  [36],  TSHM  [157]  and  END,  compared  to  an  interpolated  experimental,  value  [166]. 


Method 

o°  <  elal  <  12° 

All  0lnh 
excluding  D  and  R 

ah  elah 

all  processes 

IOSA 

0.73 

1.10 

TSHM 

0.3 

END 

1.44xl0"2 

0.121 

0.275 

Experiment 

0.371 

The  Proton-Methane  System 
Initial  Conditions  and  Final  State  Analysis 

The  QCSD  END  theory  is  now  applied  to  the  proton-methane  system.  As  was  the  case 
in  the  proton-hydrogen  system,  the  first  concern  is  the  choice  of  the  initial  orientations  of 
the  methane  molecule.  Because  of  its  high  symmetry,  only  a  small  number  of  orientations 
suffice.  An  average  over  initial  target  orientations  requires  an  integration  over  the  Euler 
angles.  A  reasonable  grid  for  this  integration  is  the  one  shown  in  Table  7.21.  The  six 
basic  orientations  displayed  in  Figure  7.20  generate  132  grid  points.  The  target  molecule 
is  held  fixed  at  the  origin  of  the  laboratory  Cartesian  frame  and  the  proton  is  given  a 
momentum  commensurate  with  the  desired  collision  energy.  In  these  calculations  the 
proton  is  initially  at  a  distance  of  15  a.u.  from  the  target  and  the  methane  molecule  is  in 
its  electronic  ground  state  and  equilibrium  geometry,  computed  in  the  given  basis  at  the 
SCF  level.  A  full  range  of  impact  parameters  is  considered  for  each  basic  orientation. 
The  nuclei  being  classical  particles  have  no  zero-point  vibrations. 
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Figure  7.20:  Reactant  init^l  conditions  for  the  END  H+  +  CE\  system. 
The  nuclei  of  the  meihane  molecule  are  labeled  C\,  H2,  #3,  H4,  H5. 
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Edge  I  Edge  II 


Figure  7.21:  The  six  target  orientations  considered  are  shown 
with  the  labels  Head  I,  and  II,  Face  I  and  II,  and  Edge  I  and  II. 


Table  7.3:  Integration  grid  for  the  orientations  of  the  target  methane 
molecule.  The  six  basic  orientations  are  shown  in  Figure  1 
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The  six  basic  orientations  include  the  proton  approach  parallel  to  the  C3  axis  and 
heading  into  a  hydrogen  with  two  distinct  target  orientations  (Head  I  and  Head  II),  the 
opposite  orientation  with  the  proton  approach  into  the  triangular  face  of  three  hydrogens 
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again  with  two  distinct  target  orientations  (Face  I  and  Face  II),  and  the  approach  parallel 
to  an  S4  axis  also  with  two  distinct  methane  orientations  (Edge  I  and  Edge  II).  The  impact 
parameter,  b,  assumes  values  in  steps  0.1  from  0.0  to  6.0  Bohr  and  0.5  between  6.0  and 
8.0  Bohr.  This  yields  390  fully  dynamical  trajectories,  each  with  an  evolution  time  of 
1,200  a.u.  to  achieve  a  clear  separation  of  the  product  species.  For  all  these  trajectories 
the  proton  enters  the  collision  region  after  about  400  a.u.  of  time. 

The  electronic  basis  set  is  chosen  as  the  minimal  STO-3G.  The  behavior  of  END 
results  with  change  of  basis  sets  is  the  subject  of  an  ongoing  study.  However,  experience 
[169,  7,  170]  with  the  ENDyne  calculations  on  several  smaller  systems  has  shown  that 
this  level  of  description  is  capable  of  yielding  results  that  will  not  be  greatly  changed 
when  the  basis  is  augmented.  Typically  one  observes  somewhat  different  behavior  of 
individual  trajectories  with  basis  set  changes,  but  the  resulting  effects  on  cross  sections, 
average  energy  transfers,  etc.  are  not  dramatic.  One  possible  piece  in  the  puzzle  to 
understand  the  behavior  of  this  level  of  END  theory  is  the  effective  potential  surface 
on  which  the  dynamics  may  be  considered  to  take  place.  For  each  trajectory  one  can 
at  each  time  step  of  integration  subtract  the  nuclear  kinetic  energy  from  the  constant 
total  energy  of  the  system  and  in  such  a  manner  obtain  an  effective  potential  surface 
(including  the  effects  of  electron-nuclear  couplings).  Such  effective  surfaces  studied  so 
far  are  very  smooth  and  structureless  indicating  that  a  modest  basis  might  be  sufficient 
for  a  reasonable  description  of  the  electron  dynamics. 

Since  the  END  treats  the  electrons  and  the  nuclei  on  an  equal  footing  this  system 
represents  a  sixteen  particle  collision.  For  such  an  encounter  at  30  eV  many  possible 
processes  can  result.  The  initial  system  can  be  represented  as 


p+  +  CH4{vi  =  0) 


(16) 
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where  we  have  denoted  the  projectile  proton  as  p+  and  where  v,  =  0  denotes  the  lack 
of  rovibrational  excitation  in  the  target  molecule.  The  product  channels  observed  in  this 
application  of  the  END  theory  are  as  follows: 

The  proton  departs  having  excited  the  methane  molecule.  This  is  referred  to  as  non 
transfer  (NT)  inelastic  scattering, 

P+  +  CH^f).  (17) 
Simple  electron  charge  transfer  (CT)  leaves  the  products 

p  +  CH+(vf).  (18) 
In  both  the  above  cases  there  exist  also  the  exchange  processes  (E) 

H+  +  CH3p  (uf).  (19) 

or 

H  +  CHzP+(vf).  (20) 

Another  process  is  the  so  called  collision-induced  dissociation  (D2)  involving  three 
product  fragments,  two  of  which  are  hydrogenic  particles, 

p  +  H+  +  CH3(vf)   or    p+  +  H  +  CH3(uf)   or  p  +  H  +  CH}(vf).  (21) 

A  very  small  number  of  trajectories  also  yield  products  with  three  hydrogenic  particles 
(D3)  leaving  with  various  amount  of  electron  charge.  Finally,  a  molecular  hydrogen 
formation  (F)  channel  (or  hydrogen  abstraction  channel)  is  observed  yielding  the  products 

CH3(vfi)  +pH+(vf2)  or  CH+{un)  +pH(uf2)  .  (22) 

This  channel  may  also  exhibit  a  dissociation  (FD2)  of  the  productC#3  fragment  into  a 
CH2  and  a  hydrogenic  particle. 
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Obviously  this  classification  of  product  channels  can  be  further  refined  with  a 
discussion  of  which  vibrational  or  rovibrational  states  are  reached.  Such  calculations 
are  deferred  to  a  later  publication.  No  total  fragmentation  of  methane  comes  from  the 
END  calculations.  These  general  results  of  the  END  calculations  are  in  agreement  with 
the  experiments,  where CH4+,CHi+,  andC7/2+  fragments  have  been  detected,  but  noCH+ 
orC*.  The  END  calculations  with  distinguishable  nuclei  can,  of  course,  yield  details  that 
are  beyond  what  the  experiment  can  do.  The  TOF  [151]  generally  only  detects  the  fastest 
product  particle  irrespective  of  its  past  history. 

It  should  be  noted  that  the  END  dynamics  of  the  CT  and  NT  channels  have  trajectories 
where  the  hydrogenic  particles  leave  partially  charged  and  actually  the  majority  of 
trajectories  are  of  the  NT  variety  with  effectively  a  proton  leaving.  This  means  that 
the  classical  nuclei,  which  can,  of  course,  only  present  one  evolving  product  geometry 
is  weighted  towards  the  CH4  rather  than  CH±  .  This  situation  can  only  be  remedied  by 
the  double-wave  packet  END  theory  sketched  in  chapter  3.  However,  even  with  classical 
nuclei  the  experience  shows  that  the  calculated  transfer  probabilities  are  reasonable  and 
so  is  the  dynamics  of  the  dominant  process. 
END  Results. 

For  this  system  different  initial  conditions  yield  different  product  channels  and  in 
table  7.4  the  initial  conditions  are  classified  as  functions  of  the  process  generated.  It 
is  interesting  to  note  that  the  type  of  process  depends  strongly  on  the  orientation  of 
the  methane.  Some,  such  as  the  Face  II  orientations,  yield  only  non  reactive  NT  and 
CT  channels,  while  others  are  extremely  reactive  and  involve  bond  breaking  and  bond 
making.  The  value  of  the  impact  parameter  is  also  decisive  in  steering  the  system  to  a 
particular  channel.  For  instance,  the  Face  I  orientation  yields  thirteen  different  processes 
as  the  impact  parameter  varies  from  0.0  to  8.0  Bohr.   Processes  where  the  incoming 
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proton  does  not  encounter  a  C-H  bond  are  the  less  violent  as  one  would  expect.  Indeed, 
impact  parameters  greater  that  2.9  Bohr  always  lead  to  CT  and  NT  channels.  Although 
a  different  system,  this  is  consistent  with  the  calculations  by  Raff  [171]  on  hydrogen 
atom  collisions  with  methane  which  showed  that  the  probability  for  chemical  reaction 
falls  off  to  zero  for  impact  parameters  b  >  3.0  Bohr.  For  smaller  impact  parameters  the 
dissociation,  the  hydrogen  exchange,  and  the  formation  of  molecular  hydrogen  are  the 
dominant  channels,  while  the  D3  and  FD2  processes  are  rare  events  occurring  almost 
exclusively  for  very  small  impact  parameters  in  the  Head  orientations. 

The  atoms  in  the  methane  target  are  labeled  C\,  Hi,  #3,  #4,  and  H$,  while  the 
initial  proton  is  labelled  H(,  (see  figure  7.21).  It  is  often  instructive  to  study  some  typical 
trajectories  in  order  to  get  an  understanding  of  the  relevant  dynamics.  The  NT  and  CT 
channels  result  in  trajectories  similar  to  what  has  been  observed  in  the  previous  section 
for  the  proton  collisions  with  molecular  hydrogen.  The  electron  charge,  as  given  by  the 
Mulliken  population  on  the  incoming  proton,  increases  as  the  proton  approaches  methane 
and  then  decreases  to  an  asymptotic  value  corresponding  to  the  final  charge  transfer 
probability.  In  the  region  of  the  rainbow  angle  the  CT  probability  is  considerable  (about 
30%).  The  dissociation  process  D2  is  illustrated  in  figures  7.22  through  7.24.  The 
initial  conditions  are  orientation  Head  II  and  b  =  1.00  Bohr.  The  H3  hydrogen  is  the 
fastest  outgoing  particle,  the  incoming  proton  being  slowed  by  the  interaction,  and  the 
remaining  C//3  fragment  leaves  vibrationally  excited  as  illustrated  by  the  evolution  of 
the  C-Ho  bond  distance.  In  this  trajectory  the  fastest  outgoing  particle,  which  happens 
to  be  #3,  carries  off  a  significant  amount  of  charge  (0.5  le)  and  the  slower  hydrogen, 
which  interacts  a  long  time  with  the  carbon  center  leaves  with  almost  a  full  electron 
(0.95e).  The  Mulliken  populations  of  the  remaining  C//3  fragment  oscillate  illustrating 
the  sharing  of  the  electrons  between  these  atoms  forming  a  bound  species. 
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Table  7.4:  Types  of  process  produced  by  different  initial  conditions 
(orientation  of  target  and  impact  parameter  of  projectile) 


Target  orientation 

Impact  parameter  range 

Process 

Head  I 

0.0-0.0 

F 

0.1-0.1 

E 

0.2-0.4 

D3 

0.5-8.0 

NT  and  CT 

Head  II 

0.0-0.0 

F 

0  1-0  1  •  2  1-2  4 

E 

0.2-0.2 

FD2 

0.3-0.4 

D3 

0.5-2.0;  2.5-2.9 

D2 

3.0-8.0 

NT  and  CT 

Face  I 

0.0-0.2;2.7-8.0 

NT  and  CT 

0.3-0.4;  0.6-0.6;  0.9-1.4; 

D2 

1.9-1.9;  2.6-2.6 

0.5-0.5;  0.7-0.8;  1.5-1.8; 

F 

2.5-2.5 

2.0-2.3 

F 

2.4-2.4 

D3 

Face  II 

0.0-8.0 

NT  and  CT 

Edge  I 

0.0-1.0;  2.7-8.0 

NT  and  CT 

1.1-2.6 

D2 

Edge  II 

0.0-0.1;  2.4-8.0 

NT  and  CT 

0.2-0.3;  1.5-1.6;  2.1-2.1; 

D2 

2.3-2.3 

0.4-1.4;  2.2-2.2 

F 

1.7-2.0 

E 
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t  =  648  a.u. 


Figure  7.22:  Depiction  of  the  END  trajectory  in  the  xz-plane  for  target  orientation  Head  II  and 
impact  parameter  1 .0  Bohr.  The  nuclear  evolution  is  shown  at  four  different  time  points. 
The  lines  between  atoms  only  registers  proximity  during  the  evolution  and  has  the 
meaning  of  a  bond  only  at  the  very  end  of  the  trajectory.  This  is  part  of  channel  D2. 
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Figure  7.23:  The  time  evolution  of  the  relevant  C-H  distances  is  shown. 
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Figure  7.24:  The  electron  charge  evolution  is  shown  in  terms  of  the  Mulliken  populations 
on  the  hydrogens  H2  that  stays  on  the  carbon  fragment,  and  Hj  (fast)  that  comes 
from  the  original  CH4  and  the  original  proton  projectile  that  leaves  as  H6  (slow). 


A  typical  F  process  is  shown  in  figures  7.25  through  7.27  for  initial  conditions 
corresponding  to  the  orientation  Edge  II  and  impact  parameter  1.30  Bohr.  This  process 
is  not  detected  experimentally. 
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Figure  7.25:  This  is  the  END  trajectory  in  the  xz-plane  with  target  orientation  Edge  II  and  impact 

parameter  1.30  a.u.  The  hydrogen  H2  breaks  its  bond  with  the  carbon  and  together  with  the 
incoming  proton  (H6)  forms  a  hydrogen  molecule  that  leaves  slowly.  This  is  part  of  channel  F. 
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Figure  7.26:  The  time  evolution  of  the  relevant  C-H  and  H-H  distances  is  shown. 


I  d 

1 

 1  1  1  1 —  1 — ■  1 

0  8 

0.6 

0.4 

0.2 

H2  —  " 
H3,  H4  and  H5  --- 
H6  — 

0 

J  i                                   I  i 

I  l-a  1  I  I  1_ 

0  200  400  600  800  1000 

Time  (a.u.) 


Figure  7.27:  The  electron  charge  evolution  is  shown  in  terms  of  the  Mulliken 

populations  on  the  hydrogen  H2  originally  bonded  to  the  carbon  and  on 
He,  which  is  the  incoming  proton  forming  the  product  hydrogen  molecule  with 
H2.  The  hydrogens  of  the  remaining  C//3+  fragment  lose  some  electronic  charge. 

This  can  have  several  possible  reasons.  From  the  present  calculations,  it  can  be 
concludes  that  the  hydrogen  product  molecule  has  very  small  translational  energy.  The 
formation  of  H2+  seems  negligible  and  virtually  all  F  trajectories  result  in  molecular 
hydrogen  with  two  electrons,  leaving  behind  an  essentially  planar  CH3+  fragment.  From 
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the  phenomenological  formula  of  Nakai  et  al.  [172]  based  on  various  experimental 
results,  an  estimate  of  the  CT  integral  cross  section  can  be  obtained  at  30  eV  to  be  about 
4-5  A2.  This  value  is  quite  approximate  since  it  results  from  an  extrapolation  of  the 
experimental  data  at  higher  energies.  The  ICS  are  again  calculated  by  (cf.  eq.  94) 

oc 

a(Elab)  =  2tt  I  bP£T(b:  Elab)db  (23) 
0 

by  numerical  integration,  where  Pa:CT  is  the  charge  transfer  probability  for  a  given 
collision  energy  as  a  function  of  impact  parameter  and  orientation  k  of  the  target. 
This  probability  is  obtained  for  each  trajectory  by  projecting  the  evolved  state  onto  the 
appropriate  final  state.  Averaging  over  the  orientations  of  the  target  molecule  is  done 
by  starting  from  the  six  basic  target  orientations  (HI,  H2,  Fl,  F2,  El,  and  E2)  of  figure 
7.21.  The  high  symmetry  of  the  target  means  that  actually  132  different  orientations  are 
generated  from  these  basic  orientations.  Any  function,  such  as  a  cross  section,  obtained 
for  the  basic  six  orientations,  is  then  represented  by  its  values  in  132  grid  points  on  the 
parameter  space  of  the  group  SO(3).  The  scheme  used  for  integration  over  the  Euler 
angles  a,  ft,  and  7  on  the  intervals  [0,27r],  [0,7r],  and  [0,27r],  respectively  is  described 
in  the  appendix  E. 

It  is  assumed  that  the  E,  D2  and  D3  channels  are  included  in  the  experimental 
data  and  the  product  channel  are  labeled  by  the  nature  of  the  fastest  outgoing  particle. 
Since  the  impact  parameter  resolution  could  be  made  finer,  where  the  product  channels 
undergo  drastic  changes,  our  integration  is  only  approximate.  The  value  of  2.7  A2  must 
be  considered  in  satisfactory  agreement  with  experiment.  The  results  in  table  7.5  show 
that  0>(£iab)  is  larger  for  the  most  reactive  orientations  and  that  the  E,  D2,  and  D3 
channels  represent  non-negligible  percentages  of  the  total.  The  F  channel  has  the  integral 
cross  section  0.26  A2.  There  are  no  experimental  data  to  which  it  can  be  compared. 
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Table  7.5:  Charge  transfer  integral  cross  sections  and  percentage  of  integral  cross  section 
coming  from  the  D2,  D3,  E,  and  FD2  channels  for  the  different  target  orientations. 
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Figure  7.28:  The  deflection  function  versus  impact  parameter  corresponding  to  the 
NT  and  CT  channels  is  shown  for  the  six  different  target  orientations  of  Figure 
lb.  The  classical  primary  rainbow  is  around  12  degrees.  A  glory  angle  is 
observed  in  all  cases  for  impact  parameter  between  1.80  and  3.50  Bohr 


The  scattering  angle  0jnh  is  by  a  variant  of  eq.  32  (cf.  eq.  13) 

*m()Lab  =  —~  9        9.1/9  .  (24) 

in  terms  of  the  components  of  the  asymptotic  momentum  of  the  particle  reaching  the 
detector.  The  classical  deflection  function  0(6).  eq.  50,  is  in  this  system  the  scattering 
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angle  with  a  positive  sign  in  the  repulsive  case  and  a  negative  sign  for  the  attractive  case, 

0Lab  =  ±[9(6)  -  2H;  n  =  0  (25) 

Figure  7.28  displays  this  classical  deflection  function  as  a  function  of  the  impact  parameter 
for  the  six  distinct  orientations.  Only  the  CT  and  NT  channels  are  present  at  these  impact 
parameters.  The  classical  primary  rainbow  angle  corresponds  to  the  maximum  attractive 
part  of  the  interaction  between  the  projectile  and  target  and  is  thus  at  the  minimum  of 
the  deflection  function  which  occurs  at  3.00  <  Rainbow  ^  4.30  Bohr.  Our  mean  value  for 
the  classical  primary  rainbow  is  12  degrees.  The  scattering  angle  of  0  degrees,  the  glory 
angle,  can  also  be  identified  in  Figure  4  and  corresponds  to  smaller  impact  parameters, 
1.80  <  &giory  <  3.50  Bohr.  Similarly  to  the  experiment  there  is  no  secondary  rainbow 
for  any  of  the  orientations.  Table  7.6  details  the  results  for  each  of  the  six  distinct  target 
orientations. 


Table  7.6:  Classical  and  semiclassical  rainbow  angle  (degrees)  per  orientation  in 
the  laboratory  frame.  The  corresponding  impact  parameter  in  Bohr  is  also  listed. 
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For  the  almost  spherical  methane  molecule  the  classical  DCS  per  target  orientation 
may  be  expressed  as  (cf.  eq.  83  and  84,  chapter  6) 

<W0£flft.*-)  =  biPik(bi) 

dSl     '     ^sinBLab\dOLah/db\hi,k'  (26) 

where  Pik  is  the  probability  of  a  given  process  and  the  sum  runs  over  all  the  contributing 

branches  to  the  scattering  angle  BLab.  As  before,  this  classical  DCS  calculated  in  this  way 
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displays  the  already  discussed  singularities  at  the  rainbow  and  glory  angles  as  well  as  a 
too  large  primary  rainbow  angle.  In  this  case,  the  uniform  SC  corrections  for  the  END 
theory,  eq.  85  through  88,  is  applied.  The  averaged  semiclassically  corrected  rainbow, 
6~c,  eq.  89  angle  is  10.0  degrees  in  excellent  agreement  with  the  experimental  value 
[151]  of  10  degrees. 

Non  transfer  (NT)  and  transfer  (CT)  DCS  averaged  over  all  the  orientations  are 
depicted  along  with  the  experimental  values  in  figures  7.29  and  7.30,  respectively.  For 
the  purpose  of  comparison  the  unnormalized  experimental  values  have  been  normalized 
to  the  END  results  by  matching  the  values  of  the  DCSs  at  the  rainbow  angle.  There  are 
no  error  bars  reported  by  the  experiment.  Even  so,  the  agreement  in  the  non  transfer 
case  must  be  judged  to  be  satisfactory.  Some  disagreement  occurs  at  very  low  scattering 
angles,  where  the  blast  through  proton  beam  may  also  obscure  some  of  the  experimental 
results[151].  The  agreement  with  the  experiment  is  not  good  in  the  transfer  case  although 
the  rainbow  angle  is  predicted  correctly.  Indeed,  the  END  value  predicts  a  lower  transfer 
probability  than  experiment  at  small  scattering  angles  and  a  higher  probability  at  large 
angles.  The  END  DCS  is  flatter  and  more  structured  than  the  experimental  one  at  small 
scattering  angles.  In  general,  the  shape  of  the  transfer  END  DCS  resembles  the  END 
non-transfer  one.  This  is  probably  a  manifestation  of  the  dominance  of  the  non  transfer 
process  and  the  inability  in  the  END  dynamics  at  the  present  level  of  approximation  to 
completely  separate  it  from  the  charge  transfer  one.  The  capability  to  split  the  nuclear 
wave  packet  (see  chapter  3)  when  added  to  the  ENDyne  code  could  improve  the  results 
Both  END  results  exhibit  oscillations  due  to  the  SC  phase  despite  the  averaging  over 
target  orientations.  The  addition  of  more  orientations  will  result  in  less  pronounced 
oscillatory  behavior,  but  even  so  we  must  conclude  that  the  END  results  for  the  charge 
transfer  differential  cross  section  are  inadequate  at  this  level.  It  should  be  noted  that  the 
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experimental  [151]  detection  efficiency  of  hydrogen  atoms  is  only  3%,  making  also  the 
experimental  transfer  cross  section  less  accurate  than  the  non-transfer  one. 


10  IS 


Scattering  Angle  9  (deg.) 

Figure  7.29:  Semiclassical  correction  of  END  total  differential 
cross  section  for  the  NT  channel  compared  to  experiment. 


Figure  7.30:  Semiclassical  correction  of  END  total  differential 
cross  section  for  the  CT  channel  compared  to  experiment. 
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The  experiments  by  the  Toennies  group[151]  also  seek  to  analyze  the  energy  transfer 
between  the  proton  and  the  methane.  An  END  reproduction  of  the  time-of-flight  spectra 
would  require  many  more  trajectories  in  order  to  obtain  statistically  relevant  relative 
intensities  of  each  energy  loss  value.  However,  the  evolution  of  the  average  energy 
transfer  for  the  NT  channel  as  a  function  of  the  scattering  angle  can  be  obtained  with  the 
present  trajectories  according  to  eq.  5.  In  this  case,  that  expression  can  be  rewritten  as 

{    t(  ))  ~    £,^TI%A»I   '  <27> 

where  AE1,*.  is  the  difference  in  kinetic  energy  between  the  incoming  proton  and  the 
fastest  outgoing  particle,  and  P-jJT  is  the  probability  of  no  charge  transfer  to  the  fastest 
particle,  both  for  target  orientation  k.  The  final  value  is  also  rotationally  averaged.  The 
results  and  their  comparisons  to  the  experimental  data  are  displayed  in  fig.7.31.  The  above 
procedure  underestimates  the  energy  transfer,  although  the  agreement  with  experiment 
is  reasonable  for  the  larger  scattering  angles.  For  small  scattering  angles  the  agreement 
is  poorer  and  the  experimental  results  appear  to  even  have  a  different  limiting  form  at 
zero  scattering  angle  if  one  assumes  a  linear  behavior.  It  seems  reasonable  to  expect 
the  energy  transfer  to  tend  to  zero  at  small  scattering  angles  since  the  average  energy 
transfer  is  determined  by  the  protons  in  the  "blast  through"  beam  not  interacting  with  the 
target,  i.e.  coming  in  with  large  impact  parameters.  The  assumption  of  a  linear  behavior 
may  not  be  justified,  but  the  experimental  results  for  average  energy  transfer[  1 5 1  ]  at  this 
energy  has  been  fitted  by  a  straight  line. 

In  the  experiments  two  independent  ways  to  infer  the  relative  abundances  of  the  prod- 
uct fragments  CHf.CHf,  and  CH$  are  used.  On  the  one  hand  a  mass  spectrometry 
analysis  of  the  heavy  ion  products  was  done,  and  on  the  other  the  energy  loss  spectra 
was  obtained  of  the  scattered  hydrogen  atoms  for  scattering  angles  up  to  8  degrees.  The 
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two  methods  give  results  that  agree.  The  assumptions  made  in  this  analysis  appear  to  be 
that  (i)  the  mass  spectrometer  experiment  sees  all  the  heavy  ions  from  all  the  possible 
processes,  (ii)  the  energy  loss  spectrum  remains  the  same  for  scattering  angles  greater 
than  8  degrees,  (iii)  the  energy  loss  spectrum  of  the  hydrogens  separates  into  essentially 
non-overlapping  regions,  one  for  each  of  the  three  heavy  ion  species. 
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Scattering  angle  (deg.) 

Figure  7.31:  END  and  experimental[151]  average  kinetic  energy  loss  of  the  proton 
versus  scattering  angle.  The  END  results  are  averaged  over  target  orientations. 

In  order  to  test  these  assumptions  within  the  limitations  of  the  present  model,  the 
following  study,  summarized  in  table  7.7,  is  performed.  First,  the  ICS  section  formula, 
eq.  (23)  is  used  with  the  probability  P(b,  E\Ah)  corresponding  to  the  formation  of 
each  of  the  three  cations,  and  simply  compare  the  three  fT(E\Ah)  values  obtained.  By 
taking  all  processes  into  account  we  find  a  50/50  CH~f/CH£  ratio,  very  different 
from  the  experimental  one.  The  great  abundance  of  CH£  might  at  first  be  surprising 
considering  the  rather  small  ranges  of  impact  parameters  of  the  trajectories  that  produce 
theC H£  and  C #3  fragments  (D2  and  F  of  table  7.4)  in  comparison  to  those  that  produce 
CHj  and  C H[.  The  deciding  factor  is  the  probabilities/^^,-,  E^),  which  greatly  favor 
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CH+  over  C#3,  and  CHA  over  CH+. 

If  instead  of  counting  all  processes  the  trajectories  are  restricted  to  those  for  which 
the  fastest  outgoing  particle  has  a  scattering  angle  smaller  than  or  equal  to  8  degrees, 
which  is  the  same  as  in  the  hydrogen  energy  loss  measurements,  the  agreement  with 
experiment  is  quite  satisfactory.  Without  a  more  precise  knowledge  of  how  the  product 
ions  were  collected  in  the  mass  spectrometer  it  is  difficult  to  comment  further  on  this. 


Table  7.7:  Analysis  of  the  fragmentation  of  methane. 
Comparison  between  experiment  and  theory.  All  values  in  %. 
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A  second  study  of  END  results  was  also  carried  out  in  order  to  compare  with  the 
second  set  of  experimental  results  of  the  fragmentation  ratios.  The  hydrogen  energy  loss 
spectra  is  harder  to  produce  and  the  following  procedure  was  adopted  in  order  to  obtain 
an  estimate  of  the  energy  transferred  to  the  target  when  an  electron  transfer  happens.  An 
upper  limit  to  the  energy  loss  can  be  estimated  by  taking  the  evolved  final  species  (CH* 
or  CH£,  treating  it  as  a  fully  cationic  particle  at  the  evolved  geometry,  and  performing 
a  single  point  UHF  STO-3G  calculation.  The  difference  between  this  energy  and  the 
energy  of  the  geometrically  optimized  fragment  with  the  same  basis  set  is  then  added  to 
the  kinetic  energy  loss  and  provides  an  upper  bound  to  the  energy  loss.  The  difference 
between  the  ionization  potentials  of  the  methane  and  the  hydrogen  atom  is  small  in 
comparison  to  the  approximations  made.  The  trajectories  that  produce  the  CH2  type 
fragments  have  been  neglected  in  this  analysis.  The  results  are  displayed  in  figures  7.32, 
7.33  and  7.34  for  scattering  angels  up  to  8  degrees,  which  is  the  same  as  chosen  in  the 
experiment,  15  degrees,  which  is  the  highest  measured  scattering  angle,  and  30  degrees, 
respectively.  Beyond  30  degrees  successive  trajectories  give  very  different  scattering 
angles  and  interpolation  becomes  less  precise. 
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Figure  7.32:  Calculated  energy  loss  spectrum  of  hydrogen  for  scattering  angles  up  to  8° 
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Figure  7.33:  Calculated  energy  loss  spectrum  of  hydrogen  for  scattering  angles  up  to  15° 
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Figure  7.34:  Calculated  energy  loss  spectrum  of  hydrogen  for  scattering  angles  up  to  15° 


Note  that  the  <  8  degrees  spectrum  and  that  from  <  15  degrees  are  comparable  and 
show  a  clear  separation  between  trajectories  leading  to  CHf  and  CH%  type  fragments. 
In  contrast,  the  <  30  degree  spectrum  shows  that  the  amount  of  energy  transferred  to  the 
carbon  fragment  is  not  systematically  higher  when  CH$  is  formed.  Thus,  the  assumption 
made  in  performing  the  experiment  that  the  energy  loss  spectra  for  hydrogen  should  not 
change  when  all  scattering  angles  are  taken  into  account  disagrees  with  our  findings. 
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Actually,  the  large  increase  of  CH§  found  when  considering  larger  scattering  angles  is 
easily  understood  from  the  shape  of  the  deflection  function  in  figure  7.28.  When  the 
angle  considered  is  greater  than  the  rainbow  angle  the  contributions  of  trajectories  with 
large  impact  parameters, i.e.  those  that  are  dominant  for  small  scattering  angles,  vanish, 
and  only  trajectories  with  small  impact  parameters  contribute  particles  that  reach  the 
detector.  At  these  greater  angles  the  contributions  from,  say,  the  D2  channel  becomes 
more  important  increasing  the  presence  of  CH£  fragments. 

The  energy  that  separates  the  two  parts  of  the  <  8  degrees  spectrum  is  4.0  eV  on 
our  scale.  Now,  it  is  interesting  to  note  as  a  curious  coincidence  that  if  one  simply 
integrates  the  two  parts  of  the  spectrum  separated  by  a  line  at  4.0  eV,  one  finds  the 
relative  abundance  of  left/right,  which  is  interpreted  by  the  experimental  presupposition 
as  the  ratio  CHf/CH},  to  be  72%/28%.  This  is  quite  different  from  the  50%/50%  ratio 
found  directly,  which  is  due  to  the  END  results  for  the<  30  degrees  spectrum  (Figure 
10)  that  shows  a  considerable  amount  oiCH^  being  formed  with  small  hydrogen  atom 
energy  loss. 

The  net  result  of  the  above  analysis  is  that  the  present  theoretical  analysis  contradicts 
the  experimental  assumptions  that  the  energy  loss  spectrum  remains  the  same  for  scat- 
tering angles  greater  than  8  degrees,  and  that  the  energy  loss  spectrum  of  the  hydrogens 
separates  into  essentially  non-overlapping  regions,  one  for  each  of  the  three  heavy  ion 
species  at  all  scattering  angles.  The  theoretical  analysis  of  the  fragmentation  problem  is 
of  course  approximate,  but  experience  from  other  systems  with  this  level  of  END  theory 
gives  us  confidence  in  the  qualitative  correctness  of  the  results.  It  also  seems  likely 
that  the  F  channel  actually  exists  and  that  very  fact  should  introduce  some  difference 
between  the  two  ways  of  estimating  the  fragmentation  from  the  experiments,  since  the 
CHg  will  be  accounted  for  in  the  mass  spectrum,  while  the//2  is  not  detected  in  the 


energy  loss  spectrum. 
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The  Proton-Water  System 


Initial  Conditions  and  Final  State  Analysis 

Finally,  the  QCSD  END  theory  is  applied  to  the  proton-water  system.  This  study  is 
strategically  very  similar  to  the  previous  one  so  that  it  will  be  presented  in  a  more  concise 
from.  A  minimal  STO-3G  basis  is  used.  Several  trajectories  are  also  calculated  using 
a  pVDZ  basis  [159],  but  no  significant  differences  is  observed  with  the  results  obtained 
with  the  smaller  basis.  The  target  water  molecule  is  initially  at  rest  in  the  laboratory 
frame  in  its  electronic  and  vibrational  ground  state.  The  proton  travels  towards  the  water 
molecule  with  a  momentum  commensurate  with  the  chosen  collision  energy  and  with  an 
initial  impact  parameter  b.  For  each  trajectory,  the  scattering  angle  0inh,  the  deflection 
function  of  the  projectile,  0(6)  the  probability,  P(b),  for  a  certain  process,  such  as  charge 
transfer,  to  take  place  are  calculated  as  in  the  previous  system.  The  DCSs  calculated  again 
within  the  SC  uniform  approximation  of  the  END  theory,  eq.  85  through  88. 

With  classical  nuclei  the  initial  orientation  of  the  target  needs  specification.  The 
rotation  of  the  target  is  labeled  by  the  Euler  angles  (a,/?, 7)  about  the  body-fixed  axes. 
The  reference  orientation  (0,0,0)  is  shown  in  figure  7.35.  For  this  application  a  course 
rotational  grid  with  28  points  is  chosen  generated  from  the  ten  target  orientations  given 
in  table  7.8.  Averaging  over  target  orientations  is  then  done  by  numerical  quadrature 
over  these  grid  points  as  in  the  case  of  proton  and  methane  scattering. 


t  z 

Figure  7.35:  Reactant  initial  conditions  for  the  H+  +  H20  system. 
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Table  7.8:  Selected  target  orientation  that  create  36  grid  points  for  rotational  averaging 


orientation 

(a.  0,7) 

9r 

6? 

1 

(0,  0,  0) 

5.7 

4.4 

2 

(0,  50,  0) 

4.9 

3.5 

3 

(0,  130,  0) 

4.7 

3.3 

4 

(0,  180,  0) 

5.6 

4.0 

5 

(180,  50,  0) 

9.5 

7.7 

6 

(180,  130,  0) 

9.2 

7.8 

7 

(0,  0,  90) 

8.6 

7.3 

8 

(0,  45,  90) 

5.5 

4.1 

9 

(0,  90,  90) 

5.1 

4.0 

10 

(0,  135,  90) 

7.8 

6.3 

1  1 

(0,  180,  90) 

8.7 

7.3 

12 

(180,  45,  90) 

10.4 

8.8 

13 

(180,  90,  90) 

8.2 

6.8 

14 

(180,  135,  90) 

7.2 

5.6 

END  Results. 

The  rotationally  averaged  non  transfer  DCS  is  shown  together  with  the  experimental 
values  [152]  in  figure  7.36.  The  unnormalized  experimental  values  have  been  matched 
with  the  theoretical  ones  at  the  5°  rainbow  angle.  The  additional  theoretical  rainbow  at 
7.5°  comes  mainly  from  the  scattering  by  the  oxygen  side  of  water  and  is  not  clearly 
discernible  in  the  experimental  cross  section.  This  may  be  due  to  low  signal  to  noise 
ratio  [152].  The  calculated  values  show  pronounced  rainbow  oscillations  at  4  degrees  in 
close  agreement  with  the  experimental  rainbow  at  5  degrees.  The  theoretical  results  will 
also  be  much  more  smoothed  out  by  taking  into  account  more  target  orientations. 

The  vibrational  energy  transfer  has  also  been  analyzed  in  the  TOF  measurements 
for  both  inelastic  and  charge  transfer  collisions.  Theoretical  estimates  are  obtained  by 
projecting  the  product  water  molecule  state  onto  the  electronic  ground  state  and  assuming 
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negligible  rotational  excitation  (experiment  estimates  rotational  excitation  to  be  about  10% 
of  energy  loss  of  the  protons).  The  results  presented  in  figure  7.37  show  slightly  higher 
values  and  are  in  qualitative  agreement  with  experiment  up  to  11  degrees. 

The  DCS  for  charge  transfer  are  presented  in  figure  7.38.  Again  the  experimental 
value  at  5  degrees  is  normalized  with  the  theoretical  at  4  degrees.  The  similarities 
of  the  charge  transfer  and  the  inelastic  cross  sections  in  agreement  with  experiment 
are  manifestations  of  the  similarities  between  the  respective  deflection  functions.  END 
shows  the  charge  transfer  probability  to  be  1/10  of  the  inelastic  one  and  the  cross  section 
is  accordingly  an  order  of  magnitude  less  for  the  charge  transfer  case. 

For  this  four  atom  system  END  gives  good  agreement  with  experiment  for  both 
inelastic  and  charge  transfer  scattering  processes.  This  demonstrates  the  fact  that  even 
at  the  lowest  level  of  approximation  with  nonadiabatic  couplings  taken  into  account  the 
END  wave  function  behaves  satisfactorily. 
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Figure  7.36:  Non  transfer  total  differential  cross  section  for  the  H+  +  H20  collisions  at  46  eV. 
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Figure  7.38:  Charge  transfer  total  differential  cross  section  for  the  H+  +  H20  collisions  at  46  eV. 


CHAPTER  8 
CONCLUSION  AND  FUTURE  WORK 


The  present  thesis  work  has  set  forth  a  quasi-classical  and  semiclassical  formulation 
of  the  END  theory  in  order  to  calculate  scattering  properties.  The  incorporation  of  the 
coherent  state  theory,  to  quasi-classically  describe  the  rotational  and  vibrational  nuclear 
degrees  of  freedom,  and  the  adaptation  of  the  some  semiclassical  techniques,  to  correct 
describe  classical  singularities,  constitute  the  main  theoretical  achievement  of  this  work. 
In  the  case  of  vibrational  motions,  the  present  formalism  in  terms  of  the  canonical  coherent 
state  is  the  rigorous  formulation  of  sonic  crude  methods  developed  in  the  past  (e.g.  the 
DECENT  method  by  Giese  and  Gentry  [173]).  This  theoretical  effort  also  establishes  a 
use  of  the  canonical  coherent  state  alternative  to  that  proposed  by  Heller  some  twenty 
years  ago  [94-97].  In  the  case  of  the  rotational  motion,  the  introduction,  study,  and  further 
formulation  of  a  nearly  quasi-classical  rotational  coherent  state  has  no  precedents  in 
scattering  theory,  and  constitutes  an  original  aspect  of  the  present  method.  The  adaptation 
of  the  semiclassical  techniques  to  treat  classically  originated  effects  sets  forth  in  a  more 
rigorous  way  some  elementary  semiclassical  applications  of  the  END  theory  made  before 
[7].  A  point  of  note  in  this  matter  is  that  the  connection  between  those  semiclassical 
techniques  and  the  END  wave  function  is  explicitly  shown  in  this  work.  On  the  whole, 
a  quasi-classical  and  semiclassical  wave  packet  formulation  for  scattering  processes  is 
obtained.  This  formulation  is  in  some  way  the  fulfillment  of  Heller's  semiclassical  wave 
packet  dynamics  for  molecular  processes  even  though  many  features  of  the  END  theory 
goes  far  beyond  Heller's  concepts.  This  formulation  also  sets  up  a  feasible  alternative  to 
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Miller's  S-matrix  theory  for  the  calculation  of  scattering  properties. 

All  these  theoretical  developments  have  been  coded  into  the  program  ECROSS.  The 
final  goal  of  this  programming  project  is  to  incorporate  the  ECROSS  code  into  the 
ENDyne  program  package  to  calculate  dynamical  properties  automatically.  The  ECROSS 
program  has  been  extensively  used  to  evaluate  the  dynamical  properties  presented  in 
chapter  7.  The  good  results  shown  there  prove  the  validity  and  accuracy  of  the  END 
theory  for  the  kind  of  systems  proposed  for  study  in  this  thesis.  The  fact  that  such  a 
complex  reactions  system  as  H+  +  CH4,  a  sixteen-body  problem  with  many  internal 
degrees  of  freedom,  can  be  accurately  treated  without  using  predetermined  PESs  is  a 
remarkable  achievement  of  the  END  theory. 

Future  work  along  this  lines  of  the  quasi-classical  and  semiclassical  END  theory  can 
bring  out  many  aspects  of  the  method.  One  possibility  is  the  further  application  and  of 
this  model  to  systems  similar  to  those  discussed  in  this  thesis.  A  study  of  the  scattering 
system  H+  +  C2H2,  for  which  experimental  results  are  available  in  Ref.  [174],  is  under 
way  at  present.  The  testing  of  the  rotational  coherent  state  for  scattering  processes  is  still 
pending  but  it  can  be  easily  undertaken.  There  are  in  the  literature  many  experimental  and 
theoretical  studies  of  rotationally  resolved  properties  to  test  the  accuracy  of  the  proposed 
rotational  model  [37]. 

However,  the  more  interesting  research  lies  in  the  theoretical  extensions  of  the  present 
model  and  its  subsequent  applications  to  more  complex  systems.  As  has  been  indicated  in 
chapter  7,  a  detailed  studied  of  the  vibrationally  resolved  differential  cross  sections  for  the 
charge-transfer  channel  in  the  H+  +  H2  system  has  not  been  presented.  In  fact,  that  study 
was  undertaken  during  this  thesis  research.  That  investigation  was  performed  in  a  similar 
way  as  that  for  the  nontransfer  channel  in  the  same  system  but  taking  into  account  the 
effect  of  the  charge-transfer  process  on  the  nuclear  dynamics.  The  vibrationally  resolved 
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charge-transfer  differential  cross  sections  calculated  in  that  way  shown  a  poor  agreement 
with  the  available  experimental  data  in  Ref.  157.  The  reason  of  these  discrepancies  were 
immediately  understood.  Since  the  semiclassical  limit  is  applied  to  the  nuclear  degrees 
of  freedom  in  the  present  END  formulation,  there  is  only  one  trajectory  for  the  nuclear 
motion  arising  from  a  given  set  of  initial  conditions.  During  the  evolution,  the  quantum 
mechanically  described  electrons  are  allowed  to  undergo  quantum  transitions,  including 
charge-transfer  processes.  In  fact,  the  good  END  charge-transfer  integral  cross  sections 
shown  in  the  previous  chapter  indicate  that  this  quantum  electronic  evolution  coupled 
with  a  classical  nuclear  dynamics  is  still  very  accurate.  However,  the  classical  nuclei 
evolving  in  the  mean  field  made  by  the  electronic  states  are  forced  to  follow  a  unique 
trajectory.  In  the  case  of  the  H+  +  H2  system,  the  charge-transfer  probability  is  relatively 
low.  This  implies  that  the  contribution  of  the  excited  electronic  states  to  the  electronic 
wave  function  is  not  very  substantial.  Therefore,  the  nuclear  dynamics  should  be  close 
to  a  nuclear  dynamics  on  the  ground  electronic  state.  It  is  then  very  difficult  to  obtain 
an  accurate  charge-transfer  nuclear  evolution  out  of  a  non-transfer  dominated  nuclear 
dynamics.  However,  it  is  important  to  emphasize  that  this  limitation  is  not  inherent  to 
the  END  theory  itself  but  to  the  present  realization  of  it.  This  limitation  arises  because 
the  general  END  theory  has  been  constrained  in  this  formulation  to  its  lowest  possible 
level:  that  with  one  configuration  for  the  electronic  wave  function  and  one  configuration 
for  the  nuclear  one.  Therefore,  a  more  advanced  realization  of  the  END  theory  has  been 
discussed  in  chapter  3  in  which  a  double  configuration  description  for  both  nuclei  and 
electrons  have  been  prescribed.  The  double  configuration  nuclear  wave  function  in  the 
semiclassical  limit  is  supposed  to  be  flexible  enough  to  generate  two  distinct  nuclear 
trajectories:  one  for  the  nontransfer  channels  and  the  other  for  the  charge-transfer  ones. 
Each  of  these  trajectories  may  properly  reproduce  the  totally  diverging  dynamics  of  the 


235 

nontransfer  and  charge-transfer  processes.  Work  on  this  fertile  project  is  under  way  at 
present. 


APPENDIX  A 
THE  DIRAC  DELTA  FUNCTION 


The  Definition  of  The  Delta  Function 

The  Dirac  delta  function  (or  6 — function)  belongs  to  the  special  category  of  the 
symbolic  distributions  functions  [175],  i.e.  functions  which  only  acquire  meaning  under 
some  mathematical  operations.  Given  the  ordinary  function  4>(x),  called  the  testing 
function,  the  symbolic  definition  of  the  one-dimensional  delta  function  S(x  —  xq)  is 
through 


i.e.  the  delta  function  "extracts"  the  specific  function  value  </>(.xo)  out  of  the  integral. 
Like  Ref.  [175],  but  unlike  [49],  the  condition  6(x  -  x0)  =  0,  x  ^  .r0  is  not  part 
of  the  definition.  The  testing  functions  (j){x)  are  supposed  to  be  continuous  and  to  have 
continuous  derivatives  of  as  many  orders  as  needed.  Additional  properties  required  to 
these  functions  are  examined  in  Ref.  [175].  It  should  be  emphasized  that  the  above 
integral  must  be  of  Lebesgue  or  Stieljes  type  to  exist,  and  not  of  Riemann  type  [175, 
49].  However,  such  a  subtle  detail  will  be  ignored  henceforth  since  these  integrals  can 
be  manipulated  in  the  ordinary  way.  If  the  testing  function  is  chosen  as  <f>(x)  =  1  then 
it  is  immediate  that 


oc 


(1) 


— oc 


oc 


(2) 


— oc 


i.e.  the  delta  function  is  normalized  to  one. 
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The  previous  definition  of  the  delta  function  for  the  Cartesian  coordinate  x  can 
be  extended  to  a  general  coordinate  q  =  q(x),  where  this  function  is  supposed  to  be 
monotonic  to  have  a  one-to-one  correspondence.  The  new  delta  function  b{q  —  qo)  is 
defined  through 

l  dq  6(q  -  qo)(f>{q)  =  <j>{qo)  (3) 


where  90  =  q(%o)>  <li  —  Qi-00)^  ar|d  Q2  —  r/(°o)-  Since  dq 
absolute  value  is  to  keep  both  dx  and  dq  positive,  then 

4>{xq)  =  <f>[*(qo)] 


q  (x) 


dx,  where  the 


=    /  dx  (j) ( X ) H ( X  —  Xg) 

— oc 
oc 

=   /  dq<j>[x(q)]6[x(q) -x(q0)]\q'(x)\ 


(4) 


which  implies  that 


S(x-xq) 

[q~qo]  =  ~VwT  () 


If  q  =  —x  then 


6(x  -  x0)  =  S(x0  -  x)  (6) 
i.e.  the  delta  function  is  even  around  the  point  .to-  Also,  if  q  =  ax  +  b  then 

6[a(x  -  x0)]  =  \a\~  6(xo  -  x)  (7) 

Additional  properties  of  the  delta  function  can  be  found  in  the  cited  literature. 
The  Delta  Function  As  a  Limit  of  Distribution  Functions 

In  textbooks,  it  is  customary  to  define  the  delta  function  by  the  value  assignments 

=  X*X"  (8) 

II,        X  =  XQ 


238 

This  definition  is  judged  to  be  a  nonsense  in  more  rigorous  contexts  [175],  being  the 
proper  definition  that  given  before.  However,  the  delta  function  can  be  related  to  some 
ordinary  functions  through  a  special  limiting  procedure.  There  exists  some  collection  of 
distribution  functions  Sr(x  —  to),  where  c  is  a  natural  or  a  real  parameter,  satisfying 


/ 


dx  6r(x  -  .T0)  =  1  (9) 

— oc 

for  which  it  holds  that 

oc 

to  fi* M* -*.)  (io) 


e— >oc 

-00 


These  distribution  functions  are  said  to  be  approximations  to  the  delta  function.  In  the 
case  of  a  natural  c,  the  limiting  procedure  can  be  seen  as  a  series  sequence  of  increasingly 
more  accurate  approximating  functions.  Many  distribution  functions  have  been  proposed 
to  approximate  the  delta  function,  some  of  them  are  listed  below  [49] 


-c(x  -  .r0)2 


,  c>  0  (11) 


i 

Sc(x  -  x0)  =         2  exp 

6c(x-x0)  =  -       1  (12) 

7T  (  1  +  C/XZ) 
c 

r  ,  .     sin  cx       If,         , .  > 

6Ax  -  .t0)  =  =  —     dt  exp  (ixt),  c>  0  (13) 

7T.T         2ir  J 


and 


ro,  (x  _*(,)<-£ 

6c(x  -  ,T0)  =  I  c,     -±  <  (t  -  T0)  <  i,  c>  0  (14) 

[  0.       (.T  -  T0)  >  £ 

Central  to  the  END  theory,  it  is  the  Gaussian  distribution  listed  first  (cf.  eq.  19).  The 
relationship  of  that  distribution  with  the  delta  function  can  be  proven  straightforwardly. 
For  instance,  it  is  easy  to  see  that  [109] 

oc  i  oc 

J  dx  6c(x  -  t0)  =  (^j  2  j  dx  exp  [c(x  -  t0)2J 

-oc  -oc 

(15) 


-TO' 
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which  holds  even  when  c  — >  oo.  Also,  if  we  expand  a  testing  function  <f>(x)  in  a  Taylor 
series  around  xq 


<t>{x)  =  2^   n\     ~  x°> 

n=0 


(16) 


then  [109] 


/i  00 
M.x-*0)#r)=  (£)"E 
^  n=0 


^(xo) 


oo 

/ 


dx  (x  —  xq)  exp 


-  £  5 

n=0,  2,  4. 


0n(zo) 


c(x  -  x0) 

(n  - 
(2c)* 


(17) 


where,  by  symmetry,  only  the  integrals  with  an  even  n  are  non  vanishing.  Therefore, 
it  is  immediate  that 

oc 

lim    /  dx  6c(x  —  xq)<I>{x)  =  <f>(xo)  (18) 

c^oc  J 
— oc 

This  property  also  holds  even  when  the  testing  function  has  only  a  first  derivative  which 
is  continuous.  In  that  case,  the  expansion  in  eq.  16  reduces  to  only  two  term  including 
the  rest  (Lagrange  mean  value  theorem).  If  this  shorter  expression  is  subjected  to  similar 
manipulations  as  those  in  eq.  17  then  eq.  18  obtained  once  more.  The  same  kind  of 
proofs  can  be  applied  to  the  other  distribution  functions.  Although  all  the  properties  of 
a  delta  function  can  be  obtained  by  the  shown  limiting  procedure,  an  assignment  of  the 
type  6 ( x  -  xq)  =  lim  Sc(x  -  xq)  for  any  x  is  not  possible  since  those  limits  do  not  exist 

c— »oc 

for  any  of  the  distribution  functions. 

The  distribution  functions  are  useful  to  prove  additional  properties  of  the  delta 
function.  For  instance,  although  a  delta  function  S(x  -  xa )  is  not  a  genuine  testing 
function,  it  can  still  be  proven  that 

dx  S(x  -  xa)6(x  -  xb)  =  6(xa  -  xb)  (19) 


/ 
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If  two  Gaussian  distributions  are  used,    it  is  easy  to  show  that  the  product 

6c(x-xa)8c{x-xb)  is  (cf.  [176]) 

6c(x  -  xa)Sc(x  -  xb)  =  [^jexp  ~{xa  -  xbfj  X 

exp 

where 


■2c[x  -  xa6]2] 


(20) 


(22) 


Xa  +  Xh 

Xab  =  JLYA  (2D 

Then,  by  integrating  [109] 

j  dx  S(x  -  xa)6(x  -  xh)  =  (^)exV  -7j,(xa  -  xf>)2]  x 

— oc 

oc 

I  dx  exp[-2c(x  -  xab)2^ 

— oo 

=  {^)1/2expH{xa-xb)2] 

The  last  result  is  a  Gaussian  distribution  6£.{xa  —  xb)  in  either  xa  or  xb,  which  is  in 
turn  an  approximation  to  ti(x„  —  Xf,)  when  £  — >  oo.  Furthermore,  by  using  Gaussian 
distributions  and  applying  the  Laplace's  integration  method  [81]  and  related  ideas,  it  can 

be  proven  that  the  following  incomplete  integrals  are 

b 

j  dx  8{x  -  xo)<f>(x)  ~  </>(.x0),  .to  G  [a,b]  (23) 

a 

and 

b 

j  dx  6{x  -  x0)<j>(x)  ~  0.  xq  £  [a.  b]  (24) 

within  the  approximation  of  the  method. 
The  Delta  Function  in  Multiple  Dimensions 

The  generalization  of  the  delta  function  to  multiple  dimensions  is  straightforward.  For 
instance,  for  the  three  Cartesian  coordinates  the  delta  function  S(x  —  XQ,y  —  ijq^z  —  zq) 
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is  defined  as 

J  dxdydz  6(x  -  x0,  y  -  yo,z  -  zo)(j>{x,  y,  z)  =  <f>(x0,  yo,  zq)  (25) 
By  using  one-dimensional  delta  functions,  it  is  easy  to  prove  that 

S(x  -  xq,  y  -  y0z  -zq)  =  6(x  -  x0)S(y  -  yo)6(z  -  z0)  (26) 
The  transformation  to  a  general  delta  function  6(q  —  qo)  of  generalized  coordinate  q 

q  =  q(x)  =  {qn}  =  {qn{xi,x2, ...  xN)},  n  =  1.2, ...  (27) 

with  r/o  =  r/(ro)>  Qi  —  q{—oo),  and  q2  =  q{oo),  can  be  easily  obtained  by  effecting  that 

change  of  coordinates  under  the  integration 

<f)(x0)  =  4>[x(q0)] 

oc 

=  j  dx  <f>{x)8{x  —  xq) 


— oc 

92 


(28) 


l  dq  <f>[x(q)]S[x(q)  -  x^detiJ)]-1 


The  Jacobian  of  the  transformation  det(J)  is 


det(J) 


0{q\   qy) 


d(x\,  ....  xN) 
From  the  previous  integrals,  it  is  immediate  that 


(29) 


%-*)  =  iW  <30) 

This  expression  is  valid  if  the  Jacobian  is  not  singular  and  it  is  a  generalization  of  the  one- 
dimensional  transformation  given  above.  If  the  Jacobian  is  singular  at  some  points  then 
the  transformation  is  not  one-to-one.  In  such  a  case,  there  are,  for  instance,  M  different 

points  q'0,  i  =  1,  2,  ...  .  M  corresponding  to  the  same  ?:o  =  a;(^),  i  =  1,  2  M. 

In  the  simple  one-dimensional  case,  these  points  must  be  separated  by  M  -  1  points 
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Si,  i  =  1,  2,  ...  ,  M  —  1  where  the  Jacobian  is  singular.  Then,  the  full  integration 
interval  can  be  split  into  M  subintervals,  one  for  each  root  q'0.  Then 

(f>(x0)  =  (f>[x(qo)] 


where  .sq  =  —  oc  and  .s_;/  =  oo.  Then,  it  holds  that 

M 

Y/S{q-q'0)\det(J)\=S(x-x0)  (32) 
i=l 

where  the  incomplete  delta  function  integrals  given  above  have  been  used.  The  gener- 
alization to  the  multiple  dimensions  is  straightforward.  This  properties  has  been  used  in 
the  theory  of  classical  DCS  in  chapter  5 


00 


(31) 
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APPENDIX  B 
THE  r*,  TENSOR  OPERATORS 

In  this  appendix,  the  action  of  the  operators  (eq.  54  and  55,  chapter  4)  on  the 
rotational  states  \IMK)  will  be  investigated.  Since  these  states  form  a  complete  set, 
we  can  always  write 


T^V\IMK)=   £  t],1***"  \I'M'K') 

I'M'K' 


(1) 


where  the  coefficients  ^"v/'A"'^"  are  t0  ^e  determined.  By  applying  to  \IMK)  the 
commutation  relationships  of       with  both  Lz  and  J2  eq.  54,  it  is  obtained  that 
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Jz 


(K  +  v) 
(M  +  /0 


T. 


UIMK)] 


(2) 


(3) 


T*V\IMK) 

This  implies  that  the  above  linear  combination  must  simplify  to 

T}MMK)  =  £  t\,  A  "  "|/'M  +  n  K  +  „) 

max  (|M  +       |tf  +       <  /'  <  oo 
To  further  determine  the  last  sum,  it  is  necessary  to  invoke  the  commutator  relationships 
of  T*v  with  both  L±  and  J±,  eq.  55.  In  the  special  case  of  the  operators  T*±x  and  T±x  v, 
they  do  commute  with  both  L±  and  J±.  By  applying  the   7±,T^±Aj  =  0  relationships 
to  the  states  \I  M  ±  I),  it  is  obtained  that 

L±tf±x\IM±I)  =  Tt±xL±\IM±I) 

(4) 
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More  explicitly,  this  last  relationship  implies  that 

L±Tl±x\I  M±I)  =  L±Y,tp  £+„  ±L  '  "  *V  Af  +  //  ±  /  ±  A) 


J]  [/'(/' +1)  -(±/±A)(±/±A±l)px 
v  (5) 

.±f±1A,,±VAf+/i  ±/±a±i) 


=  0 

To  satisfy  this  requirement,  all  the  tp  M+  ±f±\  A  ±A  mus,;  De  zer0  except  the  one  with 
/'  =  7  +  A.  Therefore, 

tf±x\I  M  ±I)  =  \I  +  \  M  +  n  ±I±\)  (6) 

'f  M+p  ±/±i  A ±A  =  1  is  set  by  normalization.  Similarly,  by  applying 
[J±.T±AV;/]  =  0  to  |7  ±  IK)  it  is  obtained  that 

T±\V\I  ±1  K)  =  \I  +  X    ±I±XK  +  u)  (7) 

To  obtain  the  effect  of  these  operators  on  the  next  states  |7  M  ±7^1)  and  |7±7=pl  K), 
a  linear  combination  is  again  written  as 

T^±1\IM±ITl)  =  Y,^M+ll  J:flX,,±X\I,M  +  il   ±1*1)  (8) 

V 

Then  ,  by  applying  L±  on  both,  it  is  obtained  that 

L±tf±x \IM  ±  I T 1)  =  L±  £  4  2+„  ±%i  "  ±A  x 

v 

\V  M  +  /i,  ±  7  t  1  ±  A) 
r 

[I' {I'  +  1)  -  (±7  T  1  ±  A)(±7  ±  A)p  x 
|7'M  +  //.  ±I±  A) 
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and,  on  the  other  side, 


T;±xL±\I  M  ±  I  t  1>  =  [/(/  +  1)  -  (±/  T  1)(±/)]5  x 

T*±X\IM±I) 

=  [J(/  +  l)-(±/Tl)(±/)]*x 
|/  +  A  M  +  /i  ±I±X) 


(10) 


Then, 


Similarly, 


tf±x\IM  ±lTl)=  +  A   M  +  ''   ±/Tl±A)  (11) 

T±AAl/|7  ±JT1   |ir>=^_L.y|/  +  A  ±JTl±AJf  +  i>)  (12) 

Therfore,  for  the  states  \IMK)  with  /f  =  ±7  =f  *:  or  M  =  ±1  =f  m  with 
k  (???)  =0,  1,  2,  ...  I  ,  the  last  procedures  can  be  repeated  by  applying  k  (???)  times 
the  L±  (J±)  operator  to  T*±X\IMK)  {T±\v\IMK)).  The  final  result  is  by  induction 


(13) 


These  expressions  determine  the  four  (all)  T£v  operators  of  Ref  [123]  and  also  all  the 
T*   operators  but  one,  T020. 


To  determine  this  last  operator,  the  general  operators  ±A  j  and  T±Xzfl  v  with 
A  >  1  are  taken  into  account.  For  them,  the  relationships 


and 


(2A)>T.A±A  (14) 


(W2T±Ul  v  (15) 
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hold.  Application  of  these  properties  to  the  states  \I  M  ±  I),  gives,  for  instance, 


L±T^±X^\IM  ±  7)  =  (2A)5  Ttl±x\IM  ±  7}  (16) 

This  kind  of  expressions  relates  the  present  type  of  operators  with  the  previous  ones.  By 
introducing  again  the  above  linear  expansion  and  successively  treating  all  the  states,  a 
general  expression  can  be  obtained,  as  in  the  previous  cases.  The  final  results  are 


T"      \IMK)  -f2M/TM  +  l) 
i±x^i,UMK)  -  |  (/±M  +  2A)  \  x 


\  (7 +  A7)!  [2(7 +!)]!/     1  r  ; 


(17) 


and 

Wl."™7  =  \  (/±Ar  +  2A) 

f  (27)!(7  +  7\  +2A)!  (18) 
I  (7  + A")!  [2(7+1)]!/  X 
|7  +  A  M  +  n  K±\t1) 
From  this  expressions,  the  effect  of  the  Tq0  operator  is  readily  obtained. 


APPENDIX  C 
THE  ROTATIONAL  COHERENT  STATE  MEASURE 

In  this  appendix,  it  is  shows  by  direct  evaluation  that  the  proposed  signed  measure 
for  the  rotational  CS,  eq.  67  is  correct.  The  resolution  of  unity  condition  implies  the 
expression 

dfi±(x,y,z)\xyz)(xyz\  =  £     £  Cfjfglntfgjtx 

IMK  I'M'K' 

\I'M'K')(IMK\ 


Tt      \  ft      J  'I 

where  the  integrals  Int.  j  ff  j>-  are 


Tnt  r  M  K 
1  nt  I  M  K 


fdfi(x,y,z)  xI+Mx*I,+M' 
zI+Kz,I+K>yIy*I'x 


exp 


-yy*{l  +  xx*f{l  +  zz*f\ 


and  the  coefficients  C  \  \\ 


(2) 


C 


V  M'  A"  _ 
/  M  K  — 


[(2i')\y 


I\  (I'  +  M')\  (F  -  M')\  (/'  +  K')\  (/'  -  K')\ 


[(2/)!] 


/!  {I  +  M)\  (I  -  M)\  {I  +  K)\  {I  -  K)\ 
By  setting  the  proposed  signed  measured  and  by  defining 


(3) 


b  =  b(x,x*,z.z*)  =  (1  +xx*)2(l  +zz*f  >  1 


(4) 
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the  integrals  Int  \  ^  j>-  can  be  written  as 

jntr  M'K'  =  J_y  A„An  „I+M„*I'+M'  J+K„*I'+K 


dxdz  x'^x*1  +A1  V+A  z*1+A  Int  f(x,x*,  z,  z*) 


(5) 


where  the  new  integrals  Int  \  (x,  a;*,  z,z*)  are  explicitly 

oc  oc 

=  I  J  dyidy2  {yi  +  mfiyi  ~  m)1  * 


Int  \  (x,  x*,  z,  z*) 


+  1 


(6) 


exp  [-b(yl  +  yl)\ 

with  y  =  m  +  iy-2.    By  changing  into  polar  representation  y  =  rexp(«x),  the  last 


integrals  can  be  evaluated  [109] 

oc  2?r 


/ntf  =  y  I"  r/rrfX  exp  [t(J  -  Z')x]  r7+r+1x 
0  0 


[4feV  -  8br2  +  l]  exp  [-br2]  x 


fir 


4b2r2I+'°  -8brzl^  +  r 


27+3  ,  -21+1 


X 


2irS 


II' 


exp  [— br  ] 

4(7 +  2)! -8(7  +  1)!  +  /!} 
26™  J 


(7) 


(27+irn 


By  setting  this  result  into  /n<  f  j$,Jj£  and  by  recalling  the  definition  of  6,  eq.  4,  it  is 
obtained  that 

7T2  (8) 

Intglntg 

where  the  integrals  7??i      and  /nt  j£'  are 


7n/      =  /  

(1  +  .7:.t*)2/+2 

~/+A"  -*I+K' 

/n*£  =  /  f/2 


(1  +  ZZ< 


n27+2 


249 

respectivley.  Again,  by  changing  to  polar  representation,  z  =  z\  +  i.z-2  =  pexp  (iip),  the 
last  integral  can  be  written  as  [109] 


oc  oc 


J   J  [1  +  zi  +  uj)(jri  -  «2)  27+2 

— OC  — oc 

2w  oo 


J  I  di'dp  exp  [i(K  -  K')i>\ 


0  0 

oc 


p2I+K+K'+l 

(i  +  ;.2)2,+2 


2/+2A'+l 


(10) 


(1+P2)2/+2 

n  _  (I  +  K)\(2I  +  2-1  -  K  -2)\ 
=  2  irbKK.   


2  (27  +  2  -  1)! 
(I  +  K)\(I-K)\ 


(2/+l)(27)! 

By  changing  K  for  M  in  the  last  line,  the  expression  for  the  integrals  hit  can  be 
obtained.  Therefore, 

Tnfl>M>K>     c    c      c       (/')2  (/  +  M)!(/  +  /<')!(/-M)!  (7 -A-)! 

/r?i/  M  A"  =0ir°MM<°KK<   piy.f  

and  then 

fdti±{x,y,z)\xyz)(xyz\  =  V  \IMK)(IMK\  =  1 
'  (12) 

(Q.  E.  D) 


APPENDIX  D 

AVERAGES  IN  THE  ROTATIONAL  COHERENT  STATE 


The  evaluation  of  different  operator  averages  in  the  rotational  coherent  state,  eq.  63, 

2  /  2 

involves  a  Poisson  distribution  in  r  =  yy*{\  +  xx*)  (1  +  yy*)  „ 


oc  / 

Po  =  exp(-r)^^-  =  l,  (1) 
7=0 


2  J 

the  power  expansion  of  (1  +  zz*) 


2  r 

the  analogous  power  expansion  of  ( 1  +  xx* )   ,  and  their  first  and  second  moments  shown 


explicitly  below 


oc  r 

r 


Pi  =exp(-r)  J^/ 

7=0 


r/-i 


=  rexP(-r)E(7Ti)! 


rexp(-r)^  — 


(3) 

I'=0 


OC  T 


=  r 
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00  J 

r 


P-2  =  exp  (— r)  / 


7=0 


r/-i 


exp(-r)^/— 1}! 


J-l 


=  r  exp  (-r)  ^  (J  -  1)     _  + 


/=i 


00  r/-i 


+  rexp(_r)g__i)! 


oo  r 


=  rexp(-r)  ^  /—  + 


/'=0 


+  r  exp  (—  r) 


OO  J> 

r 


P! 


(4) 


r2  +  r 


BF(«')  =  J]  K 


(2/)! 

(/  +  #)!  (/-#)! 


fc!  (t?.  -  A:)! 

n\  (zz  ) 
^  fc!  (n  -  A-)! 

'yl       7i(n-l)\(zz*)k  (5) 
-         (fc  -  l)!(rc  -  1  -  fc  +  1)! 

-IB$r(zz*) 

„T    *  n'Azz*) 
=  21  zz*  2_, 


k'Un  -fc')! 

k'=0         v  7 


/S02/(z^) 


=  2Izz*(l  +  zz*)21'1  -  1(1  +  zz*)21 


252 

and  (omitting  some  details) 


R2J,    *\      V  K2  (2/)!  (zz*f+K) 
*2  {ZZ)=  T.K  {I  +  K)]{I-K)\ 

=  2/(2/  -  \){zz*)\l  +  zz*)2I~2 

+  2Izz*(l  +  zz*f-1  (6) 
-  4I2zz*{\  +  zz*)2I~l  +  J2(l  +  zz*)21  . 


The  simplest  averages  evaluations  involve  the  operators  /  and  T2.  They  are 

(xyz\T\xyz)  =  exp  \-yy*(l  +  xx*)2(l  +  zz*)2J  x 

-     \yy*(l+xx*)2(l  +  zz*)2Y 
^  /! 


and 


=  exp(-r)^/— 
7=0 

=  Pl 


00    r/  (7) 


(«y«|?|ar^)  =  exp  [-yy*(l  +  xx*)2(l  +  zz*)2} 

»  _  fiw*(i  +  »«*)2(i  +  «•)*] 1 

£' -  -  L 


OC  J 

=  ^xp  (-r)  ^  72  — 
7=0 

=  p2 


9 

=  r  +  r 


(8) 
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The  easiest  first-order  average  to  evaluate  is  obviously  (xyz\Lz\xyz)  which  is 


(xyz\Lz\xyz)  =exp(-r)x 

(yy*)1  ^   (2/)!  (xx*){I+M) 

/!    ^(/  +  M)!(/-M)! 


£ 

7=0 


^    (2/)!  7V(22*)(/+/° 


=  exp 


(-r)f;^#(«x*)^Ox 


/! 

7=0 

^(^)J(1+Stt*)2^ 
exp(-r)  2^  x 

7=0 

27Z2*(1  +2Z*)2/_1  -/(I  +22*)2/] 


222* 


exp  (— r)  x 


(1  +  22* 

7=0 


/! 


-  Pi 


2zz* 


(1  +  zz* , 

2zz* 

(1  +  22* 
^22*  -  1' 
,  1  +  22* 


A  -  Pi 


- 1 


(a;7/2|/|x7/2) 


(ari/2  |4t7/2) 


(9) 


In  order  to  obtain  the  averages  belonging  to  the  operators  LT  and  Ly,  the  averages  of 
L+  and  L_  are  evaluated  first.  Beginning  with  (xyz\L+\xyz) 


°c    /  *\7 

(a:^|L+|x^)  =  exp  (-r)  £  ^-(1  +  xx 

7=0 


^27 


7 

E 

7v'=-7 


(2/)!2 


_(/  +  tf  +  1)!  (I-K  (I  +  K)\  (I  -  K)\ 
[1(1  +  1)  -  K{K  +       2*(22*)(/+/°  . 


(10) 
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By  setting  the  relationship 

[/(/  +  1)  -  K(K  +  1)] 


(I  +  K  +  l)\  {I-K-l)\ 

(I  -  K)  [I2  +  1  -  K2  -  K] 
(I  +  K)\  (I  -  K)\  (I  +  K  +  l) 

(I-K)2  (I  +  K  +  l)   (ii) 


(/  + a:)!  (i-k)\  (i  +  k  +  i) 


(I-K)2 


(I  +  K)\  (I-K)\ 
into  the  last  average,  it  is  obtained 

oc  , 


(xyz\L+\xyz)  =exp(-r)^  —    (1  +xx*)2Ix 


1=0 

^(I  +  KY.il-K)^1     K)[ZZ}  (12) 

OC  T 

.r 


=  z*  exp  (-r)      Ijj  -  z*{xyz\Lz\xyz) 

1=0 

=  z*[{xyz\I\xyz)  -  (xyz\Lz\xyz)\  . 


Since  L_  =  L+,  it  is  easy  to  prove  that 


Finally, 


(xyz\L-\xyz)  =  (xyz\L+\xyz)* 

=  z  [{xyz\I\xyz)  -  (xyz\Lz\xyz)] 


(xyz\Lx\xyz)  =  -(xyz\L+  +  L-\xyz) 

=        +  z)(xyz\I\xyz) 

+  \(z*  +  z)(xyz\Lz\xyz) 
z  +  z* 

(xyz\I\xyz)  . 


and 


(l  +  zz*) 


% 

(xyz\Ly\xyz)  =  --{xyz\L+  -  L-\xyz) 
=  —jiz*  ~  z){xyz\I\xyz) 
+        -  z){xyz\Lz\xyz) 


(13) 


(14) 


(15) 


255 


The  evaluation  of  the  second-order  averages  starts  with  (xyz\L2\xyz)  which  is 

J 


(xyz\L2\xyz)  =  exp(-r)Y,  W+l)] 


1=0 


l\ 


P2  +  P1 


=  r(r  +  2) 


(16) 


Next,  (xyz\L2\xyz)  is 

(xyz\L2\xyz)  =  exp(— r)x 


y  (yy*)r  f  (2/)!  (xx*f+M) 
%Z    /!     utl7(/  +  A/)!(/-M)! 

^  (2/)!  K2(zz*f+K) 
2^    (/  +  #)!(/-#)! 


(17) 


1     •_'  ' 

1  +  22* 


r2  + 


=  (xyz\Lz\xyz)2  + 


l  +  (zz*f 
(l  +  zz*)2 

l  +  {zz*f 

(1  +  22*)2 


(xyz\I\xyz)  . 


In  order  to  obtain  (xyz\L2\xyz),  (xyz\L2\xyz),  and  (xyz\LxLy  +  LyLx\xyz), 
(xyz\L\\xyz),  and  (xj/z|Z,l|a;j/z)  are  evaluated  first.  (xyz\L\ \xyz)  is 


(xyz\L%\xyz)  =  exp(-r)  ^  (1  +  .7;:7-*)2  x 


7=0 


A'=-7 


(2/)! 


(2/)! 


+       2)!  (I  -K  -  2)!  (/  +  A')!  (/  -  7f)!_ 
[7(/  +  l)-(#  +  l)(tf  +  2)]*x 

[7(7  +  1)  -  7v-(/Y  +  1)]*  z*2(zz*)[I+K)  . 
By  setting  the  relationships 

r         [7(7  +  1)  -  (K  +         +  2)][7(7  +  1)  -  K(K  +  1)] 


(18) 


(I  +  K  +  2)!  (7-7T-2)! 


(19) 
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with 


D 


+ 


{I-K-l)[I(I+l)-(K  +  l)(K  +  2)} 

(I  +  K  +  2) 
(I+K  +  2){I-K-  if 
(I  +  K  +  2) 

(I-K-  if  . 


(20) 


and  C+  given  by  eq.  11,  into  the  last  average,  it  is  obtained  that 


(xyz\Ll  \xyz)  =  exp  (-r)f^  ^-(1  +  xx*  f  x 


7=0 


(2/)! 


J£7  (/  +  K)\  (I  -  K)\ 
(j  _  k  -  l)z*2(zz*){I+K) 


(I-K)x 


iz 


*2 


(1  +  zz*) 
2z*2 


+ 


(1+22*) 


2  (xyz\I\xyz) 
^{xyz\I\xyz)  . 


Since  L2_  =  L+,  it  is  easy  to  prove  that 


(xyz\Lt\xyz)  =  (xyz\L\\xyz) 
Az2 


(1+22*) 
222 


j(xyz\I\xyzY 


-z(xyz\I\xyz)  . 


+ 

(1+22*) 

From  the  previous  second  order  averages,  it  is  obtained  that 

(xyz\L2x  +  L2y\zyz)  =  {xyz\L2  -  h\\xyz) 

1  ■ 


+ 


2  - 


1  -  ;:, 

T+7? 

l  +  (22*)' 

(i  +  zz*y 


(xyz\I\xyzY 
(xyz\I\xyz) 


Azz1 


(1  +  zz*\ 


■{xyz\I\xyzf 


+ 


1  +  422*  + 


(22* )2] 


(1  +  22*) 


M'2 


(xyz\I\xyz) 


(21) 


(22) 


(23) 
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and 


{xyz\Ll  -  h\\zyz)  =  -{xyz\L%  +  L2_\xyz) 

{z2  +  z*2),_.  ,m_  ,2 


(1  +  22* 


(xyz\I\xyz)' 


(z2  +  z*2) 


(1  +  zz*) 

By  combining  the  last  two  averages,  it  is  immediate  that 

(xyz\Ll\xyz)  =  (xyz\Lx\xyz)2 


(xyz\I\xyz)  . 


+ 


1  +422*  +  Zl  +  Z*2  +  {ZZ*) 


(1+2 


(xyz\I\xyz) 


and 


{xyz\L2y\xyz)  =  (xyz\Ly\xyz)2 


+ 


1  +422* 


v*2 


(22*  )"2] 


2  (1  +  22*)' 


(.T(/2|/|.T?/2) 


In  the  same  vein, 


{xyz\[Lx,  L„]+\zyz)  =  —  {xyz \L\  -  L2_\xyz) 


2i 

H  ; 

i(l  +  22*  f 


:*2  -  22) 


(a:3/2|/|arj/2>s 


(2*2  -  22) 


+ 

?:(i  +  22*) 

2(2*  -  Z)(Z*  +  2) 


+ 


l(l  +  22*) 

(£  -z){z*  +2) 

«(1  +  22*  )2 


2(x2/2|/|.xy2) 

(xt/2|/|a;y2)2 


(.Ty2|/|.T7/2) 


which  can  be  finally  written  as 


(xyz\[Lx,  Ly]+\zyz)  =  2(xyz\Lx\xyz)(xyz\Ly\xyz) 

+  ^^){xyZ^Xyz) 
=  2  (xyz\ Lx  \xyz)  {xyz  \  Ly  \xyz) 
(z*-z) 


+ 


7(1  +  22*) 


(xyz\Lx\xyz) 


(24) 


(25) 


(26) 


(27) 


(28) 
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Note  that  (xyz\[Lx,  Ly]+\zyz)  =  0  if  (xyz\I\xyz)  =  0.  When  this  last  condition  is  not 
satisfied  then  it  is  possible  to  write  more  symmetrically 

(xyz\[Lx,  Ly]+\zyz)  =  2(xyz\Lx\xyz)(xyz\Ly\xyz) 

+  {xyz\Lx\xyz)(xyz\Ly\xyz) 
(xyz\I\xyz) 

((xyz\I\xyz)^0). 

To  obtain  the  averages  (xyz\LxLz  +  LzLx\xyz)  and  (xyz\L,,L-  +  LzLy\xyz),  it  is 
necessary  to  evaluate  first  (xyz\L+Lz\xyz)  and  (xyz\L-Lz\xyz),  and  perform  the  proper 
combinations.  These  calculations  are  quite  similar  to  the  previous  ones  and  their  details 
are  therefore  omitted.  The  averages  of  the  J  components,  their  powers,  and  their 
combinations  can  be  obtained  in  the  same  way  as  their  L  counterparts. 


APPENDIX  E 
AVERAGE  OVER  INITIAL  ANGULAR  VARIABLES 


In  this  appendix,  the  integration  procedure  used  in  the  H+  +CH4  and  the  H+  +  H?0 
dynamics  is  explained  in  some  detail.  The  following  discussion  refers  to  the  first  simple. 
In  terms  of  the  Euler  angles  the  invariant  measure  of  the  SO(3)  parameter  space  is 
dacty  sin /?d/l  The  trapezoidal  rule  with  a  constant  step  length/?  =  2ir/n  is  used  for  the 
a  and  7  integrations,  i.e. 


where  the  fact  that  the  first  and  last  points  are  identical  has  been  used. 

The  integral  over  /3  requires  a  bit  more  care.  We  choose  to  represent  the  integrand 
by  the  trapezoidal  rule,  but  integrate  the  measure  exactly,/.^. 


(1) 


(2) 


with 


HP) 


fi  + 


P  -  Pi 


(3) 


A+i  -  Pi 


Since 


(4) 


/i+1[cos#+i  -  hi(smpi+i  -  sin/3,)] 


with  hi 


—  fij)  the  quadrature  becomes 


(5) 
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with  the  weights 

Wq  -  cos/^o  -  /?o(sin  fh  -  sin  A)) 

Wj  =  -/).,(sin  pi+i  -  sin  /J,- )  +  /?,,_i(sin  ft  -  sin  #_i)  (6) 

»)„  =  -  cos/},,  +  /;.„_i(sin^n  -  sin/^„_i). 
One  advantage  with  this  approximation  is  that  the  volume  is  obtained  correctly  regardless 

of  how  many  grid  points  are  used. 

For  the  proton  collisions  with  methane,  with  the  HCH  bond  angle  being  0  — 
109.47  degrees  we  obtain  the  132  grid  points  indicated  in  Table  7.3  in  terms  of  the 
six  basic  target  orientations.  The  overall  weights  for  the  function  values  at  the  six 
basic  orientations  are  then  for  HI  and  H27r2(2?/»o  +  wi)  and  7t2(2»>q  +  w'2),  respectively, 
for  Fl  and  F2  7r2(?/?i  +  2W3)  and  7r2(wi  +  2iu3),  respectively,  and  for  both  El  and 
E2*2(w'i  +  "'2K  where  ft,  =  P'o  =  0,  Pi  =  *  -  0,  P\  =  0/2,$  =  fa  =  0,  and  pz  = 
j3'^  =  7r.  The  averaging  over  orientations  then  means  dividing  the  quadrature  result  by 
the  total  volume  Sir2.  It  should  be  noted  that  the  a  integration  has  a  step  of  7i73  for  HI, 
H2,  Fl,  and  F2,  and  a  step  ir/2  for  El  and  E2 
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